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Almost contact submersions and K.-curvatures (**)

1 - Preliminaries

Let (M, ¢,&,9,9) and (M',¢', &, 7', g") be almost contact metric manifolds of
dimension 2m + 1 and 2m’ + 1 respectively. We shall represent by V and V' the
Riemannian connections of M and M’ respectively.

A Riemannian submersion f:M— M’ is called an almost contact metric
submersion if ¢ -f.=f.-¢. It follows that f.£==+¢. We shall suppose that
f&=¢. ‘

For an almost contact submersion, we denote the vertical and horizontal
distributions in T(M) by V(M) and H(M) and the orthogonal projections
mappings by 7 and % respectively.

It is known, [2], that the fibers of an almost contact metric submersion are
invariant submanifolds of dimension 2(m — m') and ¢ induces on them an almost
complex structure that we shall continue denoting by ¢. We shall denote by g and
V the restrictions of g and V to the fibers. Furthermore

sVM)=VW)  HM) =oHM)DE.

2 - The O’Neill configuration tensors

The O'Neill configuration tensors of the Riemannian submersion f: M — M’
are given by

where E, F' are arbitrary vector fields on M.

(*) Indirizzo degli AA.: R. CASTRO e L.. M. HERVELLA, Departamento de Geometria
y Topologia, Facultad de Mateméticas, Univ. de Santiago, Espafia; J. 1. Rozas,
Departamento de Matematicas, Facultad del Ciencias, Univ. de Pais Vasco, Espana.
(**) Ricevuto: 10-1V-1985. ;
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For an almost contact metric submersion f: M — M', it shall be useful to
consider the tensor field B of type (1, 2) given by

BE,F)= 7" VG H F)~ 7'V 3u I F + V@7 F) = FH V507 F

for E, F arbitrary vector fields on M.
This tensor B verifies the following properties, which can be easily deduced
from the definition.
Proposition 2.1. If X, Y and Z are horizontal vector fields on M, then:
@) BX,Y)=AxY —AyY
(i) BWX,Y)=B(Y,X).
(i) BX,X)=0 if and only if B(Y,Z)=0
(iv) BX,X)=B(X,¢X)—2n(X)AxE.
We now examine some properties of tensors T, A and B for an almost contact

metric submersion, when in the total space different almost contact structures
are considered [1], [5].

Theorem 2.1. Let f:M— M’ be an almost contact metric submersion
and let M be o quasi-K-cosymplectic manifold (Q-K-C-manifold). Then:

@ TyeW=ToW, ® ToX=-¢TvX
© AxdY=—-ApX=A4Y
(d) AX‘éV = - ¢A3V = A¢XV (e) B = 0 ’

for all 'V, We V(M) and X, Y € HM).

Proof. "Since the fibers of the submersion are quasi-Kéhlerian manifolds
and (V) =0, for Ve V(M), assertion (a) follows easily.

Assertion (b) is a consequence of (a) and the properties of tensor T.

(¢) Since M is a Q-K-C-manifold

V(@)Y + Vx($)3Y = n(Y) Vo,
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considering the horizontal part of this equation for case X =Y, we find
AxgX — gAxX — A X — ¢AxeX =0

and due to the skew-symmetry of A on horizontal vectors, it results Ay¢X =0
and the results follows now by polarization.

(d) By direct calculation we have A,V = —¢AxV.
We may assume that X is a basic horizontal vector and take the horizontal
projection of the defining equation of Q-K-C-manifold

Ax¢V = = ¢Axv + Y](Ach)V)E,
but V&= — Vy(3)f = — ¢V,&, which implies

W(AgV) = o(F (V) = 7(VwE) = 0

¢

and the result follows bearing in mind that HM) =¢HWM) D and
AydV = — ¢AysV.

Assertion (e) is a consequence of (¢) and the definition of tensor B.
Theorem 2.2. Let f:M—>M be an almost contact metric submersion
and let M be a nearly-K-cosymplectic manifold (N-K-C-manifold). Then:
(@) TyW=g¢TWW=TyW (o) TvwX=¢TX=-TyX (c) A=0
for all V,We V(M) and X € HM).

Proof. (a) Since a N-K-C-manifold is a @-K-C-manifold, it is sufficient to
prove that TyeW = ¢TW. But '

TyeV = 5 VysV = VyaV = ¢V, V = TV + Vp(@)V — Vi)V

and since M is a N-K-C-manifold and the fibers of f are nearly Kihler manifolds,
we find Ty¢V = ¢TV obtaining the result by polarization.

Assertion (b) follows from (a) of this theorem and (b) of Theorem 2.1.

(¢) Consider the defining equation of N-K-C-manifold for X basic horizontal

vector field

VoV — ViV + VX — ¢V, X = 0
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and take the horizontal projection of this equation
foiv - ’;V)\V + VV;:X - ¢va = 0.

Using now assertion (d) of Theorem 2.1 and V(M) = ¢(V(M)), we find AxV =0,
which is equivalent to A =0.

The fact of that the vanishing of tensor A characterizes the integrability of
the horizontal distribution, yields the

Corollary 2.1. If f:M—M' is an almost contact metric submersion
and M is a N-K-C-manifold, then the horizontal distribution is integrable.

Corollary 2.2. Let f:M—M' be an almost contact metric submersion
and let M be a N-K-C-manifold. Then TyeE = ¢TvE, for Ve V(M) and E an

arbitrary vector field on M.

Theorem 2.3. Let f:M—M' be an almost contact metric submersion
and let M be a normal manifold. Then:

(@) ¢{TvE —T.¢E} =TwE +TyE  (b) ¢{AxE —A.x3E} = Ax¢l + AxE
Jor Xe HM), Ve V(M) and E a general vector field on M.
Proof. In order to prove (a) note that
TE = 7% Vy( ZE) + 7" Vyd( H E) = $TvE + 5 (V(3) 7E) + 7’V (¢) F E)
and since M is a normal manifold [5], this implies that
Tyl =¢TvE — # VW ? BE)— §( F# Vad( 7E)) — 7 (Vi B) — ( 7 V() F E))

= ¢TVE - ¢T¢1/¢E’ - TﬂIE.

The assertion (b) is proved in an analogous way.

3 - Transference of Kj.-curvatures

In this section we shall be interested in answering the following question: if
f:M— M is an almost contact metric submersion with M satisfying the K.-
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curvature identity, under what conditions M’ satisfies the K,-curvature
identity?
Recall that an almost contact metric manifold satisfies the K-curvature
identity (:=1,2,3), if for all X, Y, 2, We.Z(M)
K.:RX,Y,Z,W)=R(X,¢Y, Z, W),
Ko RX, Y, Z,W)=R(X,¢Y,Z, W)+ RX,Y,¢Z, W)+ RX,Y, Z,sW),
K R(X, Y, Z, W) =R(3X,8Y,¢Z, W),
and it is verifies that

Ki.-curvature = K-curvature = K -curvature.

Theorem 3.1. Let f:M— M’ an almost contact metric submersion with
M satisfying the Ks.-curvature identity.
(@) If B =0 on horizontal vector fields, then M' satisfies the K, -curvature.
(i) If M' satisfies the Ky, -curvature identity, then for horizontal vector
fields X and Y on M we have | AxY || =AY |l
Proof. For any Riemannian submersion
RX,Y,Z,)=R'X.,Y,,Z,,T) - 25(AxY, A;T) + §(AyZ, AxT) + §(A,X, AyT).
So, R(@X,¢Y,¢Z,¢T)=R'(¢'X.,¢'Y.,¢'Z., $'T.) — 25(AxgY, A.z¢T)

+ J(Auy¢Z, ApxsT) + §(A3X, AysT) .

Since M satisfies the K,.-curvature identity, to see (i), it shall be sufficient to
prove AyY = — A.x3Y. Note that B=0 on H(M) is equivalent to AxpY =AY
and then

A¢X¢Y = AXy + I](X)A:'Y .

Now bearing in mind that A is skew-simmetric on H@M) and
H(M) = ¢HM)) D&, to prove (i) is sufficient to prove that At =0, for all
L € H(M); but this is a consequence of assertion (iv) in Proposition 2.1 and the
proof is finished.
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Conversely, if M' satisfies the Kj.-curvature identity
—20(AxY, A;T) + G(AvZ, AxT) + §(AzX, AyT)

= — 20(A.x8Y, AupgT) + §(AwdZ, AxdT) + §(Ayp8X, AysT)

and the result follows setting X=2, Y =1T in this expression.

Corollary 8.1. Let f:M—M' be an almost contact metric submersion
with M a quasi-K-cosymplectic manifold satisfying the Ks-curvature. Then M’
is also a Q-K-C-manifold satisfying the Ky.-curvature identity.

Theorem 3.2. Let f:M—M' be an almost contact metric submersion
with M satisfying the Ko-curvature identity. Then

(i) M’ satisfies the Ky.-curvature identity if for X and Y horizontal vector
fields

AX¢Y = A,;XY or AngY = A¢XY = ¢AXy

Gi) If M’ satisfies the Ky -curvature identity and B =0 on H(M), then
|AxY || =] Ax$Y || for X and Y horizontal vector fields on M.

Proof. (i) Since M satisfies the K,,-curvature identity, we have

R'X.,Y,Z,T)
~R'($'X,,¢'Y,,Z2.,T)— R ¢'X.,Y,¢'Z.,T)—R'($'X,, Y., Z.,$'T))

=20(AxY, AsT) — §(AyZ, AxT) — §(AX, Ay + §(AwZ, AxT) — 2§(A.x3Y, AT)
+ G(Az6X A yT) + §(Av$Z, AxT) — 20(AxY ,A,T) + G(Az6X, AyT)

+ §(AyZ, AxdT) — 20(AxY, AzsT)+ §(Az¢X, AveT),

but if A possesses one of the properties pointed above, A¢ =0 and the right-
hand side of this expression vanishes and we may conclude that M' satisfies the
K, -curvature identity.

(i) Since M and M’ satisfy the K.-curvature and Kj.,-curvature identity
respectively, setting Z = X, T =Y in the last expression and taking into account
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that AyY = — AyX and B(X,Y) =0, we have

A#X.éY: "'AXy A:SXY=AX¢Y
and the result follows.
Corollary 3.2. Let f:M—M' be an almost contact metric submersion
with M a normal manifold satisfying the K,,-curvatwre identity. Then, if B

vanishes on the horizontal vector fields, M’ is a normal manifold satisfying the
Ko.-curvature identity.

Theorem 3.3. Let f:M—M' be an almost contact metric submersion
with M satisfying the K,.-curvature identity. Then A=0 if an only if M’
satisfies the K.-curvature identity and B vanishes on the horizontal vector
fields on M.

Proof. The necessity is obvious. Conversely, if M’ satisfies the K-
curvature identity,we obtain

8| AxY | — 20(AxY, A.xY) + (AysX, AxsY) + JAxX, AyeY) =0
and, since B(X,Y) =0, we deduce that

A¢XX =0 A¢X¢Y - Axy - Ay¢X ZAXgéY

and so

5[ AxYIP - [|AxgYIF = 0.
Thus AyY =0 after recalling the statement of Theorem 3.2.

Corollary 8.3. Let f:M—M' be an almost contact metric submersion
with M a quasi-K-cosymplectic manifold satisfying the Ky,-curvature identity.
Then M' is a quasi-K-cosymplectic manifold satisfying the Ky g-curvature
identity if and only if A=0.
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Sommario

In questo lavoro si esaminano alcune proprieta dei tensori di configurazione di una

sommersione metrica quasi contatto, quando nello spazio totale sono presenti varie
strutture quast contatto. Cio consente di analizzare il comportamento delle K-
curvature per effetto di una sommersione metrica quast contatto.



