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MURSAIEEN ana H. Z. KHAX (¥)

Nonarchimedean spaces of bounded sequences all

of whose invariant means are equal (*¥)

1 - Introduction

Let o be a mapping of the set of positive integers into itself. A continuous
linear functional @ on I, is said to be an invariant mean or a o-mean if and
only if: (1) @(x)>0 when the sequence = {z,} has 2,0 for alln; (2) P(e)=1,
where ¢ == {1,1,1,..}; (3) @({#ow}) = P(z) for all v €l,. For certain kinds
of mappings o, every invariant mean @ extends the limit functional on ¢ in
the sense that @(z) = lim z for all £ €e. Consequently, ¢ c Vs, where Vs is
the set of bounded sequences all of whose o-means are equal. In case o is the
t:anslation mapping # —n -+ 1, a g-mean is often called a Banach limit and
Vs is the set of f of almost convergent sequences [1].

Tt can be shown that the set Vi, can be characterized as

m

> Tim, exists uniformly in n},
7=0

Vo= {xel: lim

o M1

and has the form Le, L being the common value of all g-means at # (sce [4])
where ' = {#6n}. We write I = o —limx. Also

i3
7 Tiz, exists uniformly in n} .

; N 1 :
Vo(B) = {we k: ilj::o g

c

(*) Indirizzo: Dept. of Math. Aligarh Muslim University, Aligarh, 202001 India.
(¥*) Ricevuto: 12-1-1982.
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Let p = {p.} be a sequence of real numbers such that Pw> 0 and sup p, << oo.
We define

m
To(p) = {wel: hm ] Z Tig,— Le|*» = 0  uniformly in n for

i=0

some Le S},

Ves(p) = {z € Vs(p): o —lima = 0} .

In particular, if p,, = p for every m, Vi(p) and Vyo(p) are same as Vs and Vyo
respectively.

In [6] and [3li:3, some matrix transformations have been characterized
in Vs for real or complex sequences. In [5], authors study some matrix trans-
formations in nonarchimedean spaces. In the present paper, we study the
space Vs as nonarchimedean and characterize some classes of matrices.

2 -« Preliminaires

Let X denote a topological vector space over 8. A subset ¥ of X is said
to be absolutely convex it VY 4 V¥ c Y, V denotes the valuation ring of §.
Y is said to be convex if it is absolutely convex or a translate of an absolute
convex sef. ¥ cX is called balanced if VY c Y. A filter base consisting of
convex sets is called a convew filter base. X is said to be non-archimedean if
there exists a convex filter base of 0 € X consisting of balanced sets.

Let A = (a,;) be an infinite matrix of elements of § and 2z = {.} be a
sequence of clements of S. We write Ao = {4d.(2)} it 4,(2) =Y a,.2, con-

verges for each n. If P and @ are any two sequence spaces, we write (P, Q)
to denote the class of matrices 4 such that Az e @ for every z e P.

8

We write sup := sup; lim:=lim; > = Y.

(3 n=0, 1, ... n n-->0 n n

i
o

Throughout this paper we shall use the notation a(n, k) to denote the ele-
ment a,;, of the matrix A. We write

o0 m

Z Tiwyy tualdo) = 3 > a(o’(n), k) @/(m +1),

[N
() = m+1 j=0 E=1 =0
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3 - Main results

Theorem 1. If S is complete and inf p,, > 0, then Vi(p) is a complete
nonarchimedean topological vector space the nonarchimedean metric

g(@) = sup |Eu(a) [*,

myn

where M = max (1, sup p,). If B is complete then Vs(I) is complete.

Proof. Letx,y e Vo(p). Itis easy to show that ¢(0) = 0 and g(x) = g(— @)
and g(z + y) <max (g(z), g(y)). Therefore g defines a nonarchimedean metric
on Vs(p). Further for 1€ 8 we have g(Az)<max (1,]1]) g(#). Therefore i — 0,
© — 0 = Az — 0 and if A is fixed, # - 0 = Az — 0. If 2 € Vi(p) is fixed, then
we have
2

g(z)<max (|4, |A]?")g(z), where p'=infp,,.

Since p./M <1, we have for every m and n (see [2],)
En (@ =+ ) 2 < [t (@) |27 [ (y) [
and for every 1e€8 (see [2],) |A[*¥<max (1,][A]).
Therefore it follows that Vs(p) is a linear topological space.

Now, let Y,(0) = {x: g(#) < 1/n}, which is a filter base and each Y,(0) is
balanced, for if A€V and x € ¥,(0), then

gy < max (1, |2]) g(0) = g0 <,

and therefore x € Y ,(0), i.e. VY,(0)c ¥Y,(0). Furthermore, each Y,(0) is con-
vex, for if, @,y € ¥,(0) and A, x €V, then

1
9w + py) < max (¢(2) g(y) <~

and hence Az + pye Y,(0), i.e. VY,(0) + VY,(0)c Y,(0). This leads that
Vs(p) is a nonarchimedean topological vector space.

To show completeness, let {w’} be a Cauchy sequence in Vs(p). Then for
each %, {2} is a Cauchy sequence in § and hence x! —, for each k. Let
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¢ = {z,}, then @’ ~>wx. We now show that x e Vs(p). Since x’e Vs(p), there
exist Lie 8 and m; such that for every » and for every m > m;

(1) [t n{@f— Lig)|mm/¥ < g .

Sinee {z,} is a Cauchy sequence, given ¢ > 0, there exists N, such that for
i, > N, and for every m, n,

(2) [ynl@F — i) | pldt < g,
Taking limit as j — oo we get
(3) !tmn(mi*— [L‘) i”"'/‘” < g,

By wvirtue of (1) and (2), it follows that, for m>m, and 7, j > N,
|Lie — Lie|™¥ < ¢. Thus {L} is a Cauchy sequence in § and therefore, there
exists L e S such that, for i > N,

(4) : |Lie—Lej<¢.

Now, by virtue of (1), (3) and (4), we have, for cevery m > m,,
[tn(@) — Le|”" < e. This terminates the proof.

Theorem 2. A€ (c(p), Vo) if and only if: (i) there exists an integer B > 1
such that sup |y a(oi(n), k) |B™"[(m + 1)< oo, (ii) au = {au}>, € Vs for
n,kym J=0

each k, (iii) a = {Z Uni} i € V-

nei

In this case, the o-limit of Az is (ima)[u— Y u] + > w.®, for every
x € Vs(p), where u=oc —lima and u,=o —lim a,. k

Proof. Let A e (¢(p), Vo). Sinece e, eec(p), necessity of (ii) and (iii) is
obvious, where ¢ = {0,0,...,0,1 (k-th place), 0,...}. It is easy to see that
(e(p), Vo) € (eo(p), Vo), thelefcue, for the neceqsmy of (i) we observe that
A e (¢(p), Vi), where 4 € (¢(p), Vo). It is obvious that {i,.(Ax)} is a sequence
of continuous linear functionals on ¢,(p) such that lim ¢, (Ax) exists uniformly

m

in n. Then, by uniform boundedness principle, there exists a spheie S[0, d]
Ce(p), with 0 < 6 < 1,0 = {0, 0,0, ...}, and a constant K such that ¢,,,(dx) <K
for each m and for every x € 8]0, é]. For every integer » > 0, we define a se-
quence (20) of elements of ¢y(p) as follows
m
o 6% sgn (3 afoi(n), k) [(m -+ 1)), 0<k<r
alr) == < §=0
LN
0, r<<k.
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m
Then a0 e 8[0, 8] for every r and supl|> a(ei(n), k) |B™V7[(m + 1)< K, for
k J=0
each m and 7, where B = §-¥. Therefore (i) is satisfied.
Conversely, suppose that conditions (i), (ii) and (iii) are satisficd and
x € c¢(p). Then there exists I, such that |z, —1}7* — 0. It is easy to check that
(1) €cg(p). Given &> 0 there exists %, such that

zml.‘ — l IP):/‘”(\"

£
‘ m<l for every &>k,

where

D = sup |t(n, k, m)| B~V {(n, k, m) = S (L(o’"(ﬂ), E)[(m +1).

,k,m j=

-2

Therefore, we have

2 — 1| < BYox |y — 1] < (s

Bl/vx
2D+ 1

&
)M < D 1 for every k> Ik,

-+

where M=max (1, supp,). By (i) and (ii) we have |t(n, k, m) — u, | B < 2.D.
Whence

[> (t(n, &y m) — w) (@, — 1) | <sup |[¢(n, ky m) — w| |2, — 1] + &,
k I

Lim |3 (t(n, kym) — w) (2, — )| = 0 uniformly in ».
m k

Therefore, lim > #(n, k, m)a, = « + > w2, —1). This completes the proof.
k

m ok
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Abstract

Let I, and ¢ be the spaces of all bounded and convergent sequences of a nontrivially
nonarchimedean valued field S and B be a nonarchimedean normed linear space over S.
In this paper, we study some matriz transformations in nonarchimedean spaces.



