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On the oscillatory properties of the solutions
of non-linear neutral functional differential equations

of second order (*%)

1 - Introduction

In the present paper sufficient conditions have been obtained for oscillation
or tending to zero of all bounded solutions of equations of the form

@ [A(x)]" + @) B(xy) =0

where  20)=wx({t+0), 6e[—=, 0], r=const>0 and the functionals
A, B:C[—=, 0)—R are monotonie.

The oscillatory properties of linear and non-linear ordinary differential and
functional differential equations have been an object of investigation by many
authors [2]... [5], [8], [10]. The neutral equations of second order have numerous
applications (see for instance [1], [6]) but their oscillatory and asymptotic
properties are studied comparatively little. Some results in this direction for the
case when the function ¢(t) is non-negative have been obtained in [9], [11).

2 - Preliminary notes

Def. 1. We shall say that the function ¢:I,.—-R (I,= [t,, ), t.€R,
w0 = + ) is oscillating if sup{t|e(t)=0}=c and sup{t|s)#0} = .

(*) Indirizzo degli AA.: D. D. BaNov and A. I. ZAHARIEV, Plovdiv University
«Paissii Hilendarski», BG-Plovdiv; A. D. MysHKIS, Moscow Institute of Railway
Engineering, SU-Moscow.
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Def. 2. A function z:I,— R will be called a solution of equation (1) if
xe C(,), Alx) e C¥(I, + 7) and satisfies equation (1) for te I, + =

By 0% (0<g=<a) we shall denote the set of all continuous functionals
A:C[-~, 0]—R which satisfy the following conditions:

Al. For any function g € C[—z, 0] with the property o(f) #0, te[— <, 0],
the following equality holds

sgn A(g) = sgn ¢(0).

A2. For any ¢>0 there exists ¢>0 such that for any function ¢ € C[— =, <]
with the property min lo(®)| >0 the inequality max |A(g)|<¢ implies the

inequality |¢(0)| <e.

A3. For all constants by, by, 0< b, < by, and any function ¢ € C[— T, o] with .
the property gnr% #(t) >0 for which the inequality b <|A(g)|<by, te[—=, al,

holds there exists a measurable set @ c[— =, «] and a constant b;> 0 such that
w(@)=p (« is the Lebesgue measure), |o(f)|=by for t€Q and the following
equality holds

sgn ?(t)lQ = sgnA(;ot)I[O’ al+

Example 1. It is immediately verified that for any « and correspondingly
chosen § the functional A defined by the equality A(g)= i aio(—1), n=1,
i=1

@;>0, 0<7;<r, ({=1, n) belongs to the set Q**.
For the function ¢:7,— R we introduce the notation

E? ={zeL|st)=0} E;={tel|e(t)<0}.

By ¢, y>0, we shall denote the set of continuous functions e:l,—R
satisfying the following property:

P1. There exists a number ¢ > 0 and a point ¢, e 1, such that for any ¢ = ¢, for
which ¢(f) > 0 one can find an interval [t', ¢'] c I, with length ' —t' = y + ¢ with
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the property te[t', t'1c E} (i.e. the intervals in which the function is positive
should be large enough).

By A we shall denote the set of coontinuous functionals B:C[— =, 0]—R
satisfying the following properties:

Bl. For any element ¢eC[—+x, 0] with the property I[I_lril}] o) >0 the

following equality holds
sgn B(g) = sgn ¢(0).

B2. For any >0 there exists ¢>0 such that for any element ¢ e C[— <, 0]
with the property min lo(t)] >0 for which the inequality |+(0)|=¢ holds, the

inequality B(g)=¢ holds as well.

B3. B(s-1(-)) is a non-decreasing function for seR, 1(H)=1 and the
following relation holds

L 1 .
T Be10)  BCs ao  <

Remark 1. We shall note that from condition BS it follows that no
functional B € A can be linear.

Lemma 1. Let the function h:[a, bl—[0, ) be absolutely continuous,

¢ € Cfa, C] and let the function fe Clming, max o] be non-increasing.
Then the following inequality holds

J h@®) ¢"®) fle()) dt
= h(b) 2" (0) f(p(0)) — k(@) o' (a) fp(a)) — [ k' (&)o' (}) f(p()) dt.

Proof. If fis of class C', then the assertion of the lemma is proved by an
integration by parts and in the case when £ is of class C by means of uniform
approximation of f by non-increasing functions of class CL

Theorem 2. Let for equation (1) numbers «, B (0<B<a) exist such that
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the following conditions be fulfilled:
1. Aen* 2. pegtt 3. BeA.

4. For any constant a>0 the following relation holds

sup __B& <
(lseC=, o<y B(A(p) - 1(+))

5. There exists a locally absolutely continuous function h:Il,— (0, «) with
the properties \{tag h=00) for t— o, \Ufa_}; h' <oo, for which the following
relation holds ’

@ Jh@®]e@®)] dt < 0.
5
6. There exists a number ¢ >0 for which the following inequality is satisfied

lim supu{selt, t+ o+ <|h(s)e(s)<e} <B.

-

Then each bounded solution of equation (1) either oscillates or tends to zero
for t— oo,

Proof. Let z:1,— R be a solution of equation (1) which is not identically
equal to zero for sufficiently large values of t. Without loss of generality we can
assume that x(f)>0 for tel,. Multiplying both sides of equation (1) by the

h(?)

expression BA@) 10) and integrating from ¢, =1¢,+ 7 to £ >, we obtain the
equality
[A@)]) Ms)ds B(x,)
e+ [ W) o(8) 57— ds=0.
I Baey-10) T IO ey 10y ®

Applying to the first integral Lemma 1 and integrating once more from t, to
t>t, we obtain the inequality

@) [ MOA@)Y  h(ELA@)Y |-y
BA@y)-1() " By 1()

13}

t—1t)

oo WlA)) o B(x,)
oy W s+ J Mo 510
Y.

~ I Bawy o) Ay dy)ds<0.
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Taking into account the properties of the function h(f) and setting

)= =98

; *Bm we obtain for t— c the following relations

t ([A(x)] ds

| lf BAE 1) I h(s)d¢(Alzy))

b3

= h() $(A(@)) — h(t) ¢(Ax)) — [ ¢(A(w,) dh(s) = 0(t).

Y

“@
ft R (9)[A(x)] ds
B(A(xy) - 1(-)

4

= [ 1'(s) dg(Alw,)

4

t

=h' ) $(A@w)) — 1'(0) ¢(Ax,) — [ ¢(Alx,) dh'(s) = 0(1).

4

From inequality (3), in view of relations (2), (4) and condition 4 of Theorem 2,
we obtain for i— « the relation

®) fl( I B )—Md Yds = 0(¢)
P L VTR PETE) R

We shall prove that the following relation holds

B(w) .
© “ f LTRSS

which obviously contradicts relation (5).
From condition A2 it follows that %1_)11‘:1 supA(x,) >0, so let us set

C:=1!iﬁrg sup A(x,). On the other hand, from equation (1) it follows that the

function A(x.) is concave (convex) in any interval belonging to {I,+ r} NE?
({I.+<}nE;). In view of condition 6 of Theorem 2 we conclude that
supE =, hence there exists a sequence {t}cEf with the property
%i}g (t;r1 — t;) = oo such that En_} A(z,) = C. From condition P1 it follows that there

exists a sequence of disjoint intervals {L;}, ¢ € l;, with length « + = such that the
inequality igf H[leig} A(x,) >0 holds.

Then by condition A3 there exists measurable sets Q; c [; with the property
w(Q) =8 (i=1, 2, ...), such that the inequality ipf ngleig 2(£) >0 holds. From last
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inequality and condition B2 it follows that ipf tlgl‘(l)f B(x,;) >0, hence the following
inequality holds l

o B(x))
@ M BGAw 1)

From condition 6 of Theorem 2 it follows that there exist sets Qi ¢ @; for
which lim infu(Qf) >0 and the inequality

lim inf Eyf () o(@) >0
holds. Inequalities (7) and (8) immediately imply relation (6).

Remark 2. If, moreover, it is given that the function o(f) =0, then each
bounded solution which for sufficiently large values of ¢ is not identically zero
oscillates. In this case, if x(£)=0 for t=t,, then the function A(x) for =1, is
concave, hence x(f) may tend to zero for {— o ,only if it is identically zero for
t>1,.
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Summary

In the present paper sufficient conditions have been obtained for oscillation or
tending to zero of all bounded solutions of equations of the form [A(x)]" + o) B(x;) =0,
where x(B)=wn(t+0), 6e[—=<, 0, t=const>0, :R—R and the functionals
A, B:C[—~, 0]—R are monotonic.
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