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On the invariance of conjugation in cyclic homology (**)

Introduction

Let A be an algebra over a field of characteristic zero. We consider A®", the
n-th fold tensor product of A with itself, and the map b

b: A®(n+1)_)A®n

defined by

n—1

b(a0® ®a,n) = 20(“'1)1.0/0@ ®aiai+1® ®an+ (—1)”ana0® ®(1/n_1 .

Then, the composition
p2: A®®tD _, 4®0-D
is zero, and hence the pair (A®"; b) give rise to a chain complex
m_b>A®(n+1)i) A®n_b_> A®(n—1)_(i>

For » =1 we define the n-th Hochschild Homology group of A by

Ker[A®(n+1) __b) A®n]

H,(4; 4) = -
Il’n[A®(n+2)—->A®(n+l)]
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and for n =10

A
[4, A]°

Hy(A; 4) =

If we delete the last term of the sum in the definition of the map b,
then the resulting map, commonly denoted b’, would also give rise to a chain
complex. However, in most cases this latter complex turns not to be very
interesting. For example, if the algebra A has a unit 1, then the (A%®*;b’)
complex in acyclic. Indeed if b'(qy®...®a,)=0, then we can write
06®..0a,=010aq® ... Ra,)

Let A denote the cyclic group of order n + 1 generated by ¢. Then A acts on
A®®+D by eyclicly permuting the entries, ie.

Hay® ... Qa,)=(-1)"a,®ap® ... ®ay_1.
For m =0 we simply take ¢ = identity. Then, it is readily verified that
bo(1—=1t)=(1—1%)ob’
and hence b factors to a map
b: A®®HD /(1 — 1) - A% /(1 —1).

The homology groups of the corresponding chain complex are called the cyclic
homology groups of A and will be denoted H,(A).

Let A be endowed with a unit 1 and let A* denote the set of all invertible
elements of A. Then each f in A%, defines an action on A®™*Y or on
A®@*D /(1 —t) by conjugation by f

a0® ®af7;,’_>fa'0f_l® ®fanf~1'

We shall denote both actions by Ad(f).

Since Ad(f) commutes with b, it induces an action on both the Hochschild
and cyclic homology of A. In the next two sections, we shall derive some formu-
lae concerning this action and establish that the induced action on the homology
18 trivial.

Although the triviality of the action in cyclic homology has already been
established for differential graded algebras, the proof is based on the fact that
the infinitesimal counterpart of Ad, namely ad defined by

GW® ... Qa, an()@ RX 4]®...Qa,
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for X € A, is zero on H2(A) and so, in the spirit of Newton, this infinitesimal pic-
ture can be integrated up to show that Ad is constant on Hj (A).
However, the proof fails to provide formulae for the chain homotopies which
can be useful in the theory of Chern classes in algebraic K-theory.
In the final section, we use the triviality of the action to construct maps from
K, of a ring into its eyeclic homology. In dualized form, this map is due to A.
Connes.

1 - A formula in Hochschild homology

Theorem 1. For each fe A*, define the mapping
hf! A®(n+1)___>A®(n+2)

by the formula

n+1

R ®...Qa,) = 2 (D" 5,00, ® ... Qa1 ®f ' ®fu; [ ® ... B fa, [

i=1
then bhy + b = Ad(f) — 1.

In particulay, Ad(f) acts trivially on H(A, A).

Proof. We shall first compute bhi(ay® ...®a,). This will yield
(n + 2)(n + 1) homogeneous terms, which we group in (n + 1) groups each
having (n + 2) terms. We use the notation (3, j) to designate the ¢-th term in the
J-th group, that is the i-th term of b applied to the j-th term of 2(a,®...®a,).
For example

(1, D=Ad(f ) ®...Qa,) =fag f'Q...8fa, f*

+2,n+D=—-0..0a,.

Subelaim. For each k=2,3, ..., n + 1, we have that (k, k — 1) = ~(k, k),
giving rise to n cancellations each involving two terms.

Proof. (k, k — 1) equals the k-th term of

b(~Dffar® ... ® o ®f ' ®foy1 [ ® ... ®fa, f71)
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which equals
(D (=1 f0y R0, ® ... Qs Qap_y [ Qfay [T @ ... Qf, [
While (k, k) equals the k-th term of
W~ fay®a® ... Qa1 Qf ' ®fur f1®...Qfa, 1)
which equals
(=1 (1, ® 0, @ ... Qa2 ® a1 f 1 Qfe [ ® ... ®fa, 7.
Hence, we obtain that

bhp(ae ® ... ® a,) = (Ad(F) = D@y ® ... ®a,) + I

™o

where I= :éa [:gj@ h—1)+ E:‘,j(z k- 2.
But for j=1,2,...,k—2, (j, k — 1) equals the j-th term of
B(~1fag @ ® ... ® 2 ®f ' ®ftp 1 1 ® ... Qfa, f71)
which equals
(1 (=12, ® ... 001 Q4 ® ... Qa2 ®F '@ ft1 [T ® ... ® fa, [
which equals (—1) times the (k¢ — 2)-nd term of

hf((—l)j+1a/0® ®aj_1aj® ®an)).

k=2 k-2
So X (j, k—1) is equal to minus the 2, of the (k — 2)-nd terms of the last
Jj=1 =1

expression. ., n
Similarly, X (rk—2) is equal to minus the > of the (k—2)-nd terms of

i=k j=k-1

(1Y 0y ® ... ®0;14,® ... Qa, + (-1)"0,00 8 ® ... ®ay1)).

So finally,

m+2

I= k§=‘,3(—1)((k — 2)-nd-term of A(b(a,® ... ® @) = (— Dby ® ... @ ay).

Hence, bhp(ay® ... @ a,) = (Ad(f) — D@y ® ... ® a,) — heblag @ ... @ ay).
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2 - A formula in cyclic homology

Given an invertible element fe A* and a4 ® ... ® a, e A®™*Y we consider
the set He(ay® ... ® a,,) consisting of all terms in A®"*? satisfying the follo-
wing conditions:

1) The 0-th entry is f.

2) For 1 <1i<mn, the i-th entry is either a,_; or fa;,., or fa;_1 f~ with the
convention that the i-th entry begins with an fiff the (i — 1)-st entry ends with
an 1. In particular the 1-st entry must either be a, or agf t.

8) The (n + 1)st entry is either a, f~! or fa, f~! where the latter occurs iff the
n-th entry ends with an f— 1

These conditions ensure that in & of such a term, there are no build ups of
either f of f~! to any power greater than 1. For example

fRa®a; f'Qft, ®asf Q@ fu, f1.

Next, for 0 <j <, let T;(ay® ... ®a,) be the subset of Hy(a,® ... ® a,)
consisting of those terms having j of the n-middle entries ending with f~*. For
example

fRa®a f'Qfts a3 f ' Qfas feTo(ag®... ®ay).
Also To@®..0a,)={f®Ra®...Qa, f '}

while To(a®..Qa,) ={faf ' Qfu, f1®..Qfu,f*}.

In general, T;(a,® ... ®a,) has (;Z) elements. Moreover, the sets

T ®...®a,) j=0, ..., n determine a partition of the set He(ay ® ... ® a,,).
If ¢is in Tj(a® ... ® a,), then we will call ¢ a term of type j.

Theorem 2. For each fe A*, let

hE: AB®FD (1 — ) — A®CHD /(1 — p)

be defined by W (@ ®...Qa,) = m% Eo

.

1 o1
(] ) ce T ® ... ® ,)

Then for n=1  bh}+hf 'b=Ad(f)—1 mod(l—9).
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In particular Ad(f) acts trivially on H”*(A).

Proof. First of all, since we are summing over all cyclic permutations 2 of
G® ... a,, it follows that A} is well defined modulo 1 —¢.

Fora;® ...Qa, and 1 <i<n+1, we write b;(qy® ... ® a,) to denote the
1-th term of b(a, ® ... @ a,). For example by (e ® ... @ ag) = — 36, ® a; ® as.
In other words

b = bl + ...+ bn+1.

Lemma 1. We have

(by + b)) ohf (@ ® ... Q@ a,) = (Ad(f) — Ny ® ... B a,).

Proof.‘ We first observe that for Ae A and ce T, M0y ® ... @ a,))

b1 (0) = Ad(fH A ® ... ® a,)) = Ad(f)ap @ ... @ ay)

modulo 1 —¢.
Similarly, for e e Ty(Mag ® ... ® a,)) we have

g = sgn )\f@ al)‘(o) ® e ® a/;\(,n) f_.1 .
SO bn+2 (G‘) = (“‘ 1)n+1 sgn )\a;_(n) ® a)‘((» ® e ® a’A(n—l)
= (= 1"H(=1)" sgn ity ® - ® Usm))

= —{oMay®...800a,) = —,® ... Qa,.

To finish proving the lemma, we show that b; of terms of type j will cancel
with b, .5 of terms of type § + 1. Recall that a term ¢ of type 7 has j of the n mid-
dle entries ending with f~!. Therefore b, (¢) will have (j + 1) entries which start
with f. By applying eyclic permutations to b, (c) so that each of the (j + 1) en-
tries which start with f appear in the 0-th entry, we can express b; (¢) as by of
(7 + 1) distinet terms of type j.
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For example if
c=fRaf ' Qfu; f1 @ Qagf leTo(wy® ... Qatg)
then by(0) = fao 1 ® foy f1 @ fay @ ag £
=b(—fQa f1Qfa,®asf 1 fuef )

=0 (f®a:®ay 1 Qfag fQfu, f71).
In other words, if we apply b; to all terms of type j, each of the resulting
terms will have coefficient (?)“1( 7+ 1.

On the other hand, each of these terms arises in opposite sign and with coef-
ficient (]_ _7: 1 )*1 (n — 7) from b, ., of therms of type 7 + 1. In fact, since b, (c) has

(n — 7) entries not ending with f~!, it can be expressed as b,,,» of (n — j) terms
of type j + 1. Again this is done by applying eyclic permutations until the en-
tries not ending in f~! appear in the 0-th entry, and then use the fact that
a; = a; £ 1(f) and fa; = fa; f~1(f) to espress the resulting term as b,., of a
term of type j + 1.

For instance, in the previous example, b, (¢) has 3 — 2 = 1 entry not ending
in 7! and we can write

bi(@)= ~bs(~fRas [ ®fae [ Qfar f71 ®faz f71).
n

j+1

cancel with b,., of terms of type 5+ 1.

Finally, since (?)_1 G+1= ( )_1 (n — j) we see that b, of terms of type j

Lemma 2. We have

(be+ .. +bys1)obf (@) ® ... Qa,) + A Toblag® ... ®a,) =0.

Proof. Ifsisa term of type j, then for 2 < i < n + 1, b; (o) is either of type
j or of type 7 — 1. The latter oceurs whenever the (i — 1)-st entry ends with
.

For example, if c =f®ay f 1 Q@ fa, @ as f 1 ® fas ® ay 1 is of type 2, then
b3 (o) and bs(c) are of type 2 while by(c) and b,(s) are of type 1.

Assuming that b; (o) is of type j, then b;(c) also arises as b;(c") for some ¢’ of
type j + 1. In fact, ¢’ is obtained from o by inserting a f~! at the end of the
(i — 1)-st entry and an f at the start of the i-th entry.
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For example, in the previous example b3(s) = by(s'), where
I =f®ayf @ fu [T ®far [T ®fos ®ay f

Therefore b;(s) occurs with a coefficient -1 —1I~ 1 ((;L)_I + ( j :_Z 1 )_1 )

On the other hand, it also occurs in opposite sign with a coefficient

-7]7(”]_ ' )_1 from bl ob(a,® ... ® a,). But

1 n, -1 n oy-1, 1 Je=00 G+ Din-(G+ 1))
n+1((j) +(j+1) R T n!

1 -l i+l e —j— D!
=i YT Tam

1 M= =DL 1 -1
=7 oo = wl )

Similarly, in the event that b;(s) is of type j — 1, then it also arises as b;(c")
for some o’ of type j — 1. In fact ¢’ is obtained from ¢ by removing the ! in the
(i — 1)-st entry and the f in the i-th entry. So, b;(s) occurs from b; o hf with
coefficient

(7))

But it also occurs in opposite sign from hf~' ob with coefficient —71;(
Once again be two coefficients are equal.

—-1.-1
1)

3 - Application to Ky(4)

There is a natural map S, that oceurs in cyelic homology which decreases
the degree by two

S: Hy(A)— H;5(4).

The definition of S is as follows: If oce H2(A), then boeIm(1l —1{). Say
boe=(—1t)r for some reA®". But then —b'7= N« for some a e A®" 1,
where N =1+t +t2+ ... + t" 2. Moreover as bx € Im(1 — t), we define S to
be the class of « in H)_,. It is readily verified that S is well defined.
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We now apply the previous theorem to obtain homomorphisms
Chy,: Ky(A) — H,(4)

compatible with the map S. K,(4) denotes the group of isomorphism classes of
finitely generated projective A-modules. For this purpose we shall now assume
that A is a ring.

Let P be a finitely generated projective A-module. Then P is the image in A*
of an idempotent matrix p e M, (a). Of course p is only well defined up to conju-
gation by an invertible matrix.

Theorem 3. Define
Ch,,: Ky(A) — H},(4)

(=D"(2n)!

- P ®@n+1) )

by Ch, (p) = Tr(

where p®@*Y denotes the (2n + 1)-th tensor power of p.
Then Ch,, is a well defined group homomorphism compatible with the map S.

Proof. Tr denotes the gemeralized trace map
Tr@’®ae¢'®...®a" =20} ,®al ., ®...0al, ;.
To see that b is well defined, we first note that for the tensor powers of p we
have

b(p®(2n+1)) = p®2n

and the last expression equals (1 — t)(%p@’z").

Moreover, since Ad acts trivially on H”(4), it follows that the map is inde-
pendent on the choice of representative of the idempotent p.

Finally, the compatibility with S is established as follows. Let o denote
Ch,, (p), then be = (1 —t) r where

p— (_1)71 (27&)! ®2n
' nl2
’ (-D"ten! ®@n-1
so that -b'z= —“‘,‘",&"‘E———p .
-1 1 (2n)!
Finally, —b't=Na where «= —(—75212—71(_—1—;— p®@ =D which is equal to

Ch’n——l (p)
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Summary

In this paper we derive some combinatorial formulae concerning the action of conju-
gation on both the Hochschild and cyclic homology of an algebra A.



