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On the growth
of entire generalized axisymmetric potentials (**)

1 - Introduction

Solutions of the n-dimensional Laplace equation

2 2 2
#H  H , , &H _,

(1.1 .
dx? . Oxl Az

1
which depend only on the two variables © = 2; and y = (2§ + 2 + ... + x2)? are
called axisymmetric potentials. These satisfy the partial differential equa-
tion
- ®?H | 3*H | 2p 8H _

(1.2) S + oy Y oy
where 2u = n — 2. Solutions of (1.2) for x> 0 (2u not necessarily an integer)
were first investigated by Weinstein [8] and are called generalized axisymme-
tric potentials.

Let H(z, y) be a generalized axisymmetric potential (GASP). If H is entire,
then it can be expanded as

(1.3) H(r, 6) = io a, " Cf (cos 6)
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where x =1 cos 6, y = r sin 6 and C} (cos 6) are Gegenbauer polynomials of
degree . The series on right-hand side of (1.3) converges uniformly on compact
sets. R. P. Gilbert ([4], p. 168-178) connected an entire GASP with its A, asso-
ciate h, which is an entire function of one complex variable z. Thus we
have

Hz, y) = A, (h) = a, [ R(z)(E — £~ %71 de
L
where z=w+ LyE+e)  L={e?|0<0<x)

a, = [Lf(f — &P e AE] T 4 AD(2)(40) T T(p) 7

and I' denotes the classical gamma function.
The inverse transformation A;l is given by

W)= ATNH) = [Hr, K(E, 0)do 2] <7
0

2
uI(2) (sin 0 (1 - 5)

- 1 2 )
2% 1 (u + ~2*)2 [1—2(% cos 6 + %]/‘“

where K( % ,0) =

If H(x,y) has series expansion (1.3) then its A, associate & has series
expansion

® I'(n + 2p)

(14) h(Z) = n§=:0 m ay,

2" |z =,

A. Fryant [3] introduced the concepts of order and type for an entire GASP
and obtained their characterizations in terms of coefficients a, in the series
(1.3). He also obtained necessary and sufficient conditions for entire GASP to be
of regular growth (perfectly regular). However, important growth parameters
such as lower order, lower type ete. were not considered by Fryant. In this pa-
per, we introduce the concepts of lower order, lower type ete. and obtain the co-
efficient characterizations for these growth parameters. We also obtain alterna-
tive coefficient characterizations for order and type in terms of the ratio
Ia’n a’n_-ll-l .

We use well known results from entire function theory.

The paper forms a natural sequel to the paper [3].
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2 - Order and lower order of an entire GASP

Let H(x, y) be an entire GASP and M(r, H) = max |H(r, 6)|. Then the or-
der o of H is defined in [3] as

log log M(r, H
2.1 o= lim sup o8 lg ( ) .
T og r

Similarly, we define the lower order A of H by

log log M(r, H)
log r ’

2.2) A= lim inf

We shall denote the order and the lower order of the corresponding A, associate
h by ¢’ and A’ respectively. It was proved by Fryant ([3], Th. 2.1) that

_ 1
p—pe-

Now we prove

Theorem 1. Let H be an entire GASP and let h be its A, associate. Then
the lower orders of H and h are equal.

Proof. The proof of Theorem 1 runs on the lines of Theorem 2.1 of Fryant
([3], p. 363). Let us set

M(r, h) = max [h(z)] .

2|

Then from the integral operator A,, we have M(r, H) < M(r, k). Setting
z=pre®, 0 <p<1, in the reverse transform A,jl, we have

h(preity = OfH(r, 6) K(pe', 6)do.
Hence
M(pr, h) = max IofﬁH(fr, ) K(pe®, 6)do| < max max 7| H(r, 6) K(pe®, 0)|
< zM(r, h) max | K(pe®, 6)| < =K(p)M(r, H)

mul(2p) (sin 0)% (1 — p2e?)
max . :
2%~ 11(y + _1_)2 0t ' (1 —2pe™ cos 0+ pleZityr+1
2

where K(p)=
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Hence M(r, h) < K(p)M(p~'r, H).
Combining two previous inequalities, we have
2.3) M(r, H) < M(r, h) < K(p)M(p ~r, H).

We further note that pl_'% K(p) = .

Now, from the definition of lower order, we have from the left-hand inequa-
lity of (2.3) A < A’. Further

log log M(r, k) < lim inf log log [K(p)M(p 17, H)]
log » Trow log »

lim inf
r— w

log[log K(p) +log M(p~tr,H)] . . log log M(p v, H)
= lim inf

1

= lim inf

o log (p~'r) +log p it log(p™*7)

i.e. A" < A. This proves Theorem 1.

In the subsequent results, we assume that 2¢ > 1. Now we prove

Theorem 2. Let H be an entire GASP having series expansion (1.2). If
log |a,a, 11| is a non-decreasing function of n for all n > n,, where ny is a
fixed positive integer, then the lower order A of H is given by

n log n

@.4) A= lim inf =2

== log |a,

Proof. We consider the series expansion of %, the A, associate of H,
given by

- I(n + 2u)
2. ‘ = ks =, e
2.5) h(z) ngo b, 2 where b, = a, CANCES)
Then |22 | = |2 | 241 o 1og| -2 | = log | =2 | + log 2EL .
bn+1 Ay 41 'I’L+2‘U.’ bn+1 Ay + 1 n+2,u

Since 2u = 1, log |b, b, 11| forms a non-decreasing function of %, whenever
log |a,a,;},| satisfies this condition. We now refer to the coefficient formulae
for lower order of an entire function obtained by various workers (see e.g. [2],
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[6], etc.). In particular we use [6], Th. 2

2 = lim inf —2%8"_ _ jiy ing n logn .
= Joglb,| T " logI'(Qw) +log [I'(n+ 1) I +2u) "1+ log|a, | ?

Using the Tricomi-Evrdely asymptotic formula for the ratio of gamma function
([1], p. 257), we obtain

M = In(l = 2u)
I'(n + 2u) ’
Since A =)', we obtain
1 1
A= lim inf % 08 % = lim inf —-28"_

== Jog I'(2u) + (1 —2p) log n +log |a, | ™t »==  log|a,| ™'’

This proves Theorem 2.

In the next theorem we obtain coefficient characterization for o and A in
terms of the ratio |a,a,i,|. We thus prove

Theorem 3. Let the entire GASP H be of order o and lower order i. If
log |a,a,;},| forms a non-decreasing function of n for n > ng, then

]
2.6) £ lip S __08"
A m=e inf IOg 'a’na’n—lll

Proof. As shown earlier, the coefficients b, in the series expansion of 4
satisfy the condition that log |b,b,{,| is a non-decreasing function of » for
n > ny. Hence for entire function #, we have ([6], [2] Th. 2)

o' sup log n

= lim , | —m—m————,
x e inf log |b,byly|

Now log|bL| =log | I

a n + 2u
| —log
+1 n+1

1 " logl

| —o(1).

Oy +1

Since o =p' and 2 =1', we finally get (2.6).
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3 - Type and lower type of entire GASP

Let H be an entire GASP of order ¢, 0 < ¢ < ®. Then the type of H is de-
fined in (3] as

log M(r, H
3.1 T = lim sup &M H)

I > 0 e
Similarly, we now define the lower type = as

log M(r, H
32) = lim inf —Oi"’f—-?—(f—-—)

r—

We shall denote by 7" and <', the type and lower type of the corresponding A,
associate k. We now prove

Theorem 4. Let H be an entire GASP of order ¢, 0 <o < w. Then lower
types of H and its A, associate h are equal.

Proof. We already know that ¢ = ¢’. From the left-hand inequality of (2.3)
we have
log M(r, H log M(», h
lim inf E# < lim inf Og—(f")
r— T ® ’)"F

or < 7. From the right-hand inequality of (2.8) we have

log M(r, h) - log K(p) + log M(p~'r, H) _ log K(p) + log M(p~lr, H)]
/r-t"' h re (p ~1 rr)P pP ’

log M(r, h log K(p) + log M(p~'r, H
Hence  lim inf w < p~* lim inf og Kip) ogl ,(p n 1
r— o pP T (p_ ’}")‘“

or v < p~fz. Since p (0 < p < 1) is arbitrary, we get " < v. Combining the two

'

inequalities, we thus obtain 7= 7'.
Next we have

Theorem 5. Let H be an entire GASP of order p, 0 < o < «, and lower
type ©. Then

£

(3.3) eor = lim inf n|a,|"

provided that log |a,a, .| forms a non-decreasing function of n for n > n,.
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Proof. By assumption, log |b, b, ;] is also a non-decreasing function of %
for n > ny. Hence by known formulae for lower type of an entire function ([71,
[2] Theorem 6), we have for h,

6¢'c' = lim infn|b,|"

1 1 1 1 1
m r I'(n +1) ;z 1t I\
= = 2w H" .
Now [bu]™ = loul " Gz rey ) = ol (0 T2
2 2

Thus lim infn|b, | b= Jim inf n|a, | " . Since p=¢' and v=7<', we finally

get (3.3).

Lastly we prove

Theorem 6. Let H be an entire GASP of order ¢, 0 <o < o, type T and
lower type <. Then

(3.4) Tim. mfn]—ﬂilks. <pT' < lim sup n| 2=+ Gotts,
n 71

a, . .
Further, if log | a———’% | forms a non-decreasing function of n for n > ngy then
N+

(8.5) Jim sup | n+1| < eoT .

Proof. Let % be the A, associate of H. Then o' =p, 7' =T and ' = .
Using [5] Theorem 1 and [2] Theorem 8, we have

.. by 11 ,
lim inf n| == |¢ < 'z’ <'T" < Jim sup n| —— s [¢.
e n n
b 1 ’)’L+2 [42 +1 .
Now —— = 2 2+l Hence we obtain
bn n+1 Qy,
1 +1
Jim inf n| == Gnvy |°<pr<pT < lim sup n|—~"’——~|°

If log |b, b, }1| forms a non-decreasing funetion of % for % > ny then ([5] Theo-
rem 3 and [2] Theorem 9) we have

1 ’ . . a, +1
Jim sup n| —— o+ | <e'T’ ie.  lim sup n|——|° < T .
n n—> o [47%

This proves Theorem 6.
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Corollary. Let H be an entire GASP of order o (0 < p < ) and type T.
Ay +1

Then H 1is of perfectly regular growth, ie. T =< if lim n] ——éi—— |? exists.
n— © n
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Sommario

Sia H(z, y) una trascendente intera, soluzione assisimmetrica generalizzata dell'e-
quazione (1.2) con . > 0. A. J. Fryant ha definito per una tale funzione Uordine e il tipo
ed ha ottenuto caratterizzazioni dei coefficienti in funzione dei coefficienti della serie
H(g, 6) = X a,r"C(cos 6) dove i C£(cos 6) sono 4 polinomi di Gegenbauenr.

In questo lavoro si introducono le nozioni di ordine inferiore e di tipo inferiore di H
e si otltengono le relative espressioni in funzione degli a,.

St indicano anche nuove caratterizzazioni dell’ordine e del tipo mediante ¢ coeffi-
cienti.
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