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Stability of the exponential dichotomy
of linear impulsive differential equations (*%)

1 - Introduction

In the present paper the investigations of [2] are continued. Theorems on sta-
bility of the exponential dichotomy on the real axis are proved. The work has in-
fluenced by the ideas of [3] and [5].

2 - Statement of the problem

Let X be an arbitrary Banach space with identical operator I. By L(X) we de-
note the space of all linear bounded operators acting in X. Consider the impulsive
differential equation

dx

(1 pri Az t+%,

(2) x(t;) = Qn x(tn) tn el= {tj} .

We shall say that conditions (H) are satisfied if the following conditions
hold:

H1. The function 4: B — L(X) is continuons extendable on each interval
[te; tas1]l (n e 2).

(*) Indirizzo: ¢/o D. Bainov, P.O. Box 45, BG - 1504 Sofia.
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H2. @ = {Qn} c LX).
H3. The sequence of points of impulse effect meets the conditions

t,<t,s1 @welZ) lim ¢, =+ .

- doo

Henceforth we shall often denote equation (1), (2) by (A®), Q,, D).

Def. 1. The impulsive differential equation (1), (2) is said to belong to the
class K if the operator-valued function A(f), the sequence of impulsive operators
Q = {Q,} and the sequence of points 7' = {¢,} satisfy conditions (H).

Def. 2. Equation (A(t), Q,,7T) is said to be exponentially dichotomous if
there exist constants K =1, x>0 and a projector P such that

© UG PU ()| < K e¢?

A
N

t

@ lUBUI~PYU )| <K e ;

A

T

where U(t) is the evolutionary Cauchy operator of equation (A(), @,, 1) (see
(1], (6.

Let equation (A(f), Q,, T) belong to the class K and let ¢ >0, H > 0 be con-
stants. By N((A(®), Q., T), ¢, H) we shall denote the set of all impulsive equa-
tions (B(t), R,, T) which belong to the class K and the fundamental operators
V(t, =)=V (®V~1(z) of which satisfy the following condition: for any S € R there
exists € B such that the following inequality be valid

G VE+V M u+s)- U+ U w+0)|<é t,uel[—H, H].

Def. 3. Equation (A®), Q,, T) is said to be of bounded growth on R if the-
re exist constants C=1 and x=0 for which the following inequality be
valid

(6) [U® U ()| < C e+ t,reR.

Remark 1. The impulsive equation (A(t), Q,, T) is of bounded growth if
and only if there exist constants C = 1 and k> 0 such that for each solution x(f)
the following estimate be valid

@) le@®l| < Cllzs)| s,teR s<t<s+h.
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Remark 2. The impulsive equation (A(t), @, t) is of bounded growth if,
for instance, the operator-valued function A(?) is integrally bounded and the im-
pulse operator @, satisfy the condition

®) IT lQllsL e
<=l

where L =0, ). € B are constants.

Lemma 1. Let U, =)= U®) U () be the fundamental operator of equa-
tion (A@®), Q,, T). Then the fundamental operator V(t, ) of equation
At+a), Qu, T,), where T, = {t,—a}, has the form

Vit, 0 =Ult+a) U Hz+a)

Lemma 1 is proved by a straighforward verification taking into account the
form of the operator U(t, <) (see [1], [6]).

Lemma 2. Let the impulsive equation (A(t),Q,, T) be exponentially di-
chotomous. Then the impulsive equation (A(t + ), Q,, T.), where T, = {t,—a},
1s also exponentially dichotomous with projector P=U@@PU (.

Proof. Let V(¢ 7) be the evolutionary operator of equation (A(t+a),
Q,, T.). Then by Lemma 1 the following equalities hold

V(t)PV_l(T) =U{t+a) U Ya)Ula)P U ) U() U r+a) =Ult+a) U l(z+a).

The proof of Lemma 2 follows from eastimates (3), (4).

Lemma 3. Let the impulsive equation (A(®), Q,, T) be exponentially di-
chotomous. Then for any number 6 € (0, 1) there exists H >0 such that for s = H
and for any solution x(t) the following inequality be valid

lee(s)|| < 6 sup {Je@)|: |w—s| <H}.
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Lemma 4. Let the following conditions hold:

(1) the impulsive equation (A(t), Q,, T) is of bounded growth;

(2) there exist constants H> 0 and 6 € (0, 1) such that fort = H for any sol-
ution of equation (A(t), Q,, T) the following mequality be valid

©) @l < 6 sup {le@): Ju—t <H};
(3) dim X < o,

Then the impulsive equation (A(t), Q,, T) is exponentially dichotomous.

The proofs of Lemma 3 and Lemma 4 follow from the argumens in [3] (p.
14-16).

Remark 3. The condition dim X <  is essential [4].

3 - Main results

Theorem 1. Let the following conditions hold:

(1) conditions (H) are met;

(2) the tmpulsive equation (A®), Q,, T) is of bounded growth.

Then each impulsive equation (B(t), R,, T) € N(A®), Qn, 1), 8 H)is of
bounded growth.

Proof. Since (B(®), R,, T) e N(A(t), Q,, T), & H), then for any S there
exists = such that for —~H <¢, w <H the following inequality be valid

(10) IVE+89)V T @+s) = Ult+0 U w+1) <

where V(?) is the evolutionary operator of equation (B(t), R,, T). Condition 2 of
Theorem 1 and inequality 10 imply the estimate

(11) [Vt +8) Vi u+s)|<C elt—44 s -H<t wu<H.
From the fact that the number s is arbitrary, there follows the inequality

12) VOV @) <C et "+ (C +4) erlt—l ~H<t wus<H.
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Let ¢t=u. Then there exists a positive integer %k such that u+2kH
st<su+2(k+1)H. Inequality (12) implies the estimate

V&)V @l < V)V @+ 26| - [V + 2KE) V™ (u + 20k — 1) H]|
V@ + 2B V@) < (C+ F ! et~ %= (C + 8)(C + &) ext—»
= (C +&)(C + UDHET 2k gult =) < (C 4 §)(C + GWIH =W gut=w)

< (C +9) elt T WDH InE+ONE=w)
The case { <wu is considered analogously.

Theorem 2. Let the following conditions hold:

(1) the conditions of Theorem 1 are met;

(@) the impulsive equation (A(t), Q,, T) is exponentially dichotomous.

Then for each impulsive equation (B(t), R, T) e N(A(®), Q,, T), &, H) the
only bounded solution is the trivial one x(t) =0.

Proof. Set & =x"1(sin A" H + In K), where x and K, are the constants from
inequalities (8), (4). Then

(13) Kle?—Ke™ =2 sin hixh—In K) =8.

Let x(£) be a solution of the impulsive equation (At ++—s), Q,, T._,) where
T._ = {t;— v+ s}. By Lemma 2 equation (A(t+ v — ), @,, T._, is exponential-
ly dichotomous with projector U(e) P U™ (a) (a =7~ s).

From equality (13) and from [3] (p. 14) there follows the estimate

(14) le(s)] < i— sup {le@l: [t —s| <h).

For any s there exists = such that for —H < ¢, u < H the following inequality be
valid

(15) IVE+9) Vi u+s)~Ut+a) U @+ <é

where V() is the evolutionary operator of equation (B(t), R,, T). From inequali-
ty (15) for 4 =0 we obtain

(16) VE+s) V() = Ut +2) U™ ()| < .
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Let %(t) be an arbitrary bounded solution of equation (B(t), R, T)and let (%)
be a solution of (A(t + = —5), Q,, T._;) for which x(s) = y(s). We shall prove that
y(@) =0.

By Lemma 1 the following representation is valid

amn @) =Ut+r—8) U () a(s).

Then for |ly(®) — x(t)|] we obtain the estimate

(18) ly@® — 2@ = IV V() = Ut + =~ ) UL ()] y(s)|
S|V V)~ Ut +7—s) U @l )] < 8lly(s)].

Let H = h. From the inequalities

Iyl = ks < sup (ool [t = 5] <)

< 3 sup (ly®l + ly® - <) |t -5 <h} < = sup (ol ft—s|<n}+ Sy

there follows the estimate

ly@l < sup {ly®|): It—s|<h} < sup ly0) seR.
Therefore y(f) =0, t € R.

Theorem 3. Let the conditions of Theorem 2 hold and, moreover,
dim X < oo,

Then each equation. (B(T), R,, T) e N(A®), Q,, T), 8, H) for sufficiently
small & and sufficiently large H is exponentially dichotomous.

Proof. From Theorem 1 it follows that equation (B(t), R,,, T)is of bounded
growth. The proof of Theorem 8 follows from inequality (18), Lemma 4, [5],
Theorem 2 and [3].
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Summary

Sufficient conditions for stability of the notion of exponential dichotomy for linear im-
pulsive differential equations are found.
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