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ANNA BENINI (%)

Sums of near-rings (*%)

1 - Introduction

In this paper sums of near-rings are defined and studied in order to
characterize near-rings whose additive group is the direct sum or the semidirect
sum of additive groups.

2 - Preliminaries

A left near-ring is indicated by Nj for the definitions and the fundamental
notations we refer to [3], without express recall. In particular the additive group
of N is indicated by N'*; if A is a substructure of N, & (A) ¢ AUT(N™) denotes the
subset of automorphisms of N* which transforms A in itself. If f, g are functions
from S to T and H ¢ T, we write f= g for f(x)—g®)eH VzeS.

Moreover y,:x—ax Vo eN is a left translation of N determined by a;
A N) = {x e NINz = 0} (A,(N) = {% € N/xN = 0}) is right (left) annihilator of N.
In the following we call a near-ring N =N,+ N, with N,# {0} # N, mixed.

3 - Semidirect sum of groups

We recall (see [4]) that if A and B are additive groups and ¢:B*—> AUT(A™)
is a homomorphism with o(b) =g, the structure [AXB, +] with
(a, b) + (a’, b') =(a+eya’), b+b') is an additive group, called the semidi-
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rect sum of A and B with homomorphism ¢ and we will indicate it with A + _B. If
A'={(a, 0)/ae A} and °B= {{0, b)/be B} we know that:

(a) A° and °B are subgroups of A + _B; (b) A+ B=A+°B

(© A°NB={(0, 0)}; (d) A=A and A +B/A°=R

Proposition 1. Let G=A+_B, AcA and B¢cB, then: IN=A xB, +]is
a subgroup of G Hf A and B are subgroups of A and B respectively and

o(B) ¢ & (A); N is a normal subgroup of G iff A and B are normal subgroups of
A and B respectively, o(B) ¢ F(A) and o(b)=4zd VbeB.

Proof. Easy verification.

Corollary 1. Let G=A+_B, then °B is a normal subgroup of G iff
kero = B.

Corollary 2. Let G=A+ B and ¢(B) = {id}, then: G is a direct sum of A
and B, N=[A x B, +]is a (normal) subgroup of G iff A cnd B are (normal)
subgroups of A and B respectively.

4 - Near-rings whose additive group is a semidirect or direct sum

Def. 1. Let N=A+ B be a semidirect sum of A of B with homomorphism
¢; we define in N: (a, b)-(a', b') = (f,,(a"), b') where f,,=¢(a, b)) and
¢:A X B—END(A") is a function for which the following conditions hold:

1) Jap S =Fane 2 Joo=0
3 Jab* o0 =o0ufas.

Proposition 2. The structure N =[A + B, -] as in Def. 1, is a left near-
ring in which A°= Ny, °B=N, and N, is a two-sided ideal.

Proof. Easy verification.

The structure above mentioned will be called a-sum of A and B and will be
indicated by A -+ .B.
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Theorem 1. A mived near-ring N has Ny as a two-sided ideal iff it is
1somorphic to an a-sum of Ny and N..

Proof. Let N be a mixed near-ring and N, a two-sided ideal of N;
then N* is isomorphic to N,+_N, where o:N;— AUT(NY) is defined by
[e(r)l(ng) = n, + 1o — n.

Moreover we consider the function ¢:NyXN,—ENDN{) defined by
(Mg, M.)) =7y, where n=mny+n, & fulfills the conditions of Def. 1:

(1) (Yn : Yn')('ﬁfo) = (’I’Lo + nc)[(ntl) + né) 'fLO] = [('ﬂo + nc) n(,) + 'né] ,ﬁ'O = Yy,l(n'o)+n’:(ﬁ0)
(2) )’o(no) = O V’nz() € NO

(3) (Yn : @7‘1)(%0) - (7’50 + nc)(’ﬁ/c + 771/0 - ﬁ'c) = /ﬁc + (7?'0 + nc) ﬁO - ﬁc
= 05 (1:(710)) = (@, * 7)) .

We can easily verify that the correspondence h: my+ n,.— (ny, n.) is an
isomorphism from N to N,+ N.

The converse follows from Proposition 2.

Obviously the multiplication of N infers a multiplication in A and B if we
define a-a’'==s ({a, 0)-(a’, 0)) and b-b' ==z ({0, b)-(0, b')) and with
respect to such operations A and B are a zero-symmetric and a constant near-
ring respectively.

Pr'oposition 3. Let A be a zero-symmetric near-ring, B a constant near-
ring and N = A+ B. The multiplication inferred in A by multiplication of N
and multiplication of A coincide iff we define foo=y, VaeA.

Proof. Easy verification.

Proposition 4. Let N=A + .B; a subset N of N is:

(8) a subnear-ring of N iff N = A x B where A and B are subnear-rings of A
and B respectively, o(B) c F(A) and ¢(N)c F(A);

(b) @ left ideal of N iff N = A x B where A and B are left ideals of A and B
respectively, ¢(B) ¢ F(A), ¢(b) = zid YbeB, y(N) ¢ F(A);

(¢) aright ideal of N iff N = A x B where A and B are right ideals of A and
B respectively, ¢(B) ¢ F(A), o(b) = 4id Vb€ B, forqmprs=ifas Ya €A, VacA,
VbeB, YbeB.
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Proof. (a) Let N be a subnearring of N; since V(a, b)eN
{0, 0)-{a, b) =0, b) €N, it follows that N = A X B, where A = {a € A/3be B,
{a, b)eN} and B={beB/AacA, {a, b) eN}.

In this case, by Proposition 1, we know that A and B are additive subgroups
of A and B respectively and o(B) ¢ F(A).

Moreover {a, 0)-{a’, 0) = (fio(@’), 0)eN Va, a'€d, so foa)
=y a)=a-a'€A and A is a subnear-ring of A. Lastly (a, b)-(a’, 0)
= (f.(a"), 0) eN V{a, by, {a’, 0) of N, so y(V)c F(A).

The converse follows easily by Proposition 1 and (V) ¢ & (A).

(b) Let N be a left ideal of N; obviously, by Proposition 1 and Proposition
4(a), we have N=A XB where A and B are subnear-rings of A and B
respectively, o(B)c F(A) and o(b)=4d VbeB, moreover (a, 0)-(a’, 0)
=(fio(@), 0)eN VaecA and Va'eA, so fifa)=ra)=a-a' €l
and A is a left ideal; obviously B is a left ideal of B; lastly {(a, b)-(a’, 0)
={f.(a"), 0) eN V{a, by en and V{a’, 0) €N, so we have f,,(a) e A and
W) ¢ F(A). ‘

The converse follows easily by Proposition 1 and Proposition 4 (a).

(¢) Let N be a right ideal of N; by Proposition 1 and Proposition 4(a), we
have N=A X B where A and B are subnear-rings of A and B respectively,
o(B) ¢ F(A) and ¢(b) = 4id Vb e B.

Lastly, if (@, 8) e N we have ({(a, b) +{a, b)) {(a’, b') —(a, b)-(a’, b")
= (armarssi@), ')+ (o= Fui@D), = b) = usnmpei@’) —fas(@’), 0) €N, s0
fa+;b(a),b+l3 = Aﬁz,b-

The converse is as above.

Corollary 1. Let N=A+ .B; °Bisaleft ideal of N iff B=kero and it is a
right ideal of N iff B=Kery and f,,=f,0 VbeB.

Def. 2. Let N=A®B be a direct sum of additive groups A and B; we
define in N (a, b)-{a’, b') = (fus(a); fus(b")) Va, a’' €A, Vb, b’ € B, where
Jas=19(a, b)), Fup=9({a, b)) and where ¢:AX B— END(A"),
¢:A X B— END(B*) are functions for which '

ey fa,b 'fa',b' "_"fj‘"a,b(a’), Fp ) f_;z,b f o', b' =j}’a'b(a’), Fus®) s @) ﬁ),o =0 =fo,o .

Proposition 5. The structure N=[A®B, -] as in Def. 2, is a zero-
symmetric left near-ring in which A® and °B are left ideals.
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Proof. Kasy verification.

The structure above mentioned will be called g-sum of A and B and will be
indicated by A + ,B.

Theorem 2. A mear-ring N is zero-symmetric with N*=1® J, where I
and J are left ideals with trivial intersection, iff it is isomorphic to a g-sum of 1
and J.

Proof. Let N be a zero-symmetric near-ring with N* =1 ® J where I and J
are left ideals of N and I nJ = {0}.

We consider the functions ¢:7 X J— END(I*) and ¢:I X J— END(J*) defined
by: ({7, §)) = yi;/I* and ({7, 7)) = yir;/J" = 7:sj, that is we consider the left
translation y;,; restricted to I and J respectively.

Such restrictions are obviously endomorphism of I* and J* respectively,
because I and J are left ideals of N; ¢ and ¢ fulfil the conditions of the Def. 2:

@D Garg yee)@) =@+ DA + 30T =[G+ )T+ @G+7)F'17
= (Yi+j('i') + ')'i+j(7"))) 1= Yri+j(i')+fi+j(i')(i") .
We can prove the same for 7,

@) yoro®=0-1=0 Viel Tord@D=0-7=0 Vjel.

Called f;;= yi;/I* and fi;= yi;/J*, we can easily verify that the correspon-
dence h:i+j— (i, j) from N to I+,J is an isomorphism.
The converse follows directely from Proposition 5.

" The multiplication of N infers a multiplication in A and B if we define
a-a' =n=s({a, 0)-(a’, 0)) and b-b'==5({0, b)-(0, b')) and with respect to
such operations A and B are zero-symmetric near-rings.

Proposition 6. Let A and B be zero-symmetric near-rings and
N = A + ;B. The multiplications inferred in A and B by multiplication of N and
the multiplications of A and B coincide iff we define f, o=y, and fo, = 7, Va € A,
VbeB.

Proof. Easy verification.
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Proposition 7. Let N=A+,B; a subset N=AxXB of N is:

(a) a subnear-ring of N iff A and B are subnear-rings of A and B
respectively, YN) ¢ F (A), UN) ¢ F (B);

(b) @ left ideal of N iff A and B are left ideals of A and B respectively,
UN) ¢ F(A), UN) c F(B);

(¢) a right ideal of N iff A and B are right ideals of A and B respectively,
fa+(i,b+5 = Aj;l,b; f;l+d,b+5 = éf;z,b va’ € A; Vae Ay Vb € B: VE € B

Proof. Analogous to Proposition 4.

Def. 3. Let N=A®B be a direct sum of additive groups A and B; we
define in N (a, b)-(a’, b')= (2 (@), fy(b")), where X,=xb) with
A:BT— F(A)* is a homomorphism such that 2, - Ay = i, )(1) and f, = ¢(b) with
¢:B\ {0} — AUT(B*) is a function such that f,-fy =f;4»(2) and fo = 0(3).

Proposition 8. The structure N =[A ® B, -], as in Def. 3, is a left zero-
symmetric near-ring in which A’ = AyN) and °B is an integral right ideal of N;
°B is a two-sided ideal iff B = ker ).

Proof. Kasy verification.

The structure above mentioned will be called y-sum of A and B and will be
indicated by A + B.

Theorem 3. A mnear-ring N 1is a zero-symmetric near-ring with
N*=A® B, where A= A N) and B is a right ideal without zero divisors iff it is
isomorphic to a y-sum of A and B.

Proof. Let N be a zero-symmetric near-ring with N*=A @B, where
A=Ay N) and B is a right ideal without zero divisors. Consider the homomor-
phism 2:B*— F(A)* defined by: Ax(b)=2,:A— A with Je)=a-b and the
function ¢: B\ {0} — AuT(B*) defined by: ¢(b) =y, and L(0) = 0. ¢ fulfills (2) and
(3) of Def. 3, moreover (- 2p)(a@)=2(ab") = (ab')b=a(bb") = ay,(b) = (@)
and (1) of Def. 3 holds.

Now we can easily prove that the correspondence h:a + b— {(a, b) from N
to A+ B is an isomorphism.

The converse follows directely from Proposition 8.
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The multiplication of N infers a multiplication in A and B if we define
a-a' ==a(a, 0)-(a’, 0)) and b-b"==x(0, b)-{0, b')) and with respect to
such operations A and B are near-rings.

Proposition 9. Let A be a zero-near-ring, B an integral near-ring and
N = A+ B. The multiplications inferred in A and B by maultiplication of N and
the multiplications of A and B coincide iff we define f,=y, YbeB.

Proof. Easy verification.

Proposition 10. Let N=A+ B be a zero-symmetric near-ring; o subset
N=AXxB of N is:

(@) a subnear-ring of N iff A and B are subnear-rings of A and B
respectively, 1i(A)c A YbeB, f,e F(B) Vb €B;

(b) a left ideal of N iff A is a normal subgroup of A*, B is a left ideal of B
and 2 (A)c A VbeB;

(©) aright ideal of N iff A is a normal subgroup of A*, B is a right ideal of B
and Mla+a) = ixla) VbeB, Yaec A, VacA.

Proof. Analogous to Proposition 4.
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Summary

See Introduction.






