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Spirallike and Robertson functions

with fixed second coefficient (**)

1 - Introduction
Let § denote the class of functions
(1.3) fle) =2 4+ a,2* + ... + a,2" +...,

which are analytic and univalent in the unit dise B = {\ |2]|<1].
A function f(z) is said to be in S*«, f) if the inequality

N l zf'(#)[fl2) —1
1-2) VaBGf)ff{e) — 1+ (1—a) e cos &) — (& ()]]1) —1)

| <1

holds for some o, 3, A (0<ax <1, 0 < f<l, — 72 < A< =/2) and for all z e F.
The class S*(e, ) of A-spirallike functions of order « and type f was introduced
in [10]. For B = 1, we get the class, 8*(«), of A-spirallike functions of order o
introduced by Libera [7], while (e, f) = (0, 1) gives the class S* of so-called
spirallike functions, defined and shown to be in 8 by Spacek [14]. In recent
years, such functions have been the source of useful and important counter
examples in geometric function theory (see [3], [6],...).

An associated class consisting of those functions f(2) for which 2f'(2) is in
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S84, f) was introduced in [9]. Thus, a function f(2) is said to be in M*(e, f)
if the inequality

| 2f"(2)[f' ()
(1.3) 2B(2f"(2)[1'(2) + (L— o) e='* cos A) — 2f"(2)/f (=)

|<1

holds for some o, f, A (0<a <1, 0 < f<l, —x/2 < A< x/2) and for all z€ E.
The functions of the eclass M*(a, f) we call « Robertson functions of order «
and type p». The class M*(«) introduced by Chichra [2] is obtained by fixing
f = 1 in this class, while taking (e, ) = (0, 1), we get the class M2 of so-called
Robertson functions introduced and studied in [11],.

Def. 1. A function f(z2) = 2 4+ a,22 + ... analytic in ¥ is said to be in
Sie, B) (|A]|< 7[2, |ay|=2p, 0<p<f(1l—a)cos ) if it satisfies (1.2).

Def. 2. A function f(z) is in Mﬁ(a, B) if 2f'(2) is in S%(a, f).

Note that functions in M}(«, f) must satisfy (1.3). Although S(e, B)c S,
the functions in M’;(oc, B) need not be univalent, as shown in [117,.

The concept of «radius of convexity » and «radius of starlikeness» for
classes of univalent and related analytic functions are quite useful and have
attracted several investigators. Recently, Libera in [7] introduced the concept
of «y-spiral radius » for the classes of univalent functions. Following Libera (7],
if fe§ and |y|<®/2, then y-spiral radius of f is

7
(1.4) y—s.1. {f} = sup {r: Re (e?z ff((:)) )>0, ze E},
and if Fc 8, then y-spiral radius of F is
(1.5) y—s.r. F=inf [y —sxr. {f}].
FEF

Motivated by Libera [7], we introduce yp-convex radius as follows.

Def. 3. If fe N, the class of analytic functions in & and |y|< #/2, then
the y-convexr radius of f is

1"(2)

7(‘2“))}>0, ZEE} .

(1.6) y —e.r. {f} = sup {r: Re {e”(1 + 2
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Def. 4. If Gc ¥ and |y|<@/2, then y-conver radius of G is

(1.7) y—er G =inf [y —eur {f}].
7eG

Results in terms of a fixed second coefficient have been obtained for various
subclasses of S. Finkelstein [4] investigated the classes S8)(0,1) and M3(0, 1),
the starlike and convex funections with pre-assigned second coefficient. Ex-
tensions of these results can be found in [1], [5], [12], .... In the present
paper, we obtain lower bounds for the classes introduced above and apply
them to determine p-spiral radius for functions of the class S*(a, f) and
y-convex radius for functions of the class M;;(oc, B).

2 - Growth estimates
We need the following lemma.

Lemma. Let w(z) = bz + ... be an analytic map of the wnit dise into
itself. Then |by|<1 and

()] < (

Bquality holds at some point 2z (# 0) if and only if

_e72(z + bye?)

= e 1>0.
1+be-itz

w(z)

This lemma is an iterated form of Schwarz’s lemma and is due to Lowner [8].

To obtain growth estimates for the classes S3(c, f) and M, f) it is useful
to consider the following class.

Def. 5. A function h(z) = 1 + 2a,2 - ..., analytic in the unit disc Z,
is in HXo, f) (|A|< (2, |a;|=p, 0<p<P(l—a)cosl) if the inequality

h(z) —1
(2.1) l 2ﬁ(h(z) —14 (1—«) e~z cos 2,) — (k(z) _

1)[<1

holds for some «, f, A (0<a <1, 0 < f<l,—z/2 < i< n/2) and for all z€ E.
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Observe thaﬂ f(2) € S, B) if and only if zf(2)/f(2) € HXe, ) and f(z)
€ Mi(e, B) if and only if 1 =f"(2)/f'(2) € H}(a, ).

Theorem 1. Suppose h(z)€H:(a, f), |y|<a[2 and

w=pr-+pl—a)eosd, ov=pf1l—a)cosir+p.
Then, for |2|=r<land foralle, f, 2, p (0<a<<1,0<f<l, —7/2 < A< /2,
0<p<p(l—a) cos ),
(2.2) Re {eth(2)}

u? cos y—2uvf(1—a)cos A -1 +v2(2—1)(2(1—x)cos A cos (y—1)—(2—1)cosy)r?
> .
u?— (2 —1)2v2y2

The result is sharp.

Proof. Since h{z) eHﬁ(oc, f), an application of Schwarz’s lemma gives

14 (28 —1— 2B(1— ) e cos A) w(2)
1+ (26 —1Dw(?) ’

(2.3) h(z) =

where w(z) = bz + ... (b, = p/(f(1 — &) cos A)) satisfies the hypothesis of the
lemma. Thus

or
(2.4) lw@)] <~

where « and v are as given in the statement of the theorem and |z|= r. Let
B(2) = e¢'*h{z) and |y|<xn/2. Then (2.3) may be written as

(2.5)  w(z) = | _c7— B) _ .
@ —1)B(s) — o7 (2f —1— 2B(1— o) &~ cos 4)

From (2.4) and (2.5), we have
or

2.6 | =5 - < —.
(2 —1)B(2) — e (2f—1—2(1—a) e cosA) | ~

Setting B(z) = & + iy and simplifying, (2.6) gives

(2B(1— &) (28 — 1) e~ cos A) 0?7 |
ut— (2 — 1)2v2r® )

@27  lE+ip—er(1+

- 2uvf(1l— &) cos A-r
Tyt (28— 1)20te2
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From (2.7), it follows that

X 2 1— ') 1 i) No
28 To(B@)>Roforr iy PPUTHEI D P nBo

2uvB(l— o) cos A7
u?— (20 —1)2v292

Now the result follows immediately from (2.8).
The bound in (2.2) is sharp for the function

u+((28 —1)et0 —28(1— ) cos A-ei6-2) vz

w4 (2 —1) ez (B %),

h(z) =

where 0 is given by the relation

(Zf} 1

A

(2.9) 0 = 2 arc tan [(
while for f = %, it is sharp for the function
h(z) = z exp [— (L — a) cos l~ei‘0—”£ 2],

where 0 = A.

3 = The y-spiral and y-convex radius

In the sequel set S*(a, 1) = Sia), Si(a,p) = S*a, ), 8,(0,1) = 8% and
82(0,1) = 8.

Theorem 2. y-s.x. SXa, B) is the smallest positive root vy of the equation
(3.1) u? o8 y — 2uvf(l-— o) cos A7
+ 0226 —1)(2/(1— o) cos 4 cos (y — A) — (2f —1) cos y) r2= 0,

where w = pr + (1 —oa)cos A and v = f(1—a)cos A-r +p. The result is
sharp for all admissible values of o, f, v, 2 and p.
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Proof. Setting k(z) = 2f'(2)/f(2), in Theorem 1, we get
'(2)
Re {efrz——
(3.2) { ) }

- %2 cos y — 2uvf(1— «) cos A-r+0*(2—1) (28(1— «) cos A cos (y— 1)
- u?— (26 — 1)20292

— (2 —1) cos p) »*
— (28 —1)z02p2’

Thus, from (1.5) and the inequality (3.2), f is y-spiral in [2|<<#,, where 7, i3
the smallest positive root of the equation (3.1). Hence the theorem.

The result is sharp for the funection f(2) given by

f'e) _u—+ (28 —1) e — 2B(1— x) cos A-ei0-P) vz
(8.3) ) fle) u -+ (2 —1) efouz

where 0 satisfy the relation (2.9); while for § = 1, it is sharp for the fune-
tion f(2) given by

f’(z) = i(g-2) v
(3.4) Z o) zexp [—(l—a)cosh-e Q—bz] ,
where 0 = 4.
Corollary 1. yp-s.r. Sﬁ(oe) 78 the smallest positive root v, of the equation
u? cos y — 2uv(l—a) cos A7 -+ v*(2(1—a) cos A cos (y —A) —cos p)r2 =0,

where u = pr + (1—oa)cos A and v = (1—ax) cos A 1 -+ p. The result is sharp.

The above result is obtained by fixing f = 1 in Theorem 2. Further, taking
» = p(1l—a)cosi in Theorem 2, we get the following 1esult found in [10].

Corollary 2. y-s.x. S¥a, ) s the smallest positive root vy of the equation

cosy — 26(1— a) cosi-»

+ (28 —1)(28(1 — &) cos cos (y — A) — (2 —1) cos y)r?

The result is sharp.
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The following result relate A-spirallike functions to starlike functions; can
be determined from Theorem 2 by fixing y == 0 and («, f) = (0, 1). This result

was also obtained by Silverman and Telage [13] by using a different technique.

Corollary 3. Let f(2) is in S*. If we set ¢ = cos A --|sin 1|, then f(z)
s starlike in |z]|<<ry(p), where

Folp) = p(l—e) -+ VpHl—e¢)® + 4c cos® A .
olp) = 2¢ cos A
Further ro(p) is decreasing (0 <p<cosd) with

1
75(0) = \72' and 7o(cos 1) = 1 ;

Remark. Since ¢ is maximized at |1|=z/4, for all p, we have

(35  (sing +cosT)

1 1 7T 7T
= —= ¥ < g = 5 — - sin— )1,
1 73 <1(p) 75 (cos i +sm4)

The lower bound in (3.5) is the radius of starlikeness of A-spirallike funetions,

found by Robertson [11],. The upper bound in (3.5) shows that odd A-spiral-
like functions are starlike for |2|<C1/4/2.

In the result that follows we relate starlike to spirallike funetions.

Corollary 4. ILet f(2) is in ;S': If we set D = secy - |tan y|, then f(2)
is y-spirallike function in |2|< Ty(p), where

o) = p(1—D) +Vp*(1—D)* 4 4D
[ p - 2D
Furthermore To(p) is deereasing (0<p<1) with

Fo(0) = \—/1_5 and 7o(1) =

Sl =

The above result is obtained by fixing A = 0, (&, ) = (0, 1) in Theorem 2,
which was also determined in [14] by using a different technique.

Setting h(2) = 14 2f"(2)/f'(#) in Theorem 1 and using Def. 4, we get the
following result for the class Mi(a, f3).
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Theorem 3. y-er. Mf)(oc, p) is the smallest positive root r, of the equation

u? €08 ¥ — 2uvf(l— x) cosid 7
+ v*(2f —1)(2f(1—a) cos A cos (y — A) — (2 —1) cos y)1* = 0,

where w = pr 4+ f(l—oa)cos 2 and v = f(1— o) cos A-r + p. The result is sharp
for the function f(2) given by

(2) _u+t (28 —1) e — 2B(1— o) cos A-ei0-2) vz

f'(2) %+ (2f—1) e0vz B4,

145

where 0 satisfy the relation (2.9); while for f =%, it is sharp for the function
f(z) given by

—~h

ll(z)

R

= zexp [— {1 — &) cos A-ei0-2 —2 2],

where 0 = A.

Remark. For different values of the parameters o, £, 4, v (0<a <1,
0<p<l, |A|<n/2, |y|<n/2), Theorem 3 gives yp-c.r. for the classes intro-
duced by Chichra [2], Robertson [11], ete. with fixed second coefficient.
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Summary

Soit Hia, B)(|2|< /2, |as]=p, 0<p<P(l—a)cos2) la classe des fonctions
Mz) = 1+ 2a.2 + ... qui sont analytiques et satisfont & Vinégualité

| ((z) — 1)/{26(1(z) — ) — (h(z) — 1)} <1

pour les valeurs o, B, 2 (0<a<1l, 0< <], —7/2 < A< 7/2) et powr tout 2z € B = {z:
|2} < 1}. Par ailleurs, une fonction f(z) appartient & Si{(o, p) si et seulement si zf'(2)/f(2)
€ Hf;(oc, B) et f(z) appartient & ﬂ[g(oc, B) si et seulement si 1 + 2f"(2)/f'(z) € I-l:;(oc, B). Dans
le papier, nous oblenons une limite inferieure ewacte pour Re {e?h(z)}, |v|< 7/2 et nous
utilisons ce résuliats pour trouver le rayon des v-spirales pour les fonctions de la classe
82(a, ) et le rayon des v-convemes pour les fonctions de la classe MA(x, f).






