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Degree of approximation of continuous functions (**)

- Definitions and notations

Let C,. be the space of all 2z-periodic and continuous funtions defined on
[— =, =]and let Ei(f; x) be the (B, g¢)-transform of s,(f; @), the nth partial sum
of the Fourier series of f at x. We write »(8; f) for the modulus of continuity of f
(see [8]; p. 42) and suppose, throughout the paper

25 < min [—;- = 1/q]

We also use the following notations:

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

2o () =f(x +u) + fx—u) — 2f (%)

Piu)=(1+ @™ (1 + ¢ +2q cosu)*

gw) —1=(1— ¢* sin®u)~* (g cosu)
N=z1+q)/n
b(s) = tan 5

q+coss

A =2q/(=(1+ Q)

(*%) Ricevuto: 18-1-1988.

(g=>0)

(qu<l)

(for any real number s)

(g=>0)

(*) Indirizzo: C-315, Vivekanad Colony, IND - Ujjain-456001.
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LD Em w=0+@™" S (Hg*sinte+Du
&0k 2
1.8) =90 +% + sin~!(q sin (9 +—%)) r=0,1, 2

L9 R,= J 0 - ot Pyt o

where ¢, =7~} logn and we write throughout ¢, for £,(0), t for t,(6) and ||-|| for the
sup-norm with respect to x on [0, 2x].

2 - Introduction

In 1910, Lebesgue [4] proved the following

Theorem A. If feCo.nLipa (0<a<1), then
2.1 lls.(f) —fl|=O0{n=logn}.

In 1928, Alexits [1] proved the following along with other results

Theorem B. If feCo.nLipr (0<a=1), then
2.2) o) = fll = O{n~= log n}
where 0<a<r<1 and (f; %) is (C, r)-mean of s,(f} ).

The case o« =r=1 was proved by Bernstein [2]. Theorem B was extended by
several workers. For example, see Holland, Sahney and Tzimbalario [5],
Mohapatra and Chandra [6].

Recently, we [3] have proved the following

Theorem C. If feCo.nLipa (0<a=<1), then
(2.3) ES(f) = fll= Otn™) (¢>0).

The above results taking together raise the problem as to whether or not the
estimate of Theorem B can be obtained by using (#, ¢) (¢ > 0) means in place of
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(C, 7)-means. In this paper we answer this question in affirmative (see Corollary
1). In fact we prove a more general result. Precisely we prove the following

Theorem. Let feC,y. and let M(y)>0 be such that

(2.4) o(y; )= 0{M@y)} (y>0
(2.5) Yy \M(y) be non-increasing with y>0. Then
(2.6) B = fll = O{M(1/n) logn} .

Salem and Zygmund [7] demonstrated that the factor log » can not be dropt in
Theorem A even if, in addition to the hypothesis f e Lip «, we suppose that f is of
bounded variation. In this paper we show that if f belongs to a suitable sub-class
of Lipa (0 <a<1), then the factor logn can be dropt from the estimate by using
(E, @) (g>0) means of s,(f; «) (see Corollary 2).

3 - Lemmas

We shall use the following lemmas in the proof of the theorem.
Lemma 1. Let 0<su<=z Then

(3.1 Pi(u) <exp(— Anu?).

For its proof, see Chandra [3], Lemma 1.
Lemma 2. For n>4(1+q) (¢>0), we have

(3.2) b(N) > =/2n

and for 0<6<e¢

3.3) t,—t._1=O@/N) (r=1, 2)

(8.4) 2t —t—to= 0N+ =/n).
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Proof. We first consider (3.2). Since n>4(1+g¢q), therefore
(g +cosN)tsinN<1 and hence

sin N __l( sinN ¥+ 2 _sinN _2sinN _ =
g+cosN 38 g+cosN’ 7 3 qg+cosN_ 30+¢q) 2n

bN) =

The proof of (3.3) may be obtained by the second mean value theorem.
Therefore we consider (3.4). We observe that, by the second mean value
theorem,

p g cosu = g cosu’
2W—t—to=tG—-D—(E—t)=" PRIV Tz
! 2= (=t = (L=t n (11— sinfu) 7 (1—¢*sin*u’)

for some we[6, 6+ =/n] and « € [0+ =/n, 6+ 2=/n]. Hence

2 |cosu — cosw/|

=030+ =/n).
n (1_q2 sinZa)t (n=*)( 1)

This completes the proof of the lemma.

Lemma 3. Let 0<0<. Then
(3.5) Pt g(0 +;"7~:) — Pi(t)g(0) = 0(;15) {0 +§) +m sint;} P(6) .
Proof. By the second mean value theorem,
n Ty _ pn 3 __C_l_ n :
3.6) Pyt g +2) — Pyt) g(0) = ( Q {g@) PN })y-=:

for some £ (6, 6 +7i_;:], where #(y) = to(y). Now, by elementary but little tedious

computation, we get

ql¢*—1) siny ne® sint |
o - Pt
(1 — ¢? sin®y)** 7w 4(1 — o2 sin?3t) A

5% (9@ P} = (

where o = 2\/q/(1+ q). We observe that 1 — «% sin®3t is equal to cos?y for g=1
and greater than 1 — o for ¢# 1. Hence the right hand side of (3.6) does not
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"exceed O(1/n){(6 + =/n) + n sint,} Pi(6) since Py(y) decreases and siny increases
with ¥ increases. Hence we get the proof of the lemma.

Lemma 4. Let (2.4) and (2.5) hold. Then
3.7 &l = o{M 1)} + OR,)
where

b — e n s — ) o0 n ) 4 =
g= | {(tl t)tl(ti)Pq(t)g(f)) CRNE (tl)tPg(tl)g(O /")} sinnodo.
1 142

Proof. We have

F=F1+ T+ T+ T4+ T where:

Ty = f { ) — 2.t} Pi(t) g0 + —) sinngdo
B tl tr)
(=t ) _
Fo= I  (2u8) = £} Pyt 96 +2) sinn0 o
b(2) (t‘) _
Fo= [ {P“(t) 9(6) — P2(t) g0 + )} o.(t) sinnodo
BN) ttl n
SR LGRS SRR SO P
Iy = 0 ttl t2 g\t1 g n [ SInw
b(2) 2t tf)
= (_‘1—““:213 (1) g(6) 2,(t) sinnodo.

(A
Now, since P(u) decreases with w, it is clear by (3.1) that, |Fi]|= O(R,).
And by (2.4) and (3.2), we get

b=

HdzH—O(l)f 7 M(t) exp (— Antd) do

=0{M(1/n)} f p d()( exp (— An®) do=0{M1A/n)} .

Cn
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However, (3.3), (3.5) and (2.4) yield that

bizy

I = 0Q/m) + 01) | M(®) Pi(6)do
BN)
bz}

=0/n) + O(l)b(\f) tT M)t exp (— Ant®) do = O{M(1/n)}
by (2.5), (3.2) and Lemma 1. Also (3.2) and (3.8) yield that
I = 0672 [ vl do = O (M)
by (2.4) and (2.5). Finally, by (3.2), (3.4) and Lemma 1, we get
75 = O(n=2) NJ:‘(O +2m) (7 PR w(E; f)do

=0m™?) f‘exp (— Ant®) 671 M(6) do = O{M(1/n)} .

n

Now collecting the estimates, we get (3.7).

4 - Proof of the Theorem
We have

Ef o) —f@) = o:(1t)

N 2 =
I Tenm B wdu= [+ [+ [ =L+ L+1,.

Then
4. IE5CH) =A< T+ 2l + 112
Now, we get, by using the inequality = sin(W/2)=u O<u<z),
4.2) Hllilsofvu'lw(u; PIE@, w)|du=0{M1m)}
by (2.4) and (2.5). Also, by Lemma 1, (2.4) and (2.5), we get

4.3) Il < ‘fzu‘l w(; f) exp(— Anu®) du = O{M1/n)} .
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Finally, since sin(n+3u)=sin(Gw)(cosnu + sinny cot Gu)) and cotGu)
=0@u) + 2 O<u<z/M), we get

(4.4) AL < [ o )P du

n

+1  ouw) cot Gu){(1 + )" Z (Z) ¢ " sinna} dul|
N k=0

=O0{MQ/m)} + |||

where

J= zxf u™ o, () Py(w) sin {n tan‘l(ﬁ%g;";)}

Now, by using the transformation u=t¢=1(), we get

du=g(6)dée and (g-+coswu)™!sinu=tan6.

Hence

b2}

J=2 [ t710,(t) PX(t) g(6) sinngdo

)

b2y b+ T“ b)Y+ ’—'1 B + ;;z
=( [+ [ + [ = [ )Yt e®)PHR)g(0) sinnods)
bN) BN+ N} b(2)

b

= T {7 e Pyt g(0) = 7 ou(t) Pt) g0 + )} sinnodo

5N

WY +E b+
+(f = )@ ) Pi@) g(6) sinnodo)
bN) [10]

=J1+J2“‘J3.

However, by (2.4) and (2.5), we get

(4.5) Wi =Wl + O{pMm)} .
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We now consider |/;|. We first observe that
b2

4.6) W=l [ {t ) — t7 0.t} Pi() g(6) sinnodd|
BNy

b(2)

+| [P0 g(0) = Pyt g0+ 2} 15" 0,(h) sinno de]

BN

= [yl + |74l

Proceeding as in 5 of Lemma 4, we may obtain that

4.7 Vol = O{M (Um)}
and
(4.8) RIS ’f( )tl He® — o@)I| Pit) dé
b+ o)
+]|C ) \f) + bm{ ") (2.t) ~———P"(t)g(0) sin 76 o))
=L, +|Ly+ L] .

However, by (3.2), (3.8), (2.4) and (2.5),

B+
4.9) ILy=0Q) [ et £)g®) do=0{MIm)}.
BN)
b b +E BNy b+
(4.10) A= [+ [ = = [
[26%) Y+ B(N) u2)
85 by +2 b(s) +
<| [+ [ |+ILdl+ f w(t f)-———g(e)de
M e

= ||| + |ILel + O{M(1/m)}
where & is as defined in Lemma 4. Now, collecting (4.5) through (4.10), we get

(4.11) | = O{M@m)} + Ly + |||
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.where, by Lemma 4,

(4.12)

=O0{M1m)} + O(R,)

T
and by (2.4) and (2.5)
4.13) Ly=0KR,)+2 fgtflw(tl; 1Pyt do
=0(R,) +0Q) f’:O‘lM(O) Py(0)do=OR,) + O{M(1/n)}
arguing as in |73 of Lemma 4. Combining (4.11), (4.12) and (4.13), we get
4.14) Il = OR,) + O{M(1/n)}
and combining (4.14) with (4.1) through (4.4), we get
(4.15) B —fll= OR,) + O{M(1/n)} .
Finally, we oberve that
lo(t) — ol < w(lt = tl; )= 0{MIm)}
by (2.5). Thus
(4.16) Ry=0{MWn)} [ P00~ do=0(M(1m) logn}.

Iin

Combining (4.16) with (4.15), we get (2.6). This completes the proof of the
theorem.

5 « Corollaries

We deduce two corollaries from the theorem.
Corollary 1. Let feCo.nLipa (0<a<1). Then
(5.1) lEY(f) —fll = O{n~=logn} O<a<l).

Assume M(y) = y* (0x<1) in (2.4). Then (2.5) holds and the corollary follows
from (2.6).
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Corollary 2. Let feCo.nLipa 0<a<l) and let R,=0n™ O<a<1).

Then

(6.2)

IES(F) = fl = Ot (0<a<l).

Since feLipa (0<a=<1) implies that

therefore

[1] G.
[2] S.
[3] P.
[4] H.
(5] A.
(6] R.
[7] R
[8] A

w(y; 1)=0").

on letting M(y) =y in (4.15), we get Corollary 2.
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Abstract

Generalising an earlier result due to the present author [3], he has shown as a

particular

case that the degree of approximation of functions fe Lipax (0<a<1) by

(E, q)-means of its Fourier series in sup-norm is O{n~* logn}.
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