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P.S. SIMEONOV ana D. D. BAINOV (¥)

On the stability under persistent disturbances

for systems with impulse effect (**)

1 - Introduction

The present paper considers systems of equations with impulse effect of
the form

dz
Tl it ®)  t#7i(2), AX | jeryr = Bi(®).

Similar systems can be obtained in many problems of physics, technology
and biology. Their study was initiated by the papers of Millman and Mish-
kis [1], . and Mishkis and Samoilenko [2]. The stability of the solutions is the
concern of the contributions of Samoilenko and Perestjuk [3],,, where linear
and quasilinear systems are considered in detail.

This paper deals with the problems of stability of the solutions of systems
with impulse effect under persistent disturbances. The definitions of stability
are in accord with those in [3], and are given in the form used in [4].

2 = Preliminary remarks

Let B» be an n-dimensional Buclidean space with scalar produet (-, > and
norm ||, I = [0, co) and 2 is an open connected set in E».

(*) Indirizzo degli AA.: Universitly of Plovdiv « P. Hilendarski», Plovdiv,
Bulgaria.
(**) Ricevuto: 12-V-1983.
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Consider the system of n differential equations with impulse effect

) & fhm) tET),  A0]m= Bi0)

and its corresponding perturbed system with impulse effect

@ D= 100) T 60 t£T@),  A0]ew= B) + Pio),

where
#:I—R"; f,g: IXQ —R*; B,,P;: 2 +PR"; 7,: R*~R, ie N={1,2,...}.

Such systems describe processes whose state at definite moments changes
jumpwise. Concerning the systems (1) and (2) this happens when the map-
ping point (¢, #) of the extended phase space meets one of the hypersurfaces o,,
given by the equations ¢ = 7,(), 0 < 7(@) < ... < 7,(w) < ....

At these moments, under the action of a momentary effect (hif, impulse)
the mapping point ¢instantly » jumps from the position (¢, #) into the position
(t, # 4 B(x)). The solutions of the systems (1) and (2) will be considered to
be left continuous, i.e. the following conditions hold when the integral curve
(t, #(t)) meets the hypersurfaces o; at the moments i,

#(t;—0) = a(t), dw|., = s+ 0)—z(—0).
We say that conditions (A) hold if the following conditions are fulfilled:

Al. The function f(¢, ) is continnous in the domain I x£2 and constants
a>0 and M >0 exist, such that

I, 0)— 1, )| <alo]  tor tel, weQ, yel,
7, @) | <M for tel, zef.

A2, The function g(¢, ) is continuous in the domain I x and a con-
stant >0 exists, such that

lgt, ) — gtt, )| <bllo —y] for tel, wel, yeQ.
A3. A constant ¢>0 exists so that
[U@)— Uy |<cle—y| forwel, yel,

where the function U is any of the funections B;, P;, i€ V.
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A4. The functions 7,x), €N are continuously differentiable in the
domain £ and constants N > 0 and 6 > 0 exist, such that

sup || or o) <N, inf 7, (@) —supz(z)>0.
260 ow 260 z€0
A5. A number k>0 exists, such that
ot (x + s(B,(x 2
e 1B L2 | pa) 450

for ze 2, se[0,1], =zeR", |z|<h, deN.
Let t, e I, @, € 2 and by w(¢; ¢,, #,) denote the solution of system (1) (or (2))
for which 2(¢,+ 0; 1y, %) = %,. By J*(t,, z,) denote the maximal interval of
the form (¢, #) where the solution is right continnable.

The definitions for stability of the solutions of systems with impulse effect
needed to onr further considerations are supplied next.

Let @ = ¢(t) eI be a solution of system (1) and let the integral curve
(t, @(t)) meet the hypersurfaces o; at the moments <<t <<...<t,<....

Def. 1. The solution @ = ¢(¢) of system (1) is called:
1.1. uniformly stable if (Ve > 0)(¥n > 0)(36 > 0)(Vi, e I)
(Vaye Q, o, — o(t,+ 0)| < 0) (Vi € T*(ty, 2,), |t — 1| >n)

(25 20, @0) — ()] < &3

1.2. uniformly atiractive if (34 > 0)(¥Ye > 0)(¥n > 0)(Jo > 0)

(Vioe I)(Vmy€ 2, oo — gty + 0)] < 4) ,

to+ 0 € JH(ty, ;) and (it + o, t e JH(ty, @), [t —1;| >1n)
l2(t; 2o, %0) — @(B)]| < e;

1.3. quasiattractive if (Ve > 0)(V > 0)(FA, 7: 0 < A < r <e)

(3{0.} c I, lim 0,=oc0, 0,4,> 0, su£ (Opir—0,)< o0, |0,— ;| >n for i,neN)
> ne

(YneN)(Vze L, |z—¢(6,)] <7)
Ort1€JH(0,,2) and  |@(0p1; 0sy 2) — @(Onra) | < 23
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1.4. uniformly asymptotically stable if it iy uniformly stable and uniformly
attractive;

1.5. uniformly stable under persistent disturbances if
(Ve>0)(V > 0)(Fr>0)(Fe>0), (Yoo, [w,— @+ 0)] <7),
the solution u(t; &, 4,) of system (2) satisfies (Yg(z, »), |g(t, @) < o for
(t, ) e Ix Q) (WP}, |Pi2)] <o for 2 Q) (Ve JH(ty, 20), [t —1t:] >1)
[2(ts o, @) — @) ]| < &.

We say that the solution @(t) of system (1) satisfies condition B if the fol-
lowing condition is fulfilled

{weR": o —o(t)|<d}c 2 for all tel (d>0).

3 - Main results
The following lemmag will be requived for proving the main results.

Lemma 1[3],. Let conditions Al, A3, A4, Ab be fulfilled and let p(t) be
a solution of system (1) lying in £ for t€[ty, to+ T]c I.

Then, if MN <1 the integral curve (¢, p(8)) for 1€ [ty, to+ T] meets every
hypersurface o, once most.

Lemma 1 supplies sufficient conditions excluding the ¢ beating» of the
solution on the hypersurfaces o;, i.e. the event when the integral curve (z, @(t))
meets the hypersurface o; several or infinitely many times.

Lemma 2. ZLet conditions Al, A3, Ad, A5 hold and MN <<1. Let ¢(t) be
a solution of system (1) satisfying condition B, while the integral curve (¢, p(t))
meets the hypersurfaces o, at the momenis t, <1, <...<<t;<....

Let x(t) = w(t; &y, ®,) be a solution of system (1) and the numbers ¢ > 0 and
7> 0 be such that n < 0/2 and (1 4 ¢)(e + 5Mn) < d.

If the condition

(3) o) — @) < e holds for ted+(0,3), |t—t|>1n,

then J+(0, 2,) = [0, c0).
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Proof. In view of Lemma 1 the integral curve (i, p(t)) meets each of
the hypersurfaces o, only once at the moments ¢ = {;, for which, according to
condition A4, we have

inf v {x)<t; < sup r{e) ielV.
2EQ z€R

Let ;= % (sup 7.(z) + inf7,.,(2)), i€ V.
20 zER

We will first show that the solution () is continuable in the interval [0, «;].
Condition A4 implies that for ¢ € [0, o] the integral curve (¢, #(f)) may meet
only the hypersurface o, and let t; be the first moment when this happens.

Let t; < #; — n. Then, in view of inequality (3) and conditions Al and B,
the solution w(f) is continmable to ¢=1, and |a(t, + 0) —ogt)] <e<d,
ie. m(ti + 0)e R and «(#) is continuable to ¢=1i —v», and moreover,
le@t,—n) — @(ti—n)| <e.

Inequality (3) and Lemma 1 yield that fort € [0, {, — 7] #(t) does not leave £2
and the integral curve (7, #(f)) does not meet the hypersurface ¢; any more.

For 1 e JH0, x;) N [t;— 1, o] the following estimates hold

@) — @) <e for te ({4 1, ul,
) [20) — et —nl < |o@) —2t—n)| + |2t—n) — elt.—n)]|
<e -+ 2My for [t—t]<y.

Hence, for ¢ e J*0, z,) N[0, ], the solution x(¢) does not leave £, it is
continuable to ¢ = «, and the integral curve (t, 2(¢)) meets the hypersurface o,
only once. Besides, for |t—1| <7 the estimate (4) holds.

If t; >t -+ 7, we come to the same conclusions by analogous arguments.

Let t, € [t,— 7, t,+ n]. Then the solution #(z) is continuable to #, and the
following estimates hold

leti—n) —pa—n)l<e, Ja@)—pt—n)|<e -+ 2My,
lo(t; + 0) —@(t,+ 0)| <@ + o)(e + 8BMp) <d  for tet,—n, 4],
Hence, w(ti -+ 0) € 2 and the solution x(#) is continuable on the right of t;.
For t € J*+0, ,) N [;, o] the estimates, as follows, hold

=(2) — (&) <e for ¢ >t,+ u;
[#(t) — @t + 0| <(L -+ e)(s + BMy) <d  for i<t + 7.
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Hence, for { e JH0, z,) N[0, o] the solution x(i) does not leave £, it is
continuable to ¢ = o and the integral curve (¢, #(f)) meets the hypersurface oy
only once.

By the method of mathematical induction and by analogous argnments,
it is easily verified that the solution (¢) is continmable to any ¢ = «;, i.e.
JH(0, ) = [0, c0).

Lemma 3. Let the following conditions be fulfilled:

1. For t>1,, the function u(t) is nonnegative and piecewise continuous with
discontinuilies of the first order at which w(t) is left continuous.

2. For t>1, the function a(t) is nonnegative and continuous.

3. The sequence {t;} satisfies the condition b, <1, <...<t;<...limi;= oo,

T OO

4. Por t>1,, the inequality

13
w(t) <o+ fa{s)u(s)ds + > pau(t;)
2o to<ty<t
holds, where u,>0, §,>0 are constants.
Then for t>1,

w(t) <wu, [1 (1 + ) exp (fa(s)ds) .

to<t;<t

The proof of Lemma 3 is completed by the method of mathematical indue-
tion and is based on the lemma of Gronwall-Bellman.

Theorem 1. Suppose the following conditions hold:

1. Conditions A hold and MN << 1.
2. The solution (i) of the system (1) s uniformly stable and qnasiatiractive
and fulfills condition B.
Then the solution @(t) is wniformly stable under persistent disturbances.

Proof. Inview of Lemma 1, the integral curve (¢, p(t)) meets each hyper-
surface exactly once and let this happen at the moments {t}.

Let ¢ > 0 and 7> 0 be given and satisfy the inequality (1 -4-¢)(e+4-5Mn)<d.
Put & = min (g, (1 — MN)/3N)n), 7= min (n, (1 — MN)/8MN)n).

By () = 2(t; &y, ¥,) and y(§) = y{&; &y, 2,) denote the solutions of system (1)
and (2), respectively, and let the integral curves (¢, 2(¢)) and (t, y(t)) meet the
hypersurfaces o; at the moments {f;} and {t;} respectively. Let J*(x) and J*+(y)
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be the maximal intervals where the solutions () and y(£) are right continuable.
The uniform stability of () implies that 6 >0, & < §/2 exists, such that
for every t, € I, for every 2, € Q, [2,— p(t,+ 0)| < 6 and for every te J+(x),
lt—1t:] >7
() (65 10, @) — PO <5 -
Then (1 + ¢)(8/2 + 8Mn) < (1 + ¢)(e + BMn) < d and in view of Lemma 2
JH@) = (t, o). Besides, |i; —t:.l < MN |2, ——t:l + EN[2 4 2M N7. Hence, the
estimate |t;—1,| <(N& -+ 4M7)/[2(1 — MN)] holds.
Since the solution ¢(f) of system (1) is quasiattractive, it follows that
there exist constants 4,7: 0 <A <<7<§ and a sequence {0,}c I, lim §,=oco

n~-rco

Orir > Oy SUD (Opgy—0,) <oo, |0,—1t;| >n Vn, 1N such that for all
neN

nelN and ze 2, |o,— o)) <7
(6) [#(0nt15 Ons @) — @(Onia) | < 4.

We set 0= 0, T'= sup (0,4:.—0,) and choose >0, p>0 so that
n20

(Vioe I)(Vo,€ 2, [oo— @(ts+ 0)| < ) (Yt > 1y, |t —1t:| >n)

) low(t; B0, @) — @(t)] < % ;
— MN
(8) 0 < min (h, L—Z——N——) ’
9) oT( 0——0‘2) (1 + ¢(1 — MN — oN))7/° exp [aT] < min (‘; ,r—2).

Suppose that the perturbations g and {P;} arve such that |g(t, )| < o,
[Pi(x)| <o for e N and (¢, %) eIXQ.

We must show that for this choice of § and p, the solution y(t) of system (2)
satisfies the inequality
(10) ly(t) — )| <e for all tedH(y), |[t—1t;|>n.

Let (t,, o] cJH(y). We distingnish two cases:

Ity —w<T. Letfor re(l,t] the integral curves (z,¢(1)), (, (7))
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and (z, (7)) meet the hypersurfaces o;, n(t), n.(2) and n,(¢) times, respectively.
We prove that for ¢ € (4, w], |t —1t;| >, the following relations hold

b
@y =0 —y@l <5, a2 |G —tl<y, |#—tl<y,

{13) n(t) = ny(t) = nu(?)

For t € (t,, ], the solutions x(¢) and y(¢) satisfy the relations

(14) o) = @+ f(s, 2(9)) ds + > Bu(#(2))

to<t£<t

(18)  y(t) = @+ [ (f(s, y(s)) + g(s, y(s))) ds + > (Bi(y(2))) -+ Pi(y())) .

fo<#<t

Then for t,<<t<min(¢,?;) the estimate

4
ly(@) — 2@ < [allys) —=(s)| ds + o(t — %)
to
holds. Hence in view of Gronwall-Bellman’s lemma and (9), we obtain
r &
ly() — o) <oT exp[aT] <5< .

Then, taking into account Al, A4 and (8), we obtain consequently the estimates

Ne N + 4N
r . r A S
—hl< i mwy —wg A< g = <7

M 3Ng + 8MN7
lt—hl< S —mm
Hence, for i€ (4, t, —n] inequalities (11), (12) hold and (13) is fulfilled.
In the case when t € [¢; -+ 9, tsa—n] N (f, o] the inequalities (11) and (12)
and equality (13) are proved by induction with respect to 4. For completeness
we will only prove that the condition (13) implies estimate (11).
Indeed, (14) and (15) yield for the function u(t) = |y(¢) — x(t) |

t

(16) u(t) < fau(s)ds + ot —1,) + on(t) + > ely(t) — x(t))] .

to to<t;<t
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If we denote #,= min (¢,, t';), then, taking into account Al and A4, we get
(17) ly(t) —2@) | < (1 — MV — No)*|y(@:) — a(@) | -

(16) and (17), having in mind that ¢ —¢6<T and n(t)<(t —1,)/0<T]0,
imply that

(18) u(t) <QT(—-—-——— +fau(s ds + 2 o(1l — MN — No)ul(t) .

te<t; <t

Applying Lemma 3 to inequality (18), we obtain the estimate

0+1

(19) Ny(; o, @o) — @5 b0, @) || <oT (—5—) (1+¢(1 — MN — No))2/ exp [aT].

Then, (7), (19) and (9) imply that for te(t, w], |t —1¢;| > 7

P

ly@) — el <ly@®) — @] + |20) — @] < -+ g =r<e.

Besides, since (1 4- ¢)(e 4 5Mn) < d, Lemma 2 implies that for ¢ e (4,, w] the
solution y(#) of system (2) does not leave Q and the integral curve (t, ¥(¢))
meets the hypersurfaces ¢, only once.

II. t{,—w>T. Then some points of the sequence {f,} are included in
(¢, ). Let 0,, 0,41, ...,0, be all these points. It is sufficient to show that:

(ih) For te (tc, 61):]7 It - ti] > 1 ”y(t) - ¢(t) ” <7
(b) ke {m,m +1,...,p—1} and [y(0:) — @(0:)] < r imply

”y(t) — @) |< & forte [0k, Ounaly [t —1:] > 7 and ”?/(07;-1»1) — @(Ox1) < 7.
(¢) For te[,, w], [t—1t:]>mn, |yi)—o@)] <e.

Since 0,—1t, <7, then (a) is proved as in case I.

Let Jy(0;) — @(6:)] <r. Accounting that {—0,<8,, —0,<T and the
choice of r and g, for ¢ € [0y, 044], |t —1%:;| > 7 we get the estimates

o
"77"“"3)7

(20) Iy (5 02 y(00)) — (5 02, y(0x) | < min (5

@1) la(t; 00, 9(02) — 9B <3,

(22) ”m(ek-!-l; O, ?/(Glc)) - (}7(0k+1) ” <.
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Then, (20) and (21) imply that |y(t) — ()| <& for t € [0, Opal, |2 —1:] >,
while (20) and (22) yield that |y(0pr) — @(Or)] < 7. So, (b) is fulfilled.
The proof of (¢) is completed as in case 1.
Thus, Theorem 1 is proved.

As a corollary of Theorem 1 we get the following

Theorem 2. Let the following conditions hold:

1. Conditions A are fulfilled and MN << 1.

2. The function p(t) is a uniform asymptotically stable solution of system (1)
satisfying condition B.
Then the solution @(t) is uniformly stable under persistent disturbances.

Proof. In view of Theorem 1, it is sufficient to prove that the solution
@(t) is quasiattractive.
Since ¢(t) is a uniformly attractive solution of system (1), then 4 >0
exists, such that
(Ve > 0)(¥n > 0)(Fo > 0)(Vi,e I)(Vz € 2, |z — @(to+ 0)]| < A) o+ 0 € TH(t,, 2)
and (Vi>t,+ 0,1 € J*(t, 2), [t —1:| > 1)

(23) ;5 1o, 2) — @] < § )

Then choose the numbers », A and the sequence {0,}, satisfying the condi-
tions of Def. 1, as follows

€
r=2g, 2:5, o, = n(o + 27),

0n=/d" if |e,—1%;| >n for every telN

\oc,,—}—Zn if Jo,—t < for some i€ N.

Thus Theorem 2 is proved.
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Summayy

In this paper problems concerning the stability of solution of systems of ordinary dif-
ferential equations with impulse effect under persistent disturbances are considered.

Definitions for stability of the system considered are introduced. In the proof of the
theorem, a mew analogue of the Gronwall-Bellman’s inequality for piecewise continuows
functions is applied.






