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Submanifolds of codimension 7»
of a H-structure manifold (*%)

1 - Preliminaries

Let V,, be an n-dimensional differentiable manifold of class C~. Suppose that
there exists on V,, a tensor field F # 0 of type (1, 1) satisfying

1.1) F2=q2]

where a is any non-zero complex number. Suppose further that V,, admits a her-
mite metric G satisfying

1.2) GEFX*, FY*)+a?G(X*, Y*) =0

for arbitrary vector fields X* and Y* on V,,. Thus, in view of the equations (1.1)
and (1.2) V,, will be said to possess an H-structure.
If "F(X*, Y%) is the tensor field of type (0, 2) given by

1.3) 'FX*, Y*)=GFX*, Y%)
the following results can be proved easily
'FFX* Y*)=—"F(X* FY*) =a?GX*, %)
1.9
'F(FX*, FY*) +a®'F(X*, Y*)=0 "FX*, Y*)+'F(Y*, X*)=0.

(*) Indirizzo: Department of Mathematics and Astronomy, Lucknow University,
IND-226007 Lucknow.
(**) Ricevuto: 12-X-1989,
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Let D be the Riemannian connection on V,,; then
(1.5) Dy Y# — Dy X* = [X*, Y¥] Dy+G=0.
Let N be the Nijenhuis tensor formed with F; then
(1.6) NX*, Y*) =[FX* FY*]-F[FX* Y*|—F[X* FY*]+F¥X* Y*].

An H-structure manifold V,, will be called a K-manifold if the structure ten-
sor F' is parallel i.e.

(1.7 Dy« F)(Y*)=0.

A submanifold V,, . of codimension 7 of the H-structure manifold V,, will be
said to possess a generalised para r-contact structure if there exists a tensor
field f of type (1, 1), » C* contravariant vector fields U » C* 1-forms 4 (r some
finite integer) satisfying

(1.8) fi=all- > w®U.
=1 ®
Also Uof+ > 846 =0 U+ 2 aU=0
=1 s y=1
(1.9)

.
W)+ T 686 =a’s
Y z=1

where x,y=1,2,...,7, & denotes the Kronecker delta and 6 are scalar
fields.
If in addition, the submanifold V,_, admits a Riemannian metric g

satisfying
(1.10) (X, f1) +a?g(X, V) + éje(X) U =0

we say that V,_, admits a generalised para r-contact metric structure.

2 - Submanifolds of codimension 7

Let V,,_, be the subamnifold of codimension r of a H-structure manifold V.
If B denotes the differential of the immersion i: V,,_,— V,,, a vector field X in
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the tangent space of V,,_, determines a vector field BX in that of V. Let Z}’ ,
x=1,2,...,7 be r mutually orthogonal fields of unit normal vectors defined on
Vu_r Thus we have

2.1) GBX, BY)=g(X, Y) GBX, N)=0 G(N, J>f)=o‘\§.

The vector fields FBX and FN can be expressed by

2.2) FBX =BfX— 2 W(X)N FN=-BU+ X 0!N
z=1 § ‘ Foy=1
where fis a (1, 1) tensor field, % 1-forms and Uvector fields on the submanifold
Vier (®=1,2,...,7).
Operating by F on both the sides of (2.2); and making use of equations (1.1)
and (2.2), we obtain

a?BX =Bf2X - 3 'éya(fX)]Y— 2 WX){-BU+ 2 6N}.
y=1 =1 ® 1Y

y ’ y=

Comparison of tangential and normal vectors gives
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2.3) fi=a2] -
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Multiplying both the sides of the equation (2.2), by F' and using again equa-
tions (1.1) and (2.2), we get

a®N = —{BfU- X W(ON}+ 2 ¢{-BU+ X 6N}.
“ Fog=1 7 F 1 vooz=1 "¢

y=

Comparison of tangential and normal vectors gives

2.4 U+ > U=0 WD+ 2 66 =a%%.
2 y=1 Y x 1

Y=

Further, in view of the equations (1.1), (2.1) and (2.2), if g is the induced
metric on V,,_,, then we have

@.5) 9UX, ) +a*g(X, 1) + S A UT) =0,
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In view of the equations (2.3), (2.4) and (2.5), we have

Theorem 2.1. The submanifold V,,_, of codimension r of an H-structure
manifold V., admits a generalised para r-contact metric structure.

Suppose further that D is the Riemannian connection on V,, and D the in-
duced connection on the submanifold V,_,. Then the equations of Gauss and
Weingarten can be expressed as

(2.6) DpxBY =BDxY + 3 WX, V)N
x=1 *

@.m DpxN =-BHX) + 3 0N
x y=1 3
where fL(X; Y) are second fundamental forms, and

2.8) WX, V)= glHX), V).
Suppose that the enveloping manifold V, is a K-manifold. Hence we have
(DBXF)(BY) =0 or equivalently DBXFBY = FDBXBY.
In view of the equations (2.2), (2.6) and (2.7) the last equation takes the
form
T 7 I
Dpx {BfY — 21&(1")27\[} =F{BDyY + zlh(X, Y)N}

or equivalently

BDYY+ 3 WX, NN - 3 a0{-BACO + 3 s}
x= T= y=

= BfDyY — wélﬁ(DXY)Zx\/'+élfz(X, Y){-BU+ yélegzy}.
The comparison of the tangential vectors in both the sides gives
DefY+ 3 WD =fDxY - 3 WX, DY
or equivalently
2.9 )+ 3 (WD HCD + I, 1T =0.

If N(X,Y) is the Nijenhuis tensor for the submanifold V,_,, we can
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write
(2.10) NX, Y) = DxNHX) — DxHX) + Dy IX) — ADx)Y).

A necessary and sufficient condition that the submanifold V,_, be totally
geodesic is that ;L(X ,V)=0(@&=1,2,...,). Thus in view of the equations (2.8)
and 2.9), it follows that Dyf=0. Hence from (2.10), we have N(X, Y¥) = 0.

But V,_, is said to be integrable id and only if N(X, Y)=0. Thus we
have

Theorem 2.2. A totally geodesie submanifold V,_, with a generalised
para r-contact structure of an H-structure manifold is integrable.

3 - Curvature tensors

Suppose that W, X, Y, Z are arbitrary vector fields on an open set A in the
neighbourhood of a point of the submanifold V,,_,. If 'L and 'L are the Rie-
mann-Christoffel curvature tensors of V,, and V,,_, respectively, we have

8.1 'L(BW, BX, BY, BZ)='LW, X, Y, Z)

+ 3, DIW, V)= X, VW, 2)).

If the manifold V,, admits constant holomorphic sectional curvature C, we
have

(3.2) 'L(BW, BX, BY, BZ)
= %[G(BW, BZ)G(BX, BY)—G(BX, BZ)G(BW, BY)

+'F(BX, BZ)'F(BW, BY)-'F(BX, BY)'F(BW, BZ)
+2'F(BW, BX)'F(BY, BZ)].

From equations (1.3) and (2.2) it can be proved that

def

3.3) 'F(BX, BY)=fX, Y)=9(/X, Y).

Hence, in view of the equations (2.1), (3.1) and (3.3), the equation (3.2) takes
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the form

3.4) LW, X, Y, %)
= Sy, Dgx, N-gX, D, DHAX, 2)'FW, D)
~'f&X, V)W, 2)+2'fW, X)'AY, 2)]
+é1{1’3(x, NAW, 2)- X, 2)kW, 7).

Thus we have

Theorem 3.1. Let V, be an H-structure manifold of constant holomor-
phic sectional curvature C. Then the curvature tensor of the submawifold V, _,
satisfies the equation (3.4).
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Abstract

In this paper, we consider an H-structure manifold and show that its submanifold of
codimension r admits a generalised para r-contact structure. Conditions for the integra-
bility of such a structure are studied. A result connecting the curvature tensors of the
manifold and of its submanifolds is established.
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