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WEIMIN XUE (¥)

Modules with projective socles (**)

According to Nicholson and Watters [4], a module M is called a PS-module if
its socle Soc (M) is projective, and a ring R is called a (left) PS-ring if pR is a
PS-module. They proved, among other things, that the notion of PS-rings is a
Morita invariant. Using a direct proof which avoids the Morita context machin-
ery used in [4], we show that the notion of PS-modules (in particular, PS-rings)
is also a Morita invariant. If R is a PS-ring then so is the power series ring R[z]
by [4], Theorem 38.1. Here we note that R[] is always a PS-ring for any ring R.
The notion of PS-rings is not left-right symmetric [4]. We note that even a left
semihereditary ring or a local PS-ring need not be a right PS-ring, but we do
show that a duo PS-ring must be a right PS-ring. Let S be an excellent exten-
sion of a ring R. Steward [8] showed that S is a PS-ring if and only if R is a PS-
ring. Using a different approach, we generalize this by proving that an S-mo-
dule gM is a PS-module if and only if the R-module pM is a PS-module.

Throughout the paper, all rings have a unity and all modules are unitary. We
freely use the terminologies and notations of [1].

Modifying the proof of [4], Theorem 2.4, we first have

Proposition 1. The following are equivalent for an R-module pM:

1) gpM is a PS-module

(2) If L is a maximal left ideal of R then either vy (L) = 0 or L = Re where
e’=e¢ecR

(3) Every simple module pK is either projective or Homgz (K, M) = 0.
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Proof. (1)=(2). Let L be a maximal left ideal of R and 7y (L) # 0. Let
0=mery(L). Since Lclz(m) =R and L is a maximal left ideal, we have
L = lp(m). Now R/L = Rm is projective by hypothesis and so L is a summand
of pR.

(2)= (3). Let g K = Rk be simple. Then K = Rk = R/L where L = lp(k) is a
maximal left ideal of R. If L = Re, ¢ =¢, then K = R(1 — ¢) is projective. If
1y (L) = 0 let fe Homgp(K, M). If f(k) = m e M then Lm = f(Lk) = f(0) = 0, so
m =0 and f=0.

(8)=>(1). If K is a simple submodule of pM then Homp (K, M) = 0 and so K is
projective by hypothesis.

Theorem 2. Let F: R-Mod — S-Mod define a Morita equivalence. Then
an R-module M is a PS-module if and only if the S-module F(M) is a
PS-module.

Proof (second part). Let pK be a simple module which is not projective.
By [1] Propositions 21.8 and 21.6, F(K) is a simple S-module which is not projec-
tive. Then Homg(F(K), F(M)) =0 by Proposition 1. By [1], Proposition 21.2,
Homg (K, M) =0. Hence M is a PS-module by Proposition 1 again.

The direct part can be proved similarly.

Corollary 8 [4]. If F: R-Mod — S-Mod define a Morita equivalence, then
R is a PS-ring if and only if S is a PS-ring.

Proof. If R is a PS-ring then the faithful S-module F(zR) is a PS-module
by Theorem 2, hence S is a PS-ring by [4] Theorem 24.

Nicholson and Watters [4] proved that the class of PS-rings is closed under
the formation of power series extension. The next easier proof shows something
more.

Proposition 4. For each R-module zM, the power series module M[x] is
a PS-module over the power series ring R[x]. In particular, R[x] is a PS-ring
for any ring R.

Proof. We know that each maximal left ideal of R[x] is of the form
I + R[x]x, where I is a maximal left ideal of R. Hence if L is a maximal left ide-
al of R[] then R[x]x c L. It follows that 7. (L) C Ty (Bl2]@) = 0, so the ‘
R[z]-module M[x] is a PS-module by Proposition 1.
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The notion of PS-rings is not left-right symmetric [4]. The following example
shows that even a left semihereditary ring need not be a right PS-ring.

Example 5. Let B be a commutative regular ring that is not a semisimple
ring. Then there is a maximal ideal I of B such that B/I is not projective. Let

R= ( B({I BB{I). By [5] Corollary 2.3, R is a left semihereditary ring. But R
is not a right PS-ring, since R has a minimal right ideal (g B({I) that is not
projective.

A ring R is a left (right) PP ring if each principal left (right) ideal is projec-
tive. Clearly, left PP rings are PS-rings. There is a left hereditary ring which is
not a right PP ring (see [7]). Since the ring R in Example 5 is not left heredi-
tary, it will be interesting to know whether a left hereditary ring must be a
right PS-ring. A ring R is normal if each idempotent lies in the center. Al-
though a left PP ring need not be right PP (e.g., Example 5 or [7]), a normal
left PP ring is right PP [2]. But a normal PS-ring need not be a right PS-ring as
shown by the following example.

Example 6. Let D be a division ring. Let R denote the ring of all coun-
tably infinite lower triangular matrices over D with constant entries on the
main diagonal and having nonzero entries in only finitely many rows below the
main diagonal. Then R is a local ring (hence a normal ring). Since Soc (zR)=0
and Soc(RBp)=0, R is a PS-ring that is not a right PS-ring.

A ring R is duo if each one-sided ideal of R is a two-sided ideal. Thierrin [9]
noted that a duo ring is a normal ring. In view of the above example, we
prove

Proposition 7. A duo ring R is a PS-ring if and only if it is a vight
PS-ring.

Proof. Let R be a duo PS-ring. If R is a minimal right ideal then Br = 7R
is also a minimal left ideal. Hence Rr is projective and Iz (r) = Re for some
e? = ¢ € R. Since e lies in the center of R, we see ¢ € 7 (7). Since Re is a maximal
left ideal, eR = Re is also a maximal right ideal. Now eRcrp(#) # R, so
eR =rp(r) and rR is a projective right R-module.

Let R and S be rings with the same unity, R ¢ S. The ring S is an excellent
extension of R if
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(i) there is a finite set {1 =s,, ..., 5,,} ¢ S such that S is free left and right R-
module with basis {s, ..., s,} and Rs;=s;R for all i =1, ..., n.

(i) if gM is an S-module with an S-submodule ¢N and N is a direct summand
of M as an R-module, then N is a direct summand of M as an S-module.

See [6] for further information about excellent extensions.

Recently, Stewart [8] has proved that if S is an excellent extension of R,
then S is a PS-ring if and only if R is a PS-ring. Using a direct and different
proof, we generalize this as follows

Theorem 8. Let S be an excellent extension of R. If M is an S-module
then

(1) M 1is projective if and only if rM s projective.
(2) M is a PS-module if and only if xM is a PS-module.

Proof. (1) (direct part). Let ¢N be an S-module such that M @ N is a free
S-module. Since zS is a free B-module, M @ N is also a free R-module. Hence
rM is projective.

To prove the converse part of (1), let ¢F be a free S-module and figF' —sM
be an S-module epimorphism. We have an exact sequence of S-modules

0-K—-F-—->M-0

where K = Ker (f). Since this sequence is also an exact sequence of E-modules
and pM is projective, we see that K is a summand of pF. Hence X is also a
summand of gF. Let ¢F=¢K@®¢N. Then ¢N is projective and gN=M.

(2) By [6] Corollary 1.2, Soe(sM)=Soc(zM). It follows from (1) that
sSoe(sM) is projective if and only if zSoc(zpM) is projective.

Corollary 9 [8]. IfS is an excellent extension of R then S is a PS-ring if
and only if R is a PS-ring.

Proof. If S is a PS-ring then the free R-module zS is a PS-module by
Theorem 8. Hence pR is also a PS-module. Conversely, if R is a PS-ring then
the free R-module RS is a PS-module. Hence ¢S is also a PS-module by
Theorem 8.



[51 MODULES WITH PROJECTIVE SOCLES 315

Note Added. Our Theorem 8 (1) was proved by Professor Hongjin Fang
as Proposition 8 in his paper Normalizing extensions and modules appeared in
J. Math. Res. Exposition 12, 3 (Aug. 1992), 401-406.

References

[1] F. W. ANDERSON and K. R. FULLER, Rings and Categories of Modules, Gradu-
ate Texts in Math. 13, Springer, Berlin 1922

[2] S. ENDo, Note on p.p. rings, Nagoya Math. J. 17 (1960), 167-170.

[31 K. R. GOODEARL, Ring Theory, Dekker, New York 1976.

(4] W. K. NicHoLSON and J. F. WATTERS, Rings with projective socle, Proc. Amer.
Math. Soc. 102 (1988), 443-450.

5] A. PAGE, Sur les anneaux hereditaires ou semi-hereditaires, Comm. Algebra 6
(1978), 1169-1186.
[6] M. M. ParMENTER and P. N. STEWART, Excellent extensions, Comm. Algebra

16 (1988), 703-713.

[7] L. W. SwmaLL, Hereditary rings, Proc. Nat. Acad. Sci. USA 55 (1966),
25-27.

[8] P. N. STEWART, Projective socles, Canad. Math, Bull. 32 (1989), 498-499,

[9] G. THIERRIN, On duo rings, Canad. Math. Bull. 3 (1960), 167-172.

Summary

Modules (vesp., rings) with projective socles are called PS-modules (resp. PS-rings)
which are preserved by Morita equivalences and excellent extensions. although o left
semihereditary ring or a local PS-ring need not be a vight PS-ring, we show that a duo
PS-ring must be a right PS-ring.
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