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G. BALASUBRAMANIAN (¥)

On a generalization of paracompact spaces (*¥)

Introduction

In this paper we generalize the notion of paracompact spaces. A generaliza-
tion of paracompact space was introduced in [2]. But our definition is still more
general and better than the concept introduced in [2] and based on the definition
of [a, bl-compact spaces [1].

1 - Notation and terminology

Let the letters a, b, m and n denote infinite cardinal numbers with a < b and
[a, b] stand for the set of all cardinals m such that a<m <b. [a, =] designates
all cardinal numbers m such that m = a. Let |E| denote the cardinal number of a
set £ and let m™ denote the first cardinal strictly larger than m.

Let X be a space and {A;};.s be a family of subsets of X. {A,}s is called
locally-a or locally less than a if for every ® € X, there exists a neighbourhood U
of x in X such that |[{s e S|U N A, # 0} <a. {A,} s is called point-a or point less
than a if for every weX, |{slzeA)}|<a. {A).s is called star-a if
[{s e S|A,n A, # 0} <a for every sye S. A topological space X is called [a, b]-
paracompact (strongly [a, bl-paracompact, weakly [a, bl-paracompact) if
every open covering %/ of X with | 2| <b has a locally-a (star-a, point-a) open
refinement respectively. X is said to be [a, «]-paracompact if it is [a, b)-
paracompact for all b=a.

(*) Indirizzo: Department of Mathematics, Madras Univ. P.G. Extension Centre,
Government College of Engineering Campus, Salem-636 011, IND-Tamilnadi.
(**) Ricevuto: 15-XII-1987.
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In the definition of [a, b]-paracompact spaces and its variants we take open
covers with <b (rather than <) sets have open refinements that are locally-a.
The use of < b rather than < b has the advantage of greater generality, because
< b is the same as < b* but (for example) < .17 is not the same as < b for any one
b. It would also harmonize better with the definition of locally-a, which uses <a
rather than =a.

3 - Properties of [a, b)-paracompact spaces

The following properties of [a, bl-paracompact spaces can be established
easily.

(a) Every (m, m)-paracompact space [2] is [m™*, nl-paracompact, but the
converse is not true. If X is |15, bl-paracompact, then it is mot (a, b)-
paracompact for any a< 7.

(b) Every [a, bl-compact space is [a, bl-paracompact. The converse is not
true generally; for the real line with usual topology is [ .15, wl-paracompact but
not [. 15, ol-compact.

(e) Every [a, bl-paracompact space is weakly [a, bl-paracompact.
(d) Every strongly [a, bl-paracompact space is [a, bl-paracompact.

(e) The topological sum > X, of spaces is [a, bl-paracompact (strongly
sel

la, bl-paracompact, weakly [a, bl-paracompact) if and only if X, is [a, b)-
paracompact (strongly [a, bl-paracompact, weakly [a, bl-paracompact) for all
ses.

(f) X is hereditarily [a, bl-paracompact if and only if every open subspace of
X 1is [a, bl-paracompact.

(g) every space X is [w™, «]-paracompact, where » denotes the weight of the
space X.

(h) Let {Ax}rex be a family of subsets of X such that |K|<a.
If each A, is [a, bl-paracompact, then U Ay s [a, bl-paracompact.

One interesting question regarding these spaces is: to what extent [a, b]-
paracompactness is preserved by closed continuous maps? By perfect maps? This
will be a delicate matter, because paracompactness is preserved by closed
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continuous maps, whereas countable paracompactness is not. However one can
prove the following

Theorem. Suppose fis a closed continuous mapping of a space X onto an
[a, b)-paracompact space Y such that f~(y) is initially b-compact [3] for each
yeY. Then X is [a, bl-paracompact.

Proof. Let 7 ={0.,}..; be any open covering of X such that | %/|<b. Let
& denote the family of all finite subsets of I. Now [I|<b and let
Ve=Y N\ JX\ Y 0), I'e & . As f is a closed map V; is open. Let y be any

point in Y. Now ¢/ is an open cover of f~(y). By hypothesis f~!(y) is initially
b-compact. Therefore there exists a I'e & such that f~(y) c Y 0., and yeV,

for this and also f~%Vpc Y O,. Then 9= {V,},.+ is an open covering of ¥

and | 9| <b. As Y'is [a, bl-paracompact, there exists a locally-a open refinement
7 = {W}jes of 9 so that for each j € J there exists a I''e & such that W;c Vi,
This means that (W) cf~'(V) ¢ v 0,.Let #={f"(W)nO,}. It can easily be

seen that &2 is a locally-a open refinement of ¢/. Hence X is [a, b]-paracompact.

Corollary 1. If X is [a, bl-paracompact and Y is compact, then X X Y is
[a, bl-paracompact.

This corollary gives a partial answer to another interesting question
regarding these spaces viz under what conditions the product of an [a, b]-
paracompact and [m, n]-compact space is [x, y]-paracompact. An obvious
consequence of this corollary is: if X is [a, w]-paracompact and Y be compact,
then X XY is [a, «]-paracompact. But this statement is false if a is not an
infinite cardinal. For example let X =Y = Unit interval. Then X is [8, o]-
paracompact and Y is compact, but X X Y is not [3, oc]-paracompact (being two
dimensional)

Corollary 2. If fis a closed continuous mapping of a space X onto an
[a, bl-compact space Y, such that f~(y) is initially b-compact for each point
yeY, then X is [a, bl-compact.
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