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f-structures on the frame bundle

of a riemannian manifold (%)

Introduction

It is well known that the tangent bundle TM of a Riemannian manifold (M, g)
possesses an almost Kéhler structure which is Kéhler if and only if (M, g) is
locally Euclidean [2]. On the other hand, Okubo [4]; constructed on the frame
bundle FM of (M, ¢g) an f-structure of rank n?, when n=dimM is even.

In this paper we construct an f-structure F, of rank 2% on FM for each o with
1=a=mn, « being arbitrary, and then we prove the following

Theorem. (1) FM 1is always an fAK-manifold; (2) FM is an fK-manifold if
and only if (M, g) is locally Euclidean.

Let us remark that these structures F, on FM are all different from that
considered by Okubo in [4];.

1 - Preliminaries

Let us summarize all the basic definitions and results which will be used later
on. In the following all manifolds, maps, connections and metries are assumed to
be differentiable of class C*; indices 1,7, k, ..., «,8, v, ... have range in {1, ...,n}
and summation over repeated indices is always implied unless otherwise stated.

Let M be an n-dimensional differentiable manifold, FM its frame bundle and
=1 F'M — M the projection map. For each coordinate system (U, &%) in M, we put
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FU=xz"1(U); a frame p=(p,) at x € U can be expressed uniquely in the form
p. =z (9/8%Y),, and the induced coordinate system in FM will be denoted by
{FU, (&, al)}.

Let V be a linear connection on M, with local components I'};, and let
K:TTM — TM be the connection map corresponding to V [2]; foreach a =1, ..., 7
we define a new connection map K®: TFM — TM as follows. Let z*: FM— TM
be given by = (p) = p,, and put K* = K - T=®. An easy computation leads to the
local equations defining K®

o

3 L x, a x 3 mm
K )(———) =TI @) (p) (5 2 ,l) K}ﬂ(%) = ('@)x x=n(p) .

Let X be a vector field on M; then there is exactly one vector field X* on F M,
called the horizontal lift of X, and exactly one vector field X on FM for each
a=1,...,n, called the «*-vertical lift of X, such that for any p e FM we have

”*Xg:X:(p) KO X3 = 0. 7. X5 = O KOXP=3"X g .
If X=X"(8/8z") in U, then in FU

x@=xi-2

XH Xl Xl‘rg a h 3 i
mz

and, if p € FM is fixed, then the vectors X4, X\ are determined by the value of
X:(p).
Let F be a tensor field of type (1, 1) on M; for each « =1, ..., n, define the
following vertical (resp. horizontal) vector field y*F' (resp. ¢, F) on F'M: for all
=(p)eFM

1.1 (y*F), = F(p)y (not summed over )
(1.2) (. ), = (F(p)y .
Locally if {F!} are the components of F' in U, then in FU we have

v F=u FJ" (not summed over «)

Ax I
(1.3)
Ox F Fh ,U] (ﬁ F]l; }'a h)

Also, we shall denote

(1.4) JF=SyF  F=SoF.
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The brackets of vertical and horizontal lifts are expressed by the following
formulae

[X®, Y9]=0  [X¥, Y¥]=(Vx 1)
(1.5)
(X7, Y¥]=[X, Y —yR(X, )  [X®, ¥*Fl= 0 FX)®

where R(X, Y)=[Vy, VoI~V 1.

Let (M, ¢) be a Riemannian space, V an arbitrary and no necessarily metric
connection on M. The diagonal lift g° of g to FM with respect to the connection V
is a Riemannian metric on FM determined by the identities

9o, Y = {g(X, )}
(1.6)
PP, YO) =0 ¢P(X®, Y9)=¥{g(X, )}V

for any vector fields X, ¥ on M and every «, 8. Here f¥ =f-= denotes the
canonical vertical lift to FM of differentiable functions on M.

Bearing in mind the resemblances of g to the so called Sasaki metric on the
tangent bundle TM, we call it the Sasaki-Mok metric induced on FM, since K.P.
Mok [3] has been the first one to consider this metric g” on F M, defining it by
means of its local expression. The intrinsic formulae (1.6) have been obtained by
ourselves in [1]; o.

2 - f-structures on FM

Let (M, ¢) be a Riemannian manifold of dimension #. Define a tensor field F',,
1=a=<mn, of type (1, 1) on FM by

2.1 F.XH=—X® F X =g X"

for any vector field X on M, where the horizontal lifts are considered with
respect to the Levi-Civita connection of g.

Then F', has constant rank 2n and F2+ F, =0, so F, defines over FM an
f-structure of rank 2n.

The integrability and the partial integrabilities of an f-structure have been
studied by Yano-Ishihara [7]. In order to study them for the f-structure F, on
FM let us state an auxiliary lemma.
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Lemma. Let G be a tensor field of ty})e (1, 1) on M. Then
1D F.G(G)=a(6) @) Fl.@)=-vG.
Proof. Direct from (1.3), (1.4) and (2.1).

Let I, = — FZ, m, = F? + I be the projection operators associated to F,, and let
be L,=1ml,, M,=Imm, the complementary distributions on M associated to [,
and ., respectively. Then dim L, =2n and dim M, =n?— n. Moreover

L(XHh=XH" L(X®) =33 X®
2.2)
mXD=0  mXP)=(I-)X? .

Then {X#, X*} span L, and {X®/8 # o} span M,. From the Lemma above, we

deduce that M, is always completely integrable; the integrability of L, is
determined in the following proposition.

Proposition 1. L, is completely integrable if and only if (M, g) is locally
Euclidean.

The Nijenhuis tensor of F, behaves as follows
Ny (X", Y¥)=y*R(X, Y)

(2.3) .

Np(XH#, Y9)=2%¢,R(X, Y) Np(X®, Y¥) = - 2% yR(X, Y)

for any vector fields X, Y on M, 1=3, pn=n.

From (2.3) and Proposition 1, we easily deduce

Proposition 2. The following assertions are equivalent:

1 (M, ¢) is locally Euclidean. (2) L, is completely integrable.
(3) Fu is partially integrable. 4) F, 1s integrable.

Now, let us recall some definitions and results of the theory of f~structures.
Let F be an f-structure on a manifold N, and let g be a Riemannian metric on N
adapted to F. Let Q be the fundamental 2-form of F, defined by
QX, Y)=gF'X, Y) for any vector fields X, Y on N (see [6]). Let V be the Levi-
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Civita connection of g. Vohra and Singh [5] have introduced the following
terminology, by paralleling the usual in Hermitian geometry: N is said

(1) fAK-mawifold if and only if dQ(FX, FY, FZ)= 0 for any vector fields
X, Y Z onN.

(2)  fH-manifold if and only if F' is partially integrable.
3)  fK-manifold if and only if Vpx F'=0 for any vector field X on N.

Then, we have

Proposition 3. N is an fK-manifold if and only if it is both fAK-manifold
and fH-manifold.

From a geometric point of view, note that N is an fK-manifold if and only if
the distribution L is completely integrable and each of its integral manifolds is
Kéhlerian.

Let us go back to the frame bundle FM of the Riemannian manifold (M, g).
Consider the diagonal lift g” of g to FM. Then,

Proposition 4. ¢ is adapted to F,.
Proof. Infact, the distribution L, and M, are orthogonal with respect to g°
and ¢°(X, F,X)=0 for any vector field X on FM.
Then, the fundamental 2-form Q, of F, is given by
(2.4) X, V)=¢g°(F.X, Y)
for any X', Y vector fields on FM. From (1.6) and (2.4) we deduce
(2.5) QX" Y?=0 QXH YOy = — 8 {g(X, )}V Q,(X® Yy =(

for any vectors fields X, Y on M, 1=8, u=mn.
A simple computation from (2.5) shows that dQ,=0. Therefore, we have

Theorem. (1) FM is always an fAK-manifold; @) FM 1is an fK-
manifold if and only if (M, g) is locally Euclidean.

Remark. Let us remark that an obvious modification in (2.1) allows to
define on F M a tensor field ', of type (1.1), 1 S« <n, such that F'® — F =0 and
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with rank ¥, = 2n. These f{8, — 1)-structure on FM are all different from that
considered by Okubo in [4],. We omit the study of these f(3, — 1)-structures on
FM because it is similar to that we have developed for the f-structures F.
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Résumé

On construit une famille F,, 1=a=mn, de f-structures sur le fibré des repéres
linéaires FM d'une variété Riemannienne M o dimension n et on étude Uintegrabilité des
F,.



