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On limits in a super comma category (**)

1 - Introduzione

C. Pellegrino [6] has proved that if (F,}F,) is a comma category, with
I';: C; — C, then the canonical functor from (P F,) — C, % C, creates those
limits (colimits) which the functor F,(F,) preserves. Here we study the cate-
gory (Cat '}’ (), known as «Super comma category ».

Initially the concept of a super comma category (Cat '}’ C) was introduced
by 8. Eilenberg and S. Maclane [2] and was, later on, generalized by D. M.
Kan [3]. This category is also known as « Large Diagram Category » in the
sense of B. Pareigis [5]. Here Cat denotes the category of small categories
and C Is an arbitrary category. The objects of this category are pairs (J, F),
where J is a small category and F': J — C is a functor, and morphisms (W, B):
(J, F) = (J', F') are those pairs consisting of a functor W:J —>J' and a
natural transformation f: I"'W — F. If morphisms

(W, B): (J, )= (J', F') - and (W',B):(J', F') = (J", F")
are given, then the composition of these morphisms is given by (W'W, S5’ W).
Define a functor @: (Cat'|'C) — Cat, called the projection of the comma

category, as:  sends each object (J, F) of (Cat "|" C) to J of eat and each mor-
phism (W, 8): (J, F) —(J', F') to W:J—J'.

(*) Indirizzo: Dept. of Mathematics, Aligarh Muslim University, Aligarh-202001,
India.

(**) The preparation of this paper was supported by a Senior Fellowship of the Council
of Scientific and Industrial Research, India. Ricevuto: 16-VII-1981,

13



186 M. IRFAN {21
In this note we study the creation, preservation and reflection of limifs
by the projection Q. However, the corresponding results for colimits do not

hold. Prof. G. M. Kelly, University of Sydney, Australia, also agrees with the
author’s conjecture that such results need not be true.

2 - Limits
We first prove the following lemma.

Lemma 2.1. The projection Q: (Cat '} C) — Cat creates J-limits of func-
tors from a small category J if C is a J-cocomplete category (cfr. [5]).

Proof. Let J be a small category and R:J — (Cat "} C) be a functor.

Assume that J* with Uy: J* — QR(X), defined for each X in J, is the limit
of QR; then for ¥ in J and j: X — Y the following diagram commutes

QE(X)

QE(j)

U!I

QR(Y)

As C is a category with J-colimits, then so is the eategory C’*. Let us
denote the functors QR(X) — C, QR(Y) — C by Iy and Fy respectively and
the natural transformation Fy QR{(j) — Fyx by f; then we have pUy: Iy
“QR(j) Ux— F Uy. Assume that L with oy: Iy Uy — L, defined for each X
in J, is the colimit of F_U_:J — ¢’ with X — F,Uy; then if we replace
QR(j) Uy by Uy, we obtain the commutative diagram

Iy Uy
o":

pUx L

Xy

Fy Uy
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It, therefore, follows that (J*, L) is an object in (Cat '} C) with (Ux, ox),
(Uy, oy} as morphisms such that the following diagram is commutative

R(X) = (QR(X), Fy)
(UI’ aﬁ:)

(J*, L) R(j) = (QR(), B)

(U, ay,)
R(Y) = (QR(Y), Iy)

It is to be proved that (J*, L) with (Ux, ay): (J*, L) - R(X) is the limit
of B. In view of this consider the commutative diagram

R(X)
V.
W' L) R{j)
v,
; R(Y)
This yields the commutative diagram
(X
ov QE(X)
J=0n I QE(j)
Qv,
QR(Y)

So that there is 2 unique morphism, say, I': J'— J* making the following
diagram commutative

F

J >
N / |
QR(X)
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Set Vy= (QVy, ttx), V= (QVy, ty) wWhere py: FyQVye — L' and py: FpQVy — L',
Also, we have o l': Fx Ul — LF, ayl’: Ty Uyl — LF. Replace UzF by QVy,
Uyl by @Vy, so that we obtain o F': F1QVy — LF, ayl': FrQVy — LF. For
some AeJ’'. If we consider the diagram

FyQVx(4)
o, F(4) )
BRV (4) LF(4) — S R L'(4)
o, F(A)
FYQVY(A)

then there exists a unique morphism, say, «(d): LF(4) — L'(A) such that
a(A)oxP(A) = puy(d) and «(d)oyF(A4) = uy(4). This all means that we have
thus obtained a unique morphism (F, «): (J', L') - (J*, L) making the fol-
lowing diagram ecommutative,

B(Y)

This completes the proof of the lemma.
The following corollary is an immediate consequence of the above result.

Corollary 2.2, If Cisa J —cocomvpletc category then the functor @: (Cat "}’ C)
— Cat reflects J-limits,

Corollary 2.3. If Cis a J-cocomplete category then the functor @: (Cat | ©)
— Cat preserves J-limits.

Proof. Tt is trivial (cfr. [4], th, 5.4.2).
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Theorem 2.4. If Cisacocomplete category then the functor Q: (Cat '} O)
- Cat creates limits.

Proof. It is obvious in view of the above lemma.
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