Riv. Mat. Univ. Parma (4) 16 (1990), 231-237

KRISHNAN BALACHANDRAN (¥)

An existence theorem for a class

of nonlinear Volterra integral equations (**)

1 - Introduction

Numerous papers have been appeared on the theory of Volterra integral
equations [4]. Brauer [3] obtained a non-linear variation of constant formula for
Volterra equations. Kartsatos [6]discussed the existence of bounded solutions
and asymptotic relationship for nonlinear Volterra integral equations. Okrasin-
ski [7] studied the nonnegative solution of nonlinear Volterra integral equation.
Recently Banas [1] proved an existence theorem for nonlinear Volterra integral
equation with deviating argument without assuming the Lipschitz condition. In
this paper we shall prove an existence theorem for more general class of nonlin-
ear Volterra integral equation with deviating argument. The result generalises
the previous result.

2 - Basie assumptions

Let us introduce the following notations. Put
I=10, «) J = (0, o) A={t, s):0ss<st< oo},

Let p(t) be a given continuous function defined on the interval I with values in
J. We will denote by C, = C(I, p(t); R™) the space of all continuous functions

(*) Indirizzo: Department of Mathematics, Bharathiar University, Coimbatore,
IND—641046 Tamil Nadu.
(**) Ricevuto: 5-11-1990.
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from I into E™ such that
sup [|2@®)] p@):t = 0] < .

It has been shown [5] that C, form the real Banach space with respect to the
norm

|| = sup [Ja@)| p(t): t = 0].

Consider the following form of nonlinear Volterra integral equation with de-
viating argument

1) x(t) = gt, «@), Tx@) -+ J'tK(t, s, 2(a(s)) d s
0

where x, g and K are n-vectors. Assume the following conditions:

@) K: AXR"— R™ is continuous and there exists continuous functions
m: A—=1, a:I—J, b:1—J such that

K, s, x)|<mt, s)+al) bs)z| V(, s)e A reR™.

t
Let us put L) = [ a(s) b(s) d s and take an arbitrary number M > 0 and consider
0

the space C, with
p(t) = [a(t) exp (ML) + )]7".

(i) g: IXR"XR"— R" is continuous and there exists a constant A and a
continuous functions ¢: I-— J such that

lg@, x®), Tx@®)|<Ac®l|z|+ |T=(] R =0f c®) dt.
(iii) T is a continuous operator which maps R" into B" such that
t
|To®)| < M [ b(s)|x(s)| ds.
0

(iv) There exists a constant B =0 such that for any ¢ e I the following
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inequality holds
t
[m(t, s)ds<Ba(t) exp(ML()).
0

(v) a:I— I is a continuous function satisfying the condition
L{a(t)) ~ L)< N

where N is a positive constant.

a(e(t))
a(t)

(vi) < M(Q —2AR - B) exp(—MN) 2AR+B <1

In what follows we will employ the following criterion of compactness of sets
in the space C).

Lemma [2]. Let E be a bounded set in the space C,. If all the functions
belonging to E are equicontinuous on each interval [0, 7] and

lim sup [|=®)|p(t):t = 7] = 0 uniformly with respect to E

then E is relatively compact in C,.

If © € C,, we will denote by w(z, h), its modulus of continuity on the inter-
val [0, #] as w(x, k) =sup[|z®)—x(s)|:|t—s|< for t, se[0, 7ll.

3 - Existence theorem

Theorem. Under the assumptions (i) to (vi) the equation (1) has at least
one solution x in the space C, such that

|| < a®) exp ML(t) for any t=0.

Proof. Consider the following transformation defined on the space C, by

t
Fx)@t) =g, «@, Tx®) +0f K, s, x(a(s))) ds.
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Observe that our assumption imply that (Fa)() is continuous in I and
define

G = {xeC,: )| < alt) exp ML)} .

Obviously G is nonempty, bounded, closed and convex in the space C,. Now we
show that F maps the set GG into itself. Take x € G. Then from our assumptions
we have

(F2)®)] < lg¢, =), Tx®)| +0ft IK(t, s, a(a(s))]ds
< Ac)(x@®] + [T2®)]) + Oft [m(t, s)+a(®) b(s)| w(a(s))|] ds
< Ac@)(e®)] + M 0ftb(S)lOC(S)l ds)+ Oft[Tn(t, 8) + a(®) b(e)a ()1 d s
< Ac@[at) exp (ML) + M 0_ftb(s) a(s) exp (ML(s)) ds] + Ba(t) exp (ML(t))

+a(t)0ftb(8) a(o(s)) exp (ML(«(s))) ds
< (2AR + B) a(t) exp (ML)
+ ﬁ a(t)oft Mb(s) exp (ML(s)) ala(s)) exp (M(L(a(s)) — L(s))) ds
< (2AR + B) a(t) exp (ML(®))
+a(t)(1 —2AR — B)OftMa(s) b(s) exp (ML(s)) exp(—MN) exp (MN) ds

< (2AR + B) a(t) exp (ML(t)) + 1 — 2AR ~ B) a(t) exp (ML(®)) = a(t) exp(ML(®)).

Which shows that FG c G.

Next we show that F' is continuous on the set G. For this let us fix 2> 0 and
®, y € G such that ||x —y|+||Tx — Ty| < h. Further take an arbitrary fixed
7> 0. Then using the fact that the functions g, x(f), Tx(®)) and K(1, s, x) are re-
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spectively, uniformly continuous on
[0, nIX[=v(n), y@IX[—r(), ()]
and [0, n1x[0, 5]x[=y(a(n)), rlaln))]
where y(n) = max [a(s) exp (ML(s)):s € [0, »ll, we obtain for ¢ [0, 7]
@ . |(F2)(t) — Fy)@)|

<lg@t, a®), Ta®)- g, y@), Ty®)
t
+ Of K(t, s, w(s))— K@, s, y(s))]ds

<p(h)+ B (B)

where B;(h) are some continuous functions such that Ilim B; (h) = 0. Let us take
L —> 0
t=7. Then

|(Fa)(t) — Fy)D)llalt) exp (MLE) + D]
<[|Fo)®)| + |Fy)®Na) exp MLEH] e < 27",
Hence for sufficiently large » we have
|(Fx)(®) — Fy)D| pd) < for ¢= 8.

Thus inview of (2) and (3) we deduce that F is continuous on the set G.

Now we show that F'G is relatively compact. In the set G, note that
(Fa)t) pt) <e”
which implies that

@) }E‘l‘c sup [|(F)(t)| pt):t =51 =0

uniformly with respect to x € G.
Furthermore, let us fix >0, >0, ¢, sel0, 5]such that |t —s| <h. Then
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for v € G, we get

[(Fo)(®) — (Fa)(s)] < lg(t, wt), Ta®) — gis, w(s), Tw(s))|

+| ft K, u, 2(a(u))) du — sz(s, u, 2(a(n))) dul
0 0
t 8
< wlg, h)+ IOIK(t, u, x{eln))) du—of K(t, u, a(a(u))) dul
+losz(t, u, 2laln))) du—osz(s, u, @(a(u))) dul

< (g, h) +sft]K(t, u, @law)))| du +OfS]K(t, u, 2la(w)) — K(s, u, w(a(w)))| du

< (g, ) + hmax[m(t, w) + a(w) b(w) pla(@): 0 <u <t <yl + (X, B)— 0
as h—0 since Ilin%w(g, h) = }%m% oK, h)=0.

Hence we deduce that all the functions belonging the set FG are equicontin-
uous on each interval [0, 5] and by (4), using the Lemma we infer that FG is
relatively compact. Thus the Schauder fixed point theorem guarantees that F
has a fixed point x € G such that (Fz){®) = x(?).
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Abstract

We prove an existence theorem for a special class of nonlinear Volterra integral equa-
tions with deviating argument without asswming the Lipschitz condition.
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