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Symmetry properties of the covariant derivative

of the fundamental 4-form of a quaternionic manifold (**)

1 - Introduction

The group Sp (n)-Sp (1) is the structure group of a quaternionic manifold. On
such a manifold M there is a fundamental (globally defined) 4-form Q [4]. If Q is
parallel with respect to the Levi-Civita connection, then M is said to be a
quaternionic Kahler manifold. In this case the holonomy group of M is a
subgroup of Sp(n)-Sp(1) (see [1], [2]y5, [3], [6]).

In this paper we give some theorems, concerning some symmetric proper-
ties of the covariant derivative VQ of the fundamental 4-form Q on M (Theorems
4.1, 4.2, 4.3).

2 - Preliminaries

Let (M, g) be a C* 4n-dimensional Riemannian manifold. (M ,g)issaidtobea
quaternionic manifold if the structural group O(4n) of the frame bundle of M can
be reduced to Sp(n)-Sp(1) or, equivalently, if there exists a 3-dimensional vector
bundle V consisting of tensors of type (1, 1) over M satisfying the condition that
each point p € M has a neighborhood % on which there is a local basis {I,J, K}
of V such that

P=J?=K2=—]
@201
IJ=-JI=K KI=—-IK=J JK=—-KJ=1I
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where 1 denotes the identity tensor field of type (1,1) on M
(2.2) gUX, 1Y) =g(JX,JY) = g(KX,KY) = g(X, ¥)

for any vector fields X,Y on #7.
Since ¢ is Hermitian with respect to each almost complex structures I, J and
K, we can consider their Kihler local 2-forms F;, F; and Fg. Then,

Q=FAF+ F;AF; + Fx AFy

is a globally defined 4-form on M (originally defined by Kraines [4]), which is
called the fundamental form of the quaternionic manifold M. One easily verifies

2.3) QX,Y,Z,0)
=2 & {gUX,NgUZ, U)+9UX,VgUZ,U) +gEX,Y)gEZ, U)}

Yzuv

for any vector fields X, Y, Z, U on 7/ and where & denotes the cyclic sum. The
quaternionic manifold is said to be Kéhlerian if Q is parallel with respect to the
Levi-Civita connection of g.

3 - Properties of the fundamental 4-form

In this section we study the properties of the fundamental 4-form Q of a
quaternionic manifold (M, g) with respect to the almost complex structures I, J
and K.

Let us recall that the Kahler (local) 2-forms Fj, F; and Fy satisfy
3.1) FUX,IV)=FX,Y) F(JX,JY)=F(X,Y) F«(KX,KY)=F(X,Y)

3.2) F(X, IX) = F)X, JX) = Fy(X, KX) = | X|?
for X, Y vector fields on 7. ’

A similar condition to (8.1) for Q is given in the following
Proposition 3.1. For any vector fields X, Y, Z, U on # we have
3.3) QUX,1Y,1Z,I0)=0WJX,JY,JZ,JU)

=QKX,KY,KZ,KU)=QX,Y,Z,U).
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Proof. From (2.1), (2.2) and (2.3) one follows that
QUIX,1Y,1Z,10)
=2 © X, IV gZ,1U)+g(UX,VgUZ,U) +g(KX, Y)g(KZ, U)}

Yzu

=2 & {yUX,)gUZ,U) +9UX,NgJZ, ) +g(KX, V) g(KZ, U)}

YZU

S

=QX,Y,Z,U).

This proves the first equality of (3.3). The remainder identities are proved in
a similar way.

The analogous condition to (3.2) for 2 is given in the following
Proposition 3.2. For any vector field X on 7 we have

B4 OX,IX,JX, KX) = 6|IX]!.

Proof. Direct computations from (2.3).
Finally, we also have
Proposition 8.3. For any vector fields X, Y, Z, U on 2 we have

8.5) © {X,1Y,JZ,KU)+QX,IY,JU,KZ)} =12 & gX,Y)g(Z, U).

YZu YZU

Proof. From (8.4), by polarization, we have

(3.6) QX +Y,IX+1Y,JX+JY, KX + KY)
=6XII* + 6][Y[* + 12 {IXIP[YIF + 29(X, Y* + 29X, V) [JXIF + V1P -

Using (3.3), (3.6) can be written as follows

20X, IX,JX,KY)+20(X,IY,JY,KY)
+0X,IX, JY,KY)+ QX,KX,1Y,JY), + QX,JX,KY,IY)
=6 {IXIP|[Y1P + 29(X, Y2 + 29X, V) [P + |Y]F1} -
If we replace Y and Z in this identity by Y+ Z and Z 4+ U we obtain (3.5).
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4 - The covariant derivative of the fundamental 4-form

In this section we obtain several symmetry properties for the covariant
derivative VQ of the fundamental 4-form Q of the quaternionic manifold (M, g), V
being the Levi-Civita connection of (M, g).

It is well known that the covariant derivative VF; of the Kihler 2-form F,;
satisfies

“4.1) V) (X, Y) = = Vy(F)) (IX, IY)

for any vector fields X, Y, W on #/. Analogous equations hold when I is
replaced by J or by K.
Furthermore, one easily verifies

V) (X, Y) = Vy(Fr) (X, Y) + V() (X, 1Y) = Vy(Fr) U X, IY) = Vie(F) (X, Y)
V) IX, Y) + V() (X, IY) = Vy(Fy) IX, IY) — Vy(Fx) (X, Y)
V() (JX, Y) + VD) (X, JY) = Viy(F) (IX, 1Y) + Vy(F) (X, Y)
V() (JX, Y) — Vi) (X, JY) = Vy(F)) (X, IY) — Vu(Fp) (X, Y)

4.2)

(43) VW(Q) (X; Y7Z7 U) =2 @ {g(VW(I)Xy Y)g(IZ7 U) +g(VW(-[)Z> U)g(IX, Y)
+g(VN X, V) g Z, U) + (VW) Z, U) 9T X, Y) + (VoK) X, V) (K Z, U)
+9(VK) Z, U) (KX, 1)} =2 >, (Vy(F) AF)(X, Y, Z, U)

for any vector fields W, X, Y, Z, U on #.

Theorem 4.1. The covariant derivative VQ of the fundamental 4-form Q
of (M, g) satisfies

4.4) V(@) (X, I1X,JX,KX)=0
Sfor all W, X vector fields on #5.
Proof. From (4.3) one follows that
CV(@X, IX, JX, KX) = 2| X|P{g(Vw(DX, IX) + g(Vw(DJIX, KX) + g(Vi())X, JX)
+ g(V(NEKX, IX) + g(Vi(K)X, KX) + g(Vi(K)IX, JX)} .

From (4.1) and (4.2) each summand in this identity is zero which proves (4.4).
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Proposition 4.1.  For any vector fields W, X, Y on 7/ we have
) V)X, IX,JY,KY) + Vp(Q)(JX, KX, Y, IY) =0
(i) V)X, IX,JX, KY) + V@)X, IX,JY, KX)
+ V()X 1Y, JX, KX)+ V@)Y, IX,JX, KX) = 0.
Proof. From (2.1), (2.2), (4.1) and (4.3) we get

4.5) V(@) (X, IX, JY, KY) = 2{g(X, V) [g(Vy()) X, JY) — g(Vw(J) IX, KY)

+ g(VwE) X, KY) + g(Vi(K) IX, JV)] + g X, V) [g(Vi() X,KY)
+g(V(NIX,JY) —g(VilK)X,JY) + g(Vi(K) IX, KV} .

If we replace X and Y in (4.5) by JX and JY and add the result with (4.5) we
obtain (i). In order to prove (ii) we first replace Y in (i) by X + Y. Then, from
(4.4) and (i) we deduce (ii).

Proposition 4.2. For any vector fields W, X, Y, Z, U on 74 we have

VW(Q) (Xy Y, Z7 U) + VW(-Q) (IX’ IY? IZy IU)
=2 g’* {lg(Vw N X, Y) — g(V(N IX, IV)]g(JZ, U)

+ 9V Z, U) - g(Vi(NIZ,ID)]g(JX, Y)
+ (VK X, Y) — g(Vi(K) IX, IN)]9(KZ, U)
+ gV Z, U) — g(V(EK) IZ, IU)] (KX, V)} .
Similar results can be obtained by cyclic permutations of I, J, K.
Proof. From (2.1), (2.2), (4.1) and (4.8) we have
4.6) V@ UX,IY,IZ,IU)=-2 & {g(Vy(D)X,V)gUZ, V)
YZU
+9(VwDZ, D) gUX,Y) + gV IX, 1Y) g(JZ, U)
+9(Vw(NIZ,IU) g X, Y) + g(Vw(K) IX, IY) 9(KZ, U)

+9g(VilK) IZ, IU)g(KX,Y)} .

Now, from (4.8) and (4.6) one gets the formula.
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Corollary. For W, X, Y, Z, U wvector fields on 7 we have
Vo) (X,Y,Z,U) -Vl UX,IY,1Z,1U)
=2 & {2Ag(Vu(DX, NgUZ, )+ g(Vul) 2, DD gUX, D]
+ gV DX, Y) + g(Vy(N X, IN)]g(JZ, U)
+[g(Vu N Z, U) + gV IZ, IU)]g(JX, Y)
+ [g(Vw(K) X, Y) + g(V(E) X, IV)]g(KZ, U)
+ (VK Z, U) + g(V(E) 1Z, I)] g(KX, Y)} .
Similar results can be obtained by cyclic permutations of I, J, K.
Proof. It suffices to substract (4.6) from (4.3).
Theorem 4.2. For any vector fields W, X, Y, Z, V on 7 we have
4.7 V@ X,Y,Z,U)+ V) UX,IY,1Z,1U)
+ V@) X, JY,JZ,JU) + Vi Q)(KX,KY,KZ,KU)=0.
Proof. From (2.1), (2.2), (4.1) and (4.3) we obtain
(4.8) V@)X, JY,JZ,JU) = —2 ,»C?U {g(Vp(DJIX,JY) g Z, U)
+9(Vw(NZ, D) gWJX, Y) + g\(\Vw(D JZ,J)gUX,Y) +9(Vu(NX, V) g(JZ,U)
— (VK IX, IV)g(KZ, U) — g(Vw(K)IZ,IU) g(KX, Y)},
4.9 V(@) (KX, KY,KZ ,KU)=2 %U {g(Vw(DJIX,IV)g(IZ, U)
+9(Vw(DJZ,JU)gUX,Y) +g(Vyw()IX, IY)g(JZ, U)
+9(VwNIZ, 1) gJX,Y) —g(Vw(K) X, Y) g(KZ, U)
=gV K) Z, ) g(KX, )} .

Summing up term to term (4.3), (4.6), (4.8) and (4.9) we obtain (4.7).
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Theorem 4.3. For W, X, Y, Z, U vector fields on 7/ we have
4.10) V@)X, Y,Z, U) + Vi Q) (KX, KY,KZ , KU)
=Vw)(X,Y,KZ, KU) + V(Q) (X, KY, Z, KU) + Vi (QUKX,KY, Z, U)
+ V@) (KX, Y, KZ, U) + V(@) (X, KY,KZ, U) + Vi(Q) (KX, Y, Z, KU) .
The result is still true replacing K by I or by J.
Proof. We put

(4.11) I'=qal +bJ J'=—bl+al K=K

where a, b are real numbers such that a2+ b2=1. Then {I')J', K'} is also a
basis of V on 77, and the fundamental 4-form Q' corresponding to {I', J', K'} is
equal to Q. Now, we replace I, J, K in (4.7) by I’, J’, K'. Then, using (4.11) we
obtain

(4.12) 0=VuQ)X,Y,Z,U)+ V(Q) (KX, KY,KZ,KU)
+ (@ + WYV @ UX,IY,1Z,IU) + V(@) (JX, Y, JZ, JU)}
+ (@b — ab®) (Vi Q) UX, IY,1Z,JU) + V(@) UX, 1Y, IZ, IT)
+ V@) UX,JY, IZ,IU) + Vy( Q) (JX, 1Y, 1Z, IU)
- VWX, JY,JZ,IU) - V() JX,JY,IZ,JU)
~ VW@ UX,1Y,JZ,JU) - V(Q)UX,JY,JZ, JU)}
+ 202 (Vi@ UX, 1Y, JZ,JU) + V() IX, JY,1Z, JU)
+ V@) UX,JY,JZ,IU) + Vi Q) (JX,IY,1Z,JU)

+Vw @ UX,IY,JZ,IU) + V(@) JX,JY,IZ,IU)} .
Furthermore, since a'+ b*=1-2a%? using (4.7) we get
(4.13) V@ UX,IY,IZ,IU) + Vi Q) (JX,JY,JZ, JU)
=V @ UX,IY,JZ,JU) + V(@) UX,JY,IZ,JU) + Viy(Q) UX, JY,JZ,IU)
+ V(@) X, 1Y, IZ,JU) + Vy(Q) (JX, 1Y, JZ, IU) + Vi (Q) (JX, JY,1Z, IU) .
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Replacing X, Y, Z, U in (4.13) by IX, 1Y, 1Z and IU we deduce (4.10).

It is well known that any 2-dimensional almost Hermitian manifold is
Kihlerian. Actually, we have the following

Proposition 4.8. Let M be a 4-dimensional quaternionic manifold. Then
M is o Kdhler quaternionic manifold.

Proof. Let {X,IX,JX,KX} an arbitrary local frame field. Using
Theorem 4.1. we get Vy(Q)(X,IX,JX,KX)=0 for any vector field ¥ on «.
Hence the proposition follows.
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Résumé

Nous étudions les propriétés de symétrie de la dérivée covariant VQ de la 4-forme
Sfondamentale Q d’'une variété Riemannienne dont le groupe structurel c’est Sp(n)-Sp(1).



