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BHASKAR SRIVASTAVA (%)

A continued fraction and some identities
associated with Ramanujan (**%)

1 - Introduction

In an earlier paper [4] we have considered a generalization of a continued
fraction of Ramanujan [1];
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which in the limit gives most of the classical results involving continued fractions.
In faet, for ¢ — o, it reduces to the unusual continued fraction of Ramanujan,
which Andrews discovered in the «Lost» manuscript of Ramanujan [1ls.

In this paper, we consider a special case of this continued fraction and obtain
some identities.

(*) Indirizzo: Department of Mathematics, Lucknov University, IND, Lucknow.
(**) MR classification: 33D15. — Ricevuto: 3-X1I-1990.
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Using the summation formula Slater [3] (eqn. (8) and (13)) viz.
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3 — We now prove the following

Lemma 3.1.
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by using the quintuple product identity Andrews [1], (p. 456, Theorem 38.9), with
q replaced by ¢* and then z replaced by q.

4 — We now prove the following four identities with the help of the above
Lemma.
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In proving the above identities we shall use the Hecke operator u, (115, [3])
operating on f(¢) = 2 a,q", defined as
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Now, for 0 <o =<3, by Lemma 3.1
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Replacing g by ¢%, we have
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Puttinga =0, 1, 2, 3 we get the identities (4.1)-(4.4), respectively, after writing
—q for gq.
5 - Two other results

We can obtain two more identities of a similar nature, by applying Hecke ope-
rator U, to C(—gq; ¢). The identies are :
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6 - Two further identities

We shall now prove the following two identities:
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Proof of (6.1). By (5.1)

z (_l)m Com qmz 5 1 [ z (_1)71q12712—7z+q Z (_1)nq12n2+7n]
m=90 (q ; (]2)0‘7 n = - n=—w

1 oo

= W[?l ;_w(—l)nqlzn?—n a+ q8n+1)].

Using the quintuple identity with ¢ replaced by ¢® and putting z=¢, we
have

Eo(—l)’" Com g™ = (=975 ¢®)e (=¢; ¢®)= @%; ¢ (g5 7). (¢%; ¢°)-r

m= @%; %)

_ £0590- 0 09 (0% 092 0% 49 0% 09 (0% 6= (" 49 0% 41
@% 4%

Using Jacobi’s triple product identity [1]s (p. 21)
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which proves (6.1). The proof of (6.2) follows in a similar way.
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7 - Three identities for C(—gq; ¢)

In this section we shall prove three identities for continued fraction C(—gq; ¢).
These are
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Applying Rogers-Fine identity [2] (p. 334, eq. (1))
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to the first sum with ¢ replaced by ¢* and putting a = ¢%/t, b = ¢ and then letting
t— 0, and to the second sum with ¢ replaced by ¢* and putting a = ¢%/t, b = ¢®
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Proof of (7.2). By (7.1)
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Proof of (7.3). Adding (7.1) and (7.2)
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Conclusion. Inthe identities proved in 4, by considering the coefficients in
the power series expansions of C(—gq; @), a combinatorial interpretation can be
given by using a generalization of Gollnitz-Gordon identities [1]; (p. 114, Theorem
7.1).

The present paper was motivated by Andrews’ treatment of the Rogers-Ra-
manujan Continued Fraction [1], and the technique employed in the proof is a
straight forward modification of his technique.

The continued fraction C(—g; ) is a special case of Ramanujan’ work (Entry 9
and 13 in chapter 16 of Ramanujan’s Second Notebook Memoirs of the AMS 53
(1985) No. 315).
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Summary

See Introduction.
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