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FRANCESCO AMATO (%)

On 2-codimensional co-isotropic submanifold
with parallel complementary distribution

in a neutral pseudo-riemannian manifold (**)

Introduction

Let M(U,Q, §) be a neutral pseudo-Riemannian manifold of dimension 2m,
whose tensor fields (U, 2, §) are the para-complex operator [5], the canonical
almost symplectic form and the para-Hermitian metric tensor.

In [1] we have studied some properties of 2-codimensional co-isotropic [7]
submanifold M of M, and showed that M is always a CR-submanifold [2] whose
vertical distribution D+ is self-orthogonal [7]. Denoting by CD-, the self-
orthogonal complementary distribution of D+, we study, in the present paper,
the case when CD* is parallel in D, that is VCD* c D+ @ CD* (V: operator of
covariant differentiation on M).

The following properties are proved:

(i) The simple unit form ¢ which corresponds to D, (p € M) is exterior
recurrent and any vector field Z of the horizontal distribution D is a conformal
infinitesimal transformation of ¢.

(il) D is involutive and the leaves M; of D are invariant submanifold of M s
and such that the proper immersion w: M,— M is pseudo-minimal (in the sense
of R. Roseca [6]y).

1- Let M(U, Q, §) be a neutral C*-pseudo-Riemannian manifold of dimension
2m. The structure tensor are, the para-complex operator U of P. Libermann [5],
the para-Hermitian metric tensor § and the canonical almost symplectic 2-form
Q, exchangeable with §.

(*) Indirizzo: Dipartimento di Matematica, Via C. Battisti 90, 98100 Messina, Italy.
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In [1] we have studied some properties of the improper immersion
x: M— MU, Q, §), where M is a 2-codimensional co-isotr opic submanifold of M.

We have shoved that M is always a CR-submanifold of M, whose vertical
distribution D+ is self-orthogonal [7).

If 7, (M) is the tangent space to M at vp EM then one has
T; (M)[M =D,® D; ®CD;, where D, and CDjy are the horizontal distribution
and the complementary self—orthogonal distribution of D, at Vp € M (we denote
the induced elements by the mapping x: M — M by suppressing ~).

Let W= {hy, hs;a=1,...,m;a*=a+m} be a local field of Witt vectorial
basis. Since W is normed, one has [6],

(1-1) <ha,) hb*> = O\ab‘ .

The operator U defines an involutive automorphism on M(U? = +1) and one
has
(1.2) Uh, = h, Uhgs = — By .

If W¥={a* Ae{a, a*}} is the cobasis of W and &3 =l cuC(ch e C=(M))
the connection formes associated with W*, then the line element dp (dp is a
canonical vector 1-form on the tangent bundle 7(M)) and the connection
equations are given by

(1.3) dp=a* ® h, (1.4) Vhy=al @ hB

(V: covariant differentiation operator on M) respectively.

If Qf are the curvature 2-forms on M , then the structure equations (E.
Cartan) are expressed by

(1.5) dat =B A& (1.6) daog =04+ a§ Aaf

(the connection V is torsion-less).
Further by (1.1) and (1.8) one has

1.7 g={(dp,dp) =23 &*® &
and ¢ is exchangeable with the almost symplectic form

1.8) Z AT .
Finally by (1.1) and (1.4) one finds [6],

(1.9) i+ ali=0 e +al =0 O+ @le=0.
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_ 2 Without loss of generality, a 2-codimensional co-isotopic submanifold M of
M may be defined by [1]

(2.1) = WM l=0,
In this case the line element dp of M is expressed by
(2.2) dp=0'Qhi+0" @hyp+o h,

where we agree with the following range of indices i=1,..., m—2, i* =i+ m,
r=m-—1, n.

Then according to [1] the vertical distribution Dy and its self-orthogonal
complementary on CDj; are defined by {k.} and {h} respectively.

We shall suppose in this paper that CD; is parallel in D.

Then according to [3] the covariant derivative of any vector field of CDj; has
no components in D. If V is the restriction of V on M, one may write

2.3) . VCD'cD*®CD*.
Since CD* = {hy} one finds by (2.8) and (1.4)

2.4) wi=0 wh=0.
Denote now by

(2.5) o= " I A\ wnm

the simple unit form which corresponds to the vertical distribution Dy,. Making
use of (1.5) and (2.4) and taking the exterior derivative of % one gets

2.6) dg= — () Ao

The above equation shows that o 15 exterior recurrent [4] and has — X, o) as
recurrence 1-form.

Put u=-23,0" and let Z be any vector field of D,.

Since 1z 9 = 0 (iz: interior product by Z) one readly finds by (2.6) that the Lie
derivative (L;=do%; +1izd) in the direction Z is expressed by

@ Lig=u(Z)s .

Hence any vector field Z € D, is a conformal infinitesimal transformation
of . '
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Further let VZ, Z'eD,. Then by (1.4) and (2.4) one readly finds
(2.8) (Z,Z']eD, ([ ): Lie bracket) .

Hence the horizontal distribution D is involutive.

Denote by M; the leaves of D and by T,(M;) the tangent space to M, at
VpeM,.

Since D, = {h;, hy} = T, (M)), one has UT,(Mp)=T,(M;) and M; is an in-
variant [9] submanifold of M.

Next if Z and Z’ are any tangent vector fields of M; then the Gauss equation
associated wits a:M;— M(U,Q,§) is as is known given by

2.9) VypZ =V Z+B(Z,Z"

where B (the normal part of V, Z) is the second fundamental normal tensor
of M I
Putting g; for the metric tensor of M;, one has

(2.10) trg; B=(dimM)H

where H is the mean curvature vector of M;.
Referring to (1.7) and [6]; we have in the case under discussion

1

21' B(hi , hi*) .

Now using (2.4), we get after a short calculation

1 ok ok
- (AR
(2.12) H S —2) (Ui + L)
and by (1.1) one gets instantly (H,H) =0.
Hence H is a null vector field and, so according to a definition of R.

Rosca [6];, the submanifold M; under consideration is pseudo-minimal.

Theorem. Let x:M—MU,Q,5) be the improper immersion of a 2-
codimensional co-isotropic submanifold M in a neutral pseudo-Riemannian
manifold M and let D, D* and CD* be the horizontal, the vertical and the
complementary self-orthogonal distribution of D*, respectively.

If CD* is parallel in D, then one has the following properties:

(@) The simple unit form ¢ which corresponds to D,(¥Vp e M) is exterior
recurrent, and awy vector field ZeD, is a conformal infinitesimal
transformation of .

(i) D is involutive and the leaves M; of D are invariant submanifolds of M
and such that the proper immersion x:M,— M is pseudo-minimal.
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Riassunto

Sia M una sottovarietd co-isotropa a 2 codimensioni di una varieta neutra M (U, 8, )]
a 2m dimensioni. Si considerano su M tre distribuzioni, e cicé: una distribuzione
mvariante D, una distribuzione isotropa D+ e la distribuzione isotropa. CD*
complementare di D* tale che in ogni punto p di M lo spazio tangente T5(M) & definito da
D, ®D;®CD;.  Si suppone inoltre che CD* sia parallelo in D, ossia
VCD* cD*® CD*, dove V & loperatore di differenziazione covariente su M. Dalle
precedenti condizioni si deduce: (a) Ogni campo vettoriale Z €D definisce una
trasformazione infinitesima conforme della forma semplice o che corrisponde a D*.
(b) La CR-sottovarieta M & fogliettata e le foglie M; di D sono pseudo-minimali.






