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Reduction in codimension
of proper mixed foliated semi-invariant submanifold
of a Sasakian space form M(—3) (¥%)

1 - Introduction

Semi-invariant submanifolds of a Sasakian manifold have been introduced and
extensively studied by A. Bejancu and N. Papaghiue [3], [4] etc. We call M a
mived foliated semi-invariant submanifold if D @ {¢} is integrable and
X +¢% Z)=0foreach X e D and Z e D*. It is easy to see that, given a Sasakian
space form M(c) of constant ¢-holomorphic sectional curvature c, in order that it
may admit a mixed foliated proper semi-invariant submanifold, it is necessary
that ¢ < 1. This and some other considerations motivate us to study proper mixed
foliated semi-invariant submanifods of a Sasakian space form of constant curva-
ture —3. The present paper is mainly concerned with the reduction in the dimen-
sion of such an ambient space in which a proper mixed foliated semi-invariant
submanifold is immersed.

2 - Preliminaries
Let M be a (2m + 1)-dimensional almost contact metric manifod with struc-

ture tensors (¢, &, 7, 9) where ¢ is a tensor field of type (1, 1), £ is a vector field, »
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is a 1-form and ¢ is the Riemannian metric on M. These tensors satisfy [6]

FX=-X+nX)¢& (& =0 & =1 n(@X) = 0

2.1
@D 6, 6N = g%, 1) — n@ 0D 7 = g(X, 2

for any vector fields X, Y tangent to M. We denote by V the Riemannian connec-
tion defined by the metric ¢ on M. It is known that M is a Sasakian manifold if
and only if

Let M be an m-dimensional Riemannian manifold with induced metric g isometri-
cally immersed in }. We assume that the structure vector field £ of M is tangent
to M and denote by {¢}, the distribution spanned by &. Also we denote by TM and
T+ M the tangent and the normal bundles to M respectively.

The submanifold M of the Sasakian manifold M is called semi-invariant if it is
endowed with the pair of distributions (D, D*) satisfying the following condi-
tions [3]

TM=D®D*®{&, and D, D*, {&} are mutually orthogonal,
the distribution D is invariant by ¢, i.e. ¢ D, =D, for each x e M,

the distribution D+ is anti-invariant by ¢, i.e. ¢ D c T M for each xeM.

The semi-invariant submanifold M is called anti-invariant submanifold (resp.
invariant submanifold) if D =0 (resp. D* =0). M is called proper if neither D =0
nor D+ = 0. It follows that the normal bundle T+ M splits as T* M = ¢ D+ D u,
where u is the orthogonal complement of ¢ D* and is a subbundle of T+ M, in-
variant under ¢. Assume dim D =2p and dim D* =¢ = 2.

Let V be the Riemannian connection on M, then the Gauss and Weingarten
formulas are given respectively by

(2.3) VyY=VyY + (X, Y)
(2.4) VxN=—-AyX+ Vs N

for each N normal to M. & is the second fundamental form and A is related to 2
by

(2.5) 9@y X, Y) = g((M(X, 1), N)

and V* denotes the connection in the normal bundle T+ M of M.
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The equations of Codazzi and Ricci are respectively by

26 [RX, ) Z1* = Vi h(Y, Z) = V¢ WX, Z)
©6) ~1(VxY, Z) — WY, V3 Z) + h(Vy X, Z) + KX, Vy 2)

@7  RX Y,N,N;)=R*(X,Y,N, Ny) - g([4y, 4y, 1X), V)

where [ ]* denotes the normal component, & and R* are the curvature tensors
associated with V and V* respectively.

For a submanifold M, the first normal space N} and the first osculating space
O at x e M are defined by

Ni={h X, Y,): X,, Y, e T,M} 0l=T,M®N,

where T, M is the tangent space of M at x. A subspace U of T, M is said to define
a Lie-triple system if R,(X,, Y,)Z, e U for X,, Y., Z, e U. For a Lie triple sy-
stem U in a symmetric space M, there exists a unique complete totally geodesic
submanifold M’ of M such that T,M' =T, [8].

The curvature tensor R of M(— 3) is given by [6]

RX, NZ =W)X ~ X)) 02 Y — gX, Zyn(¥)¢ + g(¥, Z)n(X) &

2.8
e —9(@Y, 2)¢X + 98X, Z) ¢Y — 29(X, ¢Y) ¢Z.

The 2-form Q on M is defined by Q(X, Y) = g(X, ¢Y). Q is skew-symmetric [3],
that is

2.9) 9, ¢Y) = — g(¢X, V)

and the covariant derivative of ¢ is defined by

2.10) (Vx$) Y = VxgY — $(Vx D).

The projection morphism of TM to D and D+ are denoted respectively by P and
Q. Using this notation we have

@.11) X=PX+ QX+ Xt 4N = BN + CN.

where BN € D* and CN e u [4]. The semi-invariant submanifold M is called D-to-
tally geodesic if h(X, Y) = 0 for each X, Y e D. It is known that the simply con-
nected manifolds of constant curvature are symmetric [9].

It is worth completing this section with the following result.
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Proposition 1. If M is a proper mixed foliated semi-invariant submani-
fold of a Sasakian space form M(c), then ¢ < 1.

Proof. We take X, YeD, ZeD"* such that Z=¢N for Ne¢gD" .
Subtracting (1.14) from (1.15) of [4] remarking that CN =0, we have
VyZ = BV$¢ N — ¢PAyY. Using this together with r([X, Y], Z) =0 in Codazzi
equation, we obtain [R(X, Y) Z]* = k(Y, ¢PAyX) — h(X, $P AyY). Replacing X
by ¢Y and using (Y, AyY) = (Y, Axy¢Y) we finally have

[RY, V) Z1* = 2h(3Y, AysY).

Furthermore, from the curvature equation of the Sasakian space form M(c),

[R(sY, V) Z]* = —1—;—‘3— g(X, $Y)N. Hence h(sY, Ay?) = 1 " ¢ g(X, $Y)N.

Taking inner product with N and using the fact that g(4y ¢Y, Ay¢Y) = 0, the as-
sertion immediately follows.
This and some other considerations motivate us to take ¢ = —3.

3 - Reduction in codimension

In the present section we study proper mixed foliated semi-invariant subma-
nifolds of a Sasakian space form M(— 3). First we give some basic lemmas

Lemma 1. Let M be a mixed foliated semi-invariant submanifold of a
Sasakion space form M(— 3). Then

3.1) ©g(VyZ, X) =9(A, U, X)

for each Xe D, ZeD* and U tangent to M.

Proof. ¢(VyZ, X)= — g(Z, VyX). Putting X=¢Y for YeD and using
(2.10), (2.2), (2.3) and (2.1) we get

(3.2) 9(Vy 2z, $Y) = 9(¢Z, KU, Y))
which proves our assertion.

Proposition 2. Let M be a proper mixed foliated semi-invariant sub-
manifold of o Sasakain space from M(—8). Then WX,Y)e¢D™* for each
X, YeD. '
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Proof. The equation (2.8) gives

3.3) [RX, V) Z)* = - 29(X, ¢Y)$2

for each X, Ye D and Ze D*. Using this in (2.6), we get

(34) —29(X, ¢Y)¢Z = WX, VyZ) — WY, Vx2)

where we have used 2([X, Y], Z) = 0. Taking the inner product with ¢W, where
WeD*, we get

=29(X, ¢Y) g(¢Z, ¢W) = g(h(X, Vv Z), 3W) — g((Y, Vx 2), ¢W).
Replacing X by ¢X and using (2.1), (2.5), (8.1) and (8.4) we finally have
3.5) 29X, VN g(Z, W) = gA.w Y, A2 X) + g(Aw X, A7 Y).

Moreover, R* (X, Y)¢Z € ¢D * because Vi ¢Z € ¢D *. Therefore for N e u, equa-
tion (2.8) together with (2.7) implies that

3.6) 9(Asz7, AyJX), ) = 0.

Furthermore, we replace X by ¢X and take the inner product with N e  in
(3.4). Then, using similar techniques as in (3.5), we get

3.7 9ANKX, Az Y) + 9g(ANY, A X) = 0.

Adding (3.6) and (3.7), we have A, (AyX) = 0, X e D. Clearly for each X e D,
AyXeD, replacing X by AyX in (35) and using the fact that
Az (A X) = A;w (A X) = 0, we obtain

Since M is proper, therefore (AyX, Y) =0, from which our assertion fol-
lows.

Note. We also observe that i(, X), k(¢ &) and W(X, Z + &) belong to ¢D*
for each XeD and ZeD*.

From equation (3.5) it follows
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Corollary 1. Let M be a proper mixed foliated semi-invariant submani-
fold of a Sasakin space from M(— 3). Then

ALX =X, XeD and Z is a unit vector in D*

AyAwX=-AwAyX, XeD Z,WeD* and Z*W.

Corollary 2. There exist no D-totally geodesic proper mized foliated se-
mi-invariant submanifold of a Sasakian space form M(— 3).

Proof. We take X, Ye D and ZeD*. Then putting W= 2 in (8.5) we
get

9X, V) g(¢Z, $2) = g((X, Az 1), $2)

where we have used (2.1) and (2.5). On the contrary, suppose M is D-totally
geodesic, then g(X, Y) g(¢Z, ¢$Z) = 0, which ensures that either D =0 or D* =0,
ie., M is not proper, which is a contradiction. Thus M can not be D-totally
geodesic.

Lemma 2. Let M be a proper mixed foliated semi-invariant submanifold
of M(— 8), satisfying W(Z, Wye ¢D* for Z, We D*. Then T,M @ ¢D;" is the
first osculating space ot x e M.

Proof. In order to show that T,M @ ¢D; is the first osculating space at
x e M it is sufficient to show that

¢D* = {W(X, Y): X, Y e X(M)}

where X(M) denotes the set of all vector fields. By the use of Proposition 2 we
get {W(X, Y): X, Y e (M)} c¢D*. In fact equality holds. For otherwise taking a
unit vector ¢Z e ¢D* such that g(k(X, Y), ¢Z) = 0 for all X, ¥ e X(M) we get
g(A:zX, Y) =0 for all Y. In particular if we take X in D and Y=A.;X then
g(A:z X, Az X) = 0 which is impossible by corollary (3.1) unless M is anti-invari-
ant. This completes the proof of the lemma.

We are now in a position to state the main result.

Theorem 1. Let M be a (2p + q + 1)-dimensional proper mixved foliated
semi-invariant submanifold of a simply connected Sasakian space form M(-3)
of dimension n (n = 2p + 2q + 1) satisfying W(Z, W) e ¢D* for Z, We D*. Then
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there exists a complete totally geodesic invariant submanifold M’ of dimension
2p + 2q + 1 of M such that M is a proper mized foliated semi-invariant submani-
fold of M.

Proof. Using (2.8) and lemma (3.2) it is obvious that the osculating space O]
is a Lie-triple system. Hence by [8] there exists a complete totally geodesic sub-
manifold M’ of M(— 3) of dimension 2p + 2q + 1. Now, the second fundamental
form of M' satisfies the classical equation of Codazzi, and hence, by theorem 3.1
of [4], M is either an anti-invariant or an invariant submanifold. In our case M’ is
obviously invariant, In fact M’ itself is a Sasakian space form of constant curva-
ture — 3, and M is its proper mixed foliated semi-invariant submanifold.

This gives the required reduction.

References

[1] A. BrJancu, CR-submanifolds of a Kaehler manifold I, Proe. Amer. Math. Soc.
69 (1978), 135-142.

[2] A. BrJaNCU, CR-submanifolds of a Kaehler manifold 11, Trans. Amer. Math.
Soc. 250 (1979), 333-345.

[3] A. BrJaNcU and N. ParaGHIUC, Semi-invariant submanifolds of a Sasakian
manifold, An. Stiint. Univ. «Al I. Cuza» Iasi, Sect. Ia Mat. 1 (1981), 163-
170.

[4] A. BEJANCU and N. PAPAGHIUC, Semi-invariant submanifolds of a Sasakian

space form, Collog. Math. 48 (1984), 229-240.
5] B. Y. CHEN and K. OcIug, On totally real submanifolds, Trans. Amer. Mat. Soc.
193 (1975), 257-266.

[6] D. E. BLaAIR, Contact manifold in Riemannian geometry, Lecture Notes in
Math. 509, Springer, Berlin 1976.

[71 J. ERBACHER, Reduction of codimension of an isometric immersion, J. Differen-
tial Geom. 5 (1971), 333-340.

[8] S. HELGASON, Differential geometry and symmetric spaces, Academic Press,
New York 1962. »

[91 W. KLINGENBERG, Riemannian geometry, De Gruyter, Berlin 1982.

Summary

A theorem on the reduction in codimension of a proper mixed foliated semi-invariant
submanifold of a Sasakian space form M(—3) is established.






