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P. VERHEYEN ana L. VERSTRAELEN (%)

Quasiumbilical anti-invariant submanifolds (**)

1 - Introduction

B. Y. Chen and K. Yano proved that every totally quasiumbilical submani-
fold (1) of a conformally flat space is conformally flat [7]. Concerning the con-
verse, it is known for allready a long time that every conformally flat hyper-
surface of a conformally flat space is quasiuwmbilical [3], [9]. This property was
generalized by J.D. Moore and J. M. Morvan as follows: every conformally
flat submanifold M» of a conformally flat space F»+» with codimension p<min
{4, n — 3} is totally quasiumbilical [8]. For possibly higher codimension B.Y.
Chen and one of the authors showed that every conformally flat submanifold
M~» of a conformally flat space J"+» with p<n—3 and flat normal connection
s totally quasiumbilical [6].

Recently one of the authors proved that every totally quasiumbilical totally
real submanifold of a Bochner-Kaehler space is conformally flat [10]; for totally
geodesic submanifolds see [1], and for totally umbilical submanifolds see [11].
In this direction we also mention the following theorem of K. Yano: every
totally real submanifold M with commutative second fundamental tensors in a
Bochner-Kaehler manifold M is conformally flat [11],. Based on a characte-
rization for the conformal flatness of totally real submanifolds of Bochner-
Kaehler spaces, this result will be generalized in 3. In 4 we will give some
results of this type for anti-invariant submanifolds of Sasakian manifolds with
vanishing C-Bochner eurvature tensor.

(*) Indirizzo: Katholieke Universiteit Leuven, Departement Wiskunde, Celestij-
nenlaan 200 B, B-3030 Leuven, Belgié.
(**) Ricevuto: 21-X-1981.
(1) All manifolds in this paper are assumed to be of dimension > 4.
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2 - Preliminaries (see also [4])

Let M" be an n-dimensional submanifold of an (n 4 p)-dimensional Rie-
mannian manifold J=+». The second fundamental form of M in M will be
denoted by h; its components are given by &, whereby we agree on the fol-
lowing ranges of indices: 4,7, k, 1€ {1,2,...,n} and € {1,2, ..., p}. By R and
R we respectively mean the curvature tensors of M and M , and by R! the
curvature tensor of the normal connection of M in #. When the ambient
space I is conformally flat, M has flat normal connection (R+ = 0) if and
only if all second fundamental tensors A: associated with normal sections &
are simultaneously diagonalizable [4],.. The equation of Gauss may be written as

(1) Biji=Riu—Dyrn, Duyn= Z (hhG — bz 1j1)
Let
1 7
2 P Y R AN
(2) L n—2 i+ 2(n —1)(n —2) O 5

whereby S and r are respectively the Ricei tensor and the scalar curvature
of M. Then with respect to an orthonormal frame the conformal curvature
tensor C of M is given by

(3) Ciikl = -Riikl + 6ilL:ik_ 6]’1Lik + (SikLil— 51‘7»'1}51 ’

and by a theorem of H. Weyl M is conformally flat if and only if € = 0.

A normal section £ is called gquasiumbilical if the principal curvatures of
M corresponding to &, in other words the eigenvalues of 4;, are given by
ey Agy ooy Az where Az oceurs m — 1 times. In particular, & is said to be a
cylindrical, umbilical or geodesic section when respectively A; = 0, As = ue or
de = s = 0. Mnis called a totally quasiumbilical submanifold of M+ if there
exist p mutually orthogonal quasiumbilical normal sections on M.

3 - Totally real submanifolds of Bochner-Kaehler spaces
Let JI*» be a (real) 2m-dimensional Kaehler manifold with complex strue-

ture J. With respect to an orthonormal frame the Bochner curvature tensor B
of M is defined by [11],

(4) BABCD == EABCD + (SADNBC_" (SBD-NAC + 6BC-NAD—“ (SAC’NBD + JADATJZC
— T Nio + s Nup— Jae Npp— 2(JanNep + Jop Nis)



[3] QUASIUMBILICAL ANTI-INVARIANT SUBMANIFOLDS 235
whereby 4, B, C,De{l,2,...,2m},

I s o F s
T 3(m +2) 7T 8(m + 1)(m +2) P

(5) Nyp= -N:m = Z Nycdep ’
¢

and § and 7 are respectively the Ricei tensor and the scalar curvature of .
M is said to be Bochner flat or is called a Bochner-Kaehler space when B =o.

Let M» be a totally real or anti-invariant submanifold of M2, i.e. Vo€ M,
J(T, M) C TjM' [5], [12] (and therefore essentially n<m). We choose an ortho-
normal frame {£} on I such that {F,, ..., B,} is a basis of TM and in this
section agree on the following ranges of indices: i, j, k, I, s,t € {1, 2, ..., n} and
a,fefn +1, n +2,...,2m}. Then, making use of the equation of Gauss,
(4) becomes

(6) Biikl - —Rz‘ikl - —Diikl + 61’11\'T1'k - 5:1'11\Tz'k + (Sik Nz'l - 6ik-z\'Til .

Contraction of (6) gives

(7) bz'7»‘ - Sjk—_Djk + (’)ZA ad 2)2\‘2‘1; + _Z\T(Sjk 3

whereby by = 3 Bojrey Diz = . Doy and N= Y N,,. Contraction of (7) yields

(8) b=r—D+2n—1)N,

whereby b = 2533 and D= > D,. From (6), (7) and (8) we find that (see
also [12]) s s

1 >
(9) Bm:z = Ouypy — Dy — m?ﬁ (046 — 8:01)(D + b)
1 ~ ~ > o
+ (042056 — 050 + 05100 — 8ibsy + 8 Dj— 051D — 05 Diy— 81 D1

n—2

Proposition. Let M» n>4, be a totally real submanifold of « Bochner-
Kaehler manifold I with commuting second fundamental tensors. Then M»
is conformally flat if and only if

() 2 (0fF —od)er —of) =0,

[

for mutually different ,7, k, 1 where of are the eigenvalues of Ao = A, .
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Proof. If Vu,f: [4da, 4] = 0, then we can choose an orthonormal basis
of T'M such that hf, = ¢70,;. Moreover, by the Bochner flatness of M, (9) be-
comes

(10) Gz:kl — -Dzjll —{_ ((SJIDU 62’1-D7’k '{" (51'ch1‘1-“ (Sz'k -DJ'Z)

D

+ (n—1)(n—2)

(611 (Szk 6 (Syl) .

Putting a;; = 3 o of, we get

(11) —Dz'ikl = ai:‘(é‘itéik““ 5:‘1« 5:’1) 3 D:ik = (Z a’ti) (Sz‘k ’ D = Z Qs -
tFj ty=s

Consequently

(12) Cosn
6fl(3jk~éik 5.’”
=[(n—1)(n —2)a;— @‘*1)(t% ay+ 3 ) +2 20 ]m .

74 t<s
Now the proof can be finished in the same way as the proof of Theorem 1 in [6].
The proof of the next theorem is based on the following algebraic lemma.

Lemma 2 [6]. Let An e q < n—2 diagonal matrices of order n>4 whose
eigenvalues oF, ..., oF satisfy (%) for mutually different i,j, k,1. Then by trans-
formations of the type

-~

Ay=Ayco80 + Agsing, As=—Axsinf + Ascosb,

matrices A can be obtained such that each Ax has an eigenvalue of multiplicity
>n—1.

Suppose that M= is a conformally flat totally real submanifold of a Bochner-
Kaehler space M2, m = n -+ p, with [4«, 45] = 0. Choosing an orthonormal
frame {F,} on M such that {£,} is a basis of M which simultaneously dia-
gonalises all A, and such that B, = B, , = JE,, it follows that E ., ..., I «
are cylindrical normal sections (since %, = ks = I [5]). Thus from Propo-
sition 1 and Lemma 2 we have the follo“ ring ‘

Theorem 3. Let M~ n>4, be a conformally flat totally real submanifold
of & Bochner-Kaehler manifold It with commuting second fundamental ten-
sors. Then, if 2p <n—2, M» is totally quastumbilical.
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In case 2p>n — 2, either a conformally flat totally real submanifold M»
with [4«, 4] == 0 in a Bochner-Kaehler space I+ i5 totally quasiumbilical
or we can use Proposition 3 of [6] to prove that with respect to a snitable frame
the second fundamental tensors take the following form

Any; = D(0,...,0,0%0,...,0),

Agnp = D(gmH4y .,y by, gniy griv, gty (we{1,2, ..., n—2}),

RERRL
(13)  Aguy = D(o*, ..., 0" 02n71),
Ay = D™ ..., o) ,
Apuv=0 (ve{l,2,..,2p—n}),

whereby o and ¢?i% are the j-th and the (u -~ 1)-th element, respectively, and

(14) D(ay,y .eya)=1[ ™ ].
0 QA

In particular, for a real space form M=(¢) of constant sectional curvature ¢
with [4as, Ag] = 0 in a complex space form M0+ () of constant holomorphie
sectional curvature &, for 74§ we have a,; = ¢ — €[4, such that by the same
argument as the one used in the proof of Corollary 1 of [6], M is totally quasi-
umbilical when 2p<n — 2. Because the normal sections F,, are cylindrical
and 2p <n — 2, a,;; being constant for ¢ % j implies that the normal sections Fa
are cylindrical or umbilical. By transformations as in Lemma 2 we thercfore
obtain the following (see also [6])

Proposition 4. Let M»(¢), n>4, be o real space form immersed in a
complexw space form M 2o+(¢) as a totally real submanifold with commuting second
fundamental tensors. If 2p<n —2, then there ewist locally n - 2p mutually
orthogonal unit normal vector fields &, ..., Enpop 1y Enpey Such that M*(c) is cylin-
drical with respect to &, ..., Enpops and cylindrical or umbilical with respect to
Enpane Thus e>cf4. -

4 - Anti-invariant submanifolds of Sasakian manifolds with vanishing contact
Bochner curvature tensor

Let I+ be a Sasakian manifold with structure tensors (g, &, 7, 9) [,
[11],, [12]. Analogeous to the Bochner curvature tensor for a Kaehler ma-
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nifold, with respect to an orthonormal frame {E.}, (4,B,0, De{l,2,...,
2m -+ 1}), the contact Bochner curvature tensor or C-Bochner curvature tensor
for JI*+1 is defined by [12]

(13) Biser
= R ypcp + (640 —1470) Prc— (95— 570) Pac + (85c— 15%c) Pap
— (8ac—14M6)Pup + Pa0Pre— oo Pac + PsePan— acPan
— 2(@aPon + PeoPas) + PunPuc— PepPac— 2PanPen »

whereby

1 ~

Pyp=— m Suz + (P + 3)6us— (P"‘l)?h"?u} )

p o _F+2Bm+2)
A 4(m +1) 7

N
I
g

P:w = ZPAC(pCB .
[

Let M» be an anti-invariant submanifold of I+, ie. Yo e M, ¢(T,M)
c T;LM , (which since rank ¢ = 2m implies that n<m 4 1). When M is normal
to the structure vector field &, then M is automatically anti-invariant and
n<m (in fact, then M is an integral submanifold of the contact distribution
defined by 5 = 0 [1],; such submanifolds are also called C-totally real sub-
manifolds). When & is tangent to M, then M is anti-invariant if and only
if £ is parallel along M [12]. We will consider these two cases separately.

(I) & is normal to M.

Then by computation of the Gauss equation involving the C-Bochner cur-
vature tensor of M and the Weyl conformal curvature tensor of M in an
analogeous was as in 3, the following result ean be obtained by a proof similar
to the one given in [10].

Theorem 5. Let M», n>4, be a totally quasiwmbilical submanifold of a
Sasakian space F*+ with vanishing C-Bochner curvature tensor such that M
is normal to the structure vector field of M. Then M is conformally flat.

Next we assume that M has commuting second fundamental tensors. If
we choose the orthonormal frame {E,} such that Ei,..., B, are principal di-
rections on M such that .., = ¢F,; and B,,,, = £ then each B, is a cylin-
drical normal section and H,, ; is a geodesic section [12]. Therefore the fol-
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lowing results can be obtained in the same way as those in 3, (now o€ {n +1,
n+2,...,2m -+ 1}).

Proposition 6. Let M, nx>4, be a submanifold of a Sasakian space
IT2m+r normal to the structure vector field &. 1 f I has vanishing C-Bochner cur-
vature tensor and M has commuting second fundamental tensors, then B3 is con-
formally flat if and only if (%) holds for mutually different i,7,k, 1.

Theorem 7. Let M*, n>4, be a conformally flat submanifold of a Sasa-
kian manifold J*m+1 normal to the structure vector field &, m =n + p. If I
has vanishing C-Bochner curvature tensor, M has commuting second fundamental
tensors and 2p <n—2, then M is totally quasiumbilical.

When 2p>n—2 in Theorem 7 M is totally quasiumbilical or the second
fundamental tensors take particular forms as in 3. Moreover if M is a real
space form of constant sectional curvature ¢ immersed in a Sasakian space
form of constant g-sectional curvature ¢ normal to & and Vu, f: [ds, 45] = 0,
then a; = ¢—¢&/4 for is5j such that M»(c) is totally quasiumbilical in
M2omem+1(G) if 2p<m —2. In this case {Es} can be chosen such that all B,
are cylindrical except possibly the last one which may be umbilical.

(I1) & is tangent to M.

Let M»t! be an anti-invariant submanifold which is tangent to the struc-
ture vector field & of a Sasakian manifold M+, m = n + p. By the paral-
lellism of & along M, M locally is a Riemannian direct product M'» X € where
M’ is a totally geodesic hypersurface of M and % is a curve generated by &.
By choosing an orthonormal frame {E.} on I, (4 €{0,1, ..., 2m}), such that
By, =¢§ and {E,} is a basis of TM', (w,y,2€{1,2,...,n}), we can prove in
the same way as above that when A1 has vanishing C-Bochner curvature
tensor and M'%, n>4, is totally quasiumbilical, then M’ is conformally flat.
If we take {E, such that E, = E,, .= @H,, then we have (Ae{2n +1,
20 + 2, ..., 2m})

0 0 1 0

? 0 07
4n Ao = 1 H ’ Az:,O H, |’

0 —

where H , = (hjf:), H, = (hjz) and 1 is the (¢ + 1)-th element of the first row
and column of 4 .. In particular, if Ve, fe{n 41, n 4 2, ..., 2m},
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[Ha, Hg] = 0, we can choose an orthonormal frame such that

(18)

H i« = D(0,...,0,0,,0,...,0) .

Therefore, when in this case J7 has vanishing C-Bochner curvature tensor,
2p < n—2 and M’ is conformally flat, then M’ is totally quasiumbiecical.
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