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A note on maximal subgroups in finite groups (*¥)

Introduction

In this note we examine cases when maximal subgroups of a finite group G
have certain common properties. They are related to the notion of normal index
of a maximal subgroup. These considerations lead to characterizations of
supersolvable and nilpotent groups and under certain sets of conditions G is
found respectively p-supersolvable and p-nilpotent.

For a maximal subgroup M of a group G the order of a chief factor X/Y of G,
where X is minimal in the set of normal supplements of M in G, is unique and is
known as the normal index M in G [3]. It is denoted by »(G:M).

Here we shall associate with each M <G the set

FQD={(H, K)H<G, K<G, KgH and () (M, H)=G, @) (M, K)=M).

An element (H, K)in F(M) will be called a minimal element if H/K is a chief

factor. In that event H/K is a minimal normal supplement to %—<% and it

G My _ B s will an=g8. M, _H
follows that r;[K. K] [KI This will imply n(G.M)—n[K. K]— IK[ [2].
Z () and Q*(G) will denote repectively the hypercenter and the hyperquasi
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center of a group G. The quasicenter Q(G)=@Q:(G) of a group G is the
characteristic subgroup generated by all cyelic quasinormal subgroups of G. The
hyperquasicenter Q*(G) is the largest term of the chain of subgroups
Q@ = {1} c (@ = Q(@) c @@, where

QUG _
A&

G

Qi_l(G)] for all 1>0.

Ql

Clearly Q(G) 2 Z(G) and @*(G) is characteristic subgroup of G which of course
contains Z.(G). For the sake of completeness we quote the following results
which will be used.

Theorem ([5];, p. 24). If x is a QC-element of a group G then " is also a
QC-element of G for every integer r.

Remark.  is called a QC-element of G if (x) is quasinormal in G.

Theorem ([7], p. 31). Let N be a normal subgroup of a group G and
(G _ Q%G
* Ky = _
N c Q@*(G). Then Q(N) N
An analogous result is also valid when Q*(G) is replaced by Z.(G).

Theorem ([7], p. 32). The hyperquasicenter @*(@) of a group G is the
largest supersolvably embedded subgroup of G.

The notations used in the note are all standard. The groups are all standard.

The groups considered throghout are all finite.

1 - Some solvability conditions
Set J,(G) = {M <G|[G:M],=1 and [G:M] is composite}, p is a prime and

S, @) =n{M<GMelJ,) o @ = N {M<Gl[G:M],=1} .

#p(@) is solvable (Theorem 7, [6]). If p is the largest prime divisor of |G, then
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Sy(G) is solvable (Theorem 8, [6]) and in that event if J, = o, then S(®) =G is
solvable.

Theorem 1. A group G is solvable if and only if each F(M), M e J(G)
where p s the largest prime divisor of |G|, contains a minimal element (H, K)
such that H/K is solvable.

Proof. If G is solvable then the result follows trivially. Conversely, note
that G is not simple. Let N be a minimal normal subgroup of G and consider G/N.

If p divides ]NGL| then -fz‘vie Jp(%) implies that M e J,(G). On the other hand if
N I%I and q is the largest prime divisor of I%l then —% eJq(%) implies that
M e J(G).

If (H, K) is a minimal element in F(M) such that H/K is solvable then
(H/N, KIN) is a minimal element in F(M/N) with similar property ifNcK. If
N ¢ K then (}5\]]\7 KIéV) is a minimal element in F( )an d N / %N—~ is solvable.
By induction it follows that G/N is solvable and N may be viewed as the unique
minimal normal subgroup of G. If N ¢ ,(G) then clearly G is solvable. Suppose
N ¢ 9,(G) so that G=MN, [G:M],=1. If [G: M]= composite then M e J, and if
(H, K) is the minimal element in F(M) for which H/K is solvable then evidently

]% =a power of a prime. Consequently, n(G:M)=|N|= I%] =a power of a

prime and N is solvable which however implies that G is solvable. We may
therefore assume [G:M]=a prime=s and note that M is core free. By
representing G on the s cosets of M it follows that |G| must divide s! which is
impossible. Hence N ¢ ¢,(G) and the theorem is proved.

Theorem 2. A group G is solvable if and only if for each minimal element

H, K) in FAD, M <G, CG(%);&I.

Proof. If G is solvable then the result follows. Conversely, observe that G
is not simple. Let N be a minimal normal subgroup of G and consider G/N. By
induction G/N is solvable and N may be considered a unique minimal normal
subgroup. If ‘N ¢ &(G) then G=MN for M <G, (N, 1) is a minimal element in
F(M) and Ce(N) +# 1. Since N is unique and Co(N) <tG, N c Cx(N) and therefore
N is solvable. It now follows that G is solvable.




168 R. KHAZAL and N. P. MUKHERJEE [4]

2 - Conditions for supersolvabiifty and nilpotency

Proposition 1. A group G is supersolvable if and only if for some
minimal element (H, K) in F@) Y maximal subgroup M of G

H/KnQ*(%)ﬂ.

Proof. If G is supersolvable then trivially the assertion follows. Conver-
sely, if H/K n Q*(%) #1, then %g Q*(—%) = the largest supersolvably embed-

ded subgroup of G/K. Therefore H/K is of prime order and it now follows from
G_M H G.My_aan=12 = - ;
XK K that [ i [G:M]=] K] a prime for each maximal
subgroup M of G. Hence G is supersolvable.

Lemma 1. Let M be a maximal subgroup and Q*(G) be the hyperquasicen-
ter, respectively, of a group G. Then G = MQ*(@yimplies that the index of M is
prime in G.

Prof. Suppose the quasicenter Q(G)E M. Then G =MQ(G) and therefore
G = M({x) where x is a quasicentral p-element for some prime divisor p of |G|
([5], p. 24). Consequently, [G: M]=p since {(x'), 7 an integer, is quasinormal for
all i ([5];, p. 24). The result now follows by induction since the hyperquasi-

k
Q?G) equals %((GG;) {71, p. 31).

center of

Lemma 2. Let M be a maximal subgroup of a group G. If for each

minimal element (C, D) in F(M) it implies that Q*(%) #1, then M is of prime
index in G.

Proof. If core M =1, then a minimal element in F(}) is of the form (C, 1)
and by hypothesis @*(G) # 1. Therefore G = MQ*(@) and by Lemma 1 it follows
that [G:M]=a prime.

Now suppose core M +#1 and let N be a minimal normal subgroup of G

contained in M and consider G/N. If (Z%’ _?_/N_) is a minimal element in F(M/N),
then observe (X, Y) is a minimal element in F(3) and Q*(%)#T which
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however implies that Q*(ﬂ) #1. It now follows by induction that [Q:—M]

. Y/IN NN
=[G:M] = a prime.

Theorem 3. A group G is supersolvable if and only if for each minimal

element (C, D) in F(M) Y maximal subgroup M of G it implies that Q*(%) #1.

Proof. If G is supersolvable then clearly the assertion is true since
R@*X)=X for every supersolvable group X. Conversely, by Lemma 2,
[G:M] = a prime V maximal subgroup M of G and therefore G is supersolvable.

Corollary. Letp be the largest prime divisor of |G| and q be one of its other
divisors. Then G is supersolvable iff Y minimal element (C, D) in F(M),

M e J(G) v J(G) it implies that Q*(%) #1.

Proof. If G is supersolvable then the result follows. Conversely, by
Lemma 2 it follows that J,(G)=J(G)=9. Hence G=S,G)=S,(@ and by
Theorem 11 ([6], p. 610) G is supersolvable.

Proposition 2. A group G is supersolvable if and only if for any pair of
maximal subgroups M,, M, in G for which F(M,) and F(M,) have a common
minimal element (H, K) it follows that [G: M =[G:M,] and H/K is cyclic.

Proof. The result clearly follows if G is supersolvable. Conversely,
observe that G is not simple and let N be a minimal normal subgroup of G. By
induction G/N is supersolvable and N may be viewed as the unique minimal
normal subgroup of G. The theorem stands proved if N c #(G). Suppose N & (G)
and let M < G such that G = MN. If M is another core free maximal subgroup of
G then G=M-N and (N, 1) is minimal element common to F(M) and F().
Therefore N/1 is cyclic and G is supersolvable.

Results which follow next relate to the characterizations of nilpotent groups.
In most cases proofs are similar to the ones given for analogous characterizations
of supersolvable groups and are therefore omitted.

Proposition 3. A solvable group G is milpotent if and only if (G, core M)
is a minimal element in F(M) ¥V maximal subgroup M of G.
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Theorem 4. Let G be a solvable group and (C, D) be a minimal element
common to F(M) Y maximal subgroup M of G. Then G is a p-group.
Proof. Let N be 2 minimal normal subgroup of G and M-<—G—- If NcD

o NN
NN Otherwise, N¢D

I CN DN, . . M, M_G.
implies that ( N N ) is a minimal element common to F'( N) A4 N < N

(Note that N c C will imply DN = C since C/D is a chief factor and in that case
(M, C)={(M, DN) =M, a contradiction).

By induction G/N is nilpotent and N may be viewed as the unique minimal
‘ subgroup of G. If W<t G and N ¢ W then G = WN and W is corefree. Since (C, D)
is a minimal element in F(W) it follows that D = 1 and C/1 is minimal normal in G.
Hence C =N and (N, 1) is the minimal element common to all F(M), M <G.
However if Y is a maximal subgroup of G containing N, then F'(Y) cannot contain
(N, 1). Consequently, N ¢ #(G) and @ is nilpotent. Each maximal subgroup M of
G is therefore normal and by Theorem 1 in [5];, »(G : M) =[G : M]. By hypothesis

C D, . . oM
then ( N N) is a minimal element in F( N) v

forany X <G, n(G: X) = I%} and so every maximal subgroup has the same index.
It now clearly follows that G is a p-group.

Proposition 4. A group G is nilpotent if and only if for M <G, F(M)

contains a minimal pair (H, K) such that %mZ oo(%) #1.

Proof. Follows immediately form the fact that a minimal normal subgroup
contained in the hypercenter of a group is central.

Proofs of the following results are omitted since they are identical to the
proofs of Lemma 1 and Lemma 2 respectively.

Lemma 3. A maximal subgroup M of a group G is normal if G = MZ .(G)
where Z .(G) is the hyperquasicenter of G.

Lemma 4. Let M be a maximal subgroup of a group G. If for each

minmimal element (C, D) in F(M) it follows that Zw(%)aéT, then M =2G.

The next theorem is now an immediate consequence of the above Lemma.
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Theorem 5. A group G is nilpotent if and only if for each minimal

element (C, D)e F(M), M <G it implies that Zm(%) £T.

3 - p-supersolvable and p-nilpotent structures

Theorem 6. Let p be the smallest prie divisor of the order of a group G.
G is p-supersolvable if for any maximal subgroup M of G, 7(G: M), # 1 implies
that for some minimal element (H, K) in F(M) the subgroups of order p in G/IK
are self centralizing.

Proof. Observe that a Sylow p-subgroup of G/K =G is of order p and

[%]paﬁl. Set W=% and let (@) be a Sylow p-subgroup of W. If # e G\ (@)
normalizes (i) then (@)= (@)® where (&)= (&) X (%) X ... X (&), (&),
1=1,2, ..., n—1 is the Sylow p-subgroup and (Z,) is the Sylow p-subgroup

respectively of (&). Note that & Vi=1,2, ..., n normalizes (%) and
H;=(&){(w),1=1, 2, ..., n— 1 being supersolvable (&;) is normalized by % and
hence &% =u&;, i=1, 2, ..., n— 1. Also (&,) (@) = (&) (&,) is a group of order

p? and is therefore abelian. Consequently, #,% = 44, and 4 is indeed centralized
by &, a contradiction. Then Cs({%))=Ngs({@#)) and by Burnside’s theorem
G = F(a) where F is a normal p-complement. Observe that W= (W n F){@) and
W= (@) if W F =1. On the other hand if W =W n F then W c ¥ and this is not
possible since p™\ |F|. The order of W therefore is p.

Therefore for an arbitrary maximal subgroup X of G we have either
(G :X)=p or n(G:X) is prime to p. Since [G:X] divides »(G:X) it follows that
7(G:X)=[G:X], VX<G. By Theorem 2, [5),, G is p-solvable. This however
implies that G is p-supersolvable by Theorem 9.3 (4], p. 717) since every
maximal subgroup is of index p or has an index prime to p.

The next two theorems give sets of necessary and sufficient conditions for a
group to have p-nilpotent structure.

Theorem 7. A group G is p-nilpotent if and only if for any maximal
subgroup M of G, it implies that for each minimal pair (C, D) in F(M),

2(5)#1 i [C:D],#1.
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Proof. Suppose @ is p-nilpotent and (C, D) is a minimal element in F(I),
M <G where [C, D],#1. By Lemma 4.3 ([4], p. 428) it follows that C/D is

central and so Z (%) #1. Conversely, observe that G is not simple and let N be
o . . M_G C D,

a minimal normal subgroup of G. Let N < N and suppose [ N’ N] is a

minimal element, in F(—%) such that [-Z%, —I%]p;&l. This implies (C, D) is a

minimal element in F(M) and [C: D], # 1. Hence Z(%) #1 so that Z[%%] #1.

By induction G/N is p-nilpotent and N may be viewed as the unique minimal
normal subgroup of G. If N ¢ &(G) then G is p-nilpotent and therefore suppose
G=XN, X<@G and note that X is corefree. (N, 1) is a minimal element in
FX). If [N:1],=1 then N is a p’-group and if [N:1],# 1 then by hypothesis
Z(G/1) # 1 and therefore N is central and is of order p. In either of these cases it
follows that G is p-nilpotent since G/N is p-nilpotent.

Theorem 8. A group is p-nilpotent if and only if for any maximal
subgroup M of G, it implies that ¥V minimal element (C, D) in FM),

Co($)>0%@) if [C:D),#1.

Proof. Let G be p-nilpotent and (C, D) be a minimal element in F(M),
M < such that [C:D],#1. Then C/D in central in G/D and consequently

Z(%)#T. Conversely, observe that G is not simple and let N be a minimal

normal subgroup of G. It easily follows that G/N is p-nilpotent by induction and
N may be wieved as a unique minimal normal subgroup of G. If N ¢ &(G) then G
is p-nilpotent and we may therefore assume G = XN, X <(@G. (V, 1) is a minimal
element in F(X) and if [N:1],=1 then N is a p’-group and therefore G is
p-nilpotent. However if [N :1], % 1 then C¢(N) > OP(G) so that N ¢ C(OX(&)) and
therefore N is an elementary abelian p-group. Let R/N be the normal
p-complement in G/N. If T'is a p-complement of N in R then T is centralized by N
so that B =T X N and it now follows that T is the normal p-complement in G. We
may thus assume N ¢ ®(&) and hence G is p-nilpotent.

It may be remarked that if for each minimal element (C, D) in F(M),
[C:D],=1 for each M <G then G is a p’-group.
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Summary

See Introduction.







