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C. BELINGERI and P. E. Ricci(¥)

An extension of a property of the Fourier transform (**)

1 - A property of the Fourier transform

Let f(x) € L(—~ », ). Denote by

(L.1) F= = [ efw) o

the Fourier transform of f.
Let He,(x) be the Hermite polynomials, defined by Rodrigues formula

xZ

(1.2) Hey(@) = (~1fe? DHe Z) keN,=NU {0}.

The system {He,(®)};n, is orthogonal in (— o, ) with respect to the

weight function W(x) =e 2, and furthermore

®©

[ e 2 He2(@de=\V2rk! (keN,).

Remark. The Hermite polynomials He; (x), we consider here, are related
to Hermite polynomials H (x), orthogonal on the real axis with respect to the
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weight function e™**, by the following formula (see [2], p. XXXV)

k
He,(x) =2 2 H,(-%).

V2

Let us prove (cf. [1]) the following

Proposition 1. Let a*f(x) e L(~ o, 00) Vi € Ny, and o, (ke Ny) be the

Fourier coefficients of the function f(x) e? Suppose that the function f(fc)e
satisfies the hypotheses stated in [3], Theorem 1, p. 59, so that we can
write

2
x o

(1.3) e? flwy= 2 a,He,(x),

the convergence of the series being uniform in every bounded interval of the real
awis.

Then the coefficients of the Taylor expansion, in a neighborhood of the ori-
Y

gin, of the function f(y) e? are given by i*«,.

Proof. Let us write (1.1) in the form

2 CCZ

1 fwei”’”e_?(e7f(x)) de

and expand e? f(x) by (1.3). Coefficients «; have the form

fy) =

14) oy, = f ) Hey, (x) da .

<l

27 lc’

Then (1.1) becomes

2

[ eie 2 (3 o Hey(w) du.

(1.5) fy) =

2r -

Integrating term by term and using Rodrigues formula (1.2), we can write

22

fy = —\/-%; 2( 1)* e, f ™Dk 2 )dy
o« _Z/_z _._I__ ©
= 2 (=Dig(=ifyte 2 =e * 3 oyt
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and so we have proved the formula

,y2

16) e® f) = 3 iFay".

Remark. In order to extend the above property to different Orthogonal
Polynomial Sets (shortly OPS), let us note that the same result could be ob-
tained using the generating funmction

IZ"‘Z_z hd k
1.7 Y, ) =¢ 2= 2 He(w)Z-.
k=0 k!
As a matter of fact, putting z = iy, we have
iay K & ik 2
e = Y L He )yt
=0 k!

Multiplying the two terms of the above equality by f(z) and integrating term by
term we obtain

ﬁ o ¥
!

el _Z e f(x) da = k§=:0 —%[_j:f(cc)Hek (x) dac] y*

that is, by (1.1) and (1.4)
¥?

e’ J?(?/) = E ’ikak?/k= 2 akzk,
k=0 k=0

which is the same as (1.6).

2 - Extension of the property to different OPS

Consider a classical Orthogonal Polynomial Set (see eg. [3], p. 30)
{G4 ()} ke, , generated in (a, b) by a weight function W(x). Remember that W(x)
is assumed to be such that

W(z) >0 in all interior points of (a, b),

VEk e Ny, a¥ € Ly (a, b), ie. all the moments of the measure associated to
the weight are finite.
b
Put f Gh (CU) Gk (93) W(x) de = hk 8h, k-
Let F(z, y) be the Generating Function of the set {Gy(®)};cn,, correspon-
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ding to the sequence {(cy)}icn,, ie.

CRY F@,y) = 3 6.Gi(@)y".

Remark. Usually the choice of the sequence {c;}i.n, is performed in the
following two ways (see e.g. [4], p. 29):

a) =1, Yk e Ny (ordinary generating function)

b) cy, Vk e Ny (exponential generating function).

-1
TR

For any f(x) such that: 2*f(x) € L(a, b), Yk € Ny, consider now the Integral
Transform (see [5]):

- b
2.2) fly) = af Fz, y) f(x) de,

related to the kernel K(z, y) = F(x, y), defined by (2.1).
We prove now the following extension of Proposition 1.

Proposition 2. Let x*f(x)eL(a, b), VkeN,, and o« (keN,;) be the
Fourier coefficients of the function W™ (x)f(x). Suppose that the function
W= (x) f(x) satisfies the hypotheses stated in [3], Theorem 1, p. 59, so that we
can write

©

@23) W@ f@ = 2 oG
the convergence of the series being wuniform in every bounded interval
[y, 22] € (a, D).

Then the coefficients of the Taylor expansion, in a neighborhood of the ori-
gin, of the function f(y) are given by oycyhy.

Proof. Let us write (2.2) in the form
- b b [
@4) fly)= af F(zx, y) W) W™ (x) f(x) da = af Fx, v) W(cc)(kgo o, Gy () dee

b

where o = —]%; @) Gy (@) de .
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By (2.4) we obtain

© b
2 JF@, ) W) Gy (v) dv

k=0

)

) b »
= kg() oy af > ¢, Ww)G(x) Gy () y[dx

l=0

il

2 ay ¢ y®,
E=0
so that
~ @ © b
= 2wy’ = 2 o(ff@ 6@ dn)y*
which proves the proposition.

Example. Jacobi case.
Assume a=-1, b=1, W(x)=(1—2)*(1+2)? and «>—1, > — 1. Then

Gy @) =P&? @)  (Jacobi polynomials).

Put ¢, =1, Vke Ny; R="\1 - 2xy + 2 then:

2a:+,8
Rl -y + Ry +y+ Ry

Fx, y) =

N 1
Sy =_f1 F(x, y) f(x) dee

o 2 Ttk DI@E+E+D)
P a+B+2%+1  KIa+B+k+ 1)

As a consequence of Proposition 2, we can write the following expansion
formulae:

(1 - x)~a(1 + x)‘ﬁf(x) = ioakpli% 8) (m)

k=

5 gatstl  Pat+k+DIB+k+1)

f(y)zkgoa+ﬁ+2k+l Klle+p+k+1) Y

Similar expressions can be found for all other classical OPS.
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Summary

In this paper we first recall of a known property of the Fourier transform (Proposi-

tion 1), connected with Hermite polynomials, and then we give an extension to the case
of different types of classical orthogonal polynomial sets.
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