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GASTON MANDATA N’ GUEREKATA (%)

On almost-periodic perturbation of

exponentially dichotomic abstract differential equations (**)

1 — Consider in a Banach space I the differential equation
(1) /(1) = Ax(?) + (1) —oco< << oo,

where the closed linear operator A is the infinitesimal generator of a strongly
continuous one-parameter group 7'(t); t€ R. We make the following assump-
tions:

(i) f(t) is a strongly almost-periodie function: B — K.

(ii) Equation (1) is exponentially-dichotomic (or shortly e-dichotomic)

i.e. there exists positive constants N and « such that

1 7(t—$) P |l e <N exp [—a(s —1)] s>t
”T(t_'s)l)-'_”L(E)<N exp [—a(t—s)] 1>,

P, and P_ are spectral projections on F (see [2] for basic definitions and
properties).
We state and prove

(*) Indirizzo: Univ. de Bangui, Faculté des Sciences, B.P. 1450, Bangui, Rep.
Centrafricaine.
(**) Ricevuto: 15-I-1981.
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Theorem 1. Let x(t) be a solution of equation (1) and suppose assumptions
(1) and (ii) hold. Then x(t) is strongly almost-periodic.

Lemma 1. a(t) admits the integral represeniation

x(t) :jtT(t —a)P_{f(e)do —J'mT(t—~cr)P_f(a) do .

Proof. If z(s) is a solution of equation (1), then we have
1) #'(0) = Aa(c) + f(o) .
Fix te R and apply T(t — o) to both members of (1)
(2) Tt —o)a'(o) = T{t—0c)Az(c) + T(t— o) f(o)
= AT(l—0)2(0) + T(t—0)f(o)
because A and T(f) commute on D(A4). Using the properties of P, and P_:

Iy= P, -+ P_, I the identity operator on F; 0 =P, P_=P_P_, 0 the null
operator on E and integrating (2) from — oo to ¢, we get

(3) ftT(t—G)P_d;'(G) do =fAT(t —g)P_z(c)do +fT(t —o)P_{f(o)do.

Congider the following equality
0

(4) 5= Tlt—0)a(o) = — AT(t — 0)a{0) 4 T(t — 0)a'(0)

Integrate from R to {, with R <{,
i t
P_a(t) —T(t—R)P_x(R) = —[AT(t—0o)P_x(c)do + [T(t—0)P_a'(c) do .
B R

But we have |T(t — B)P_ax(R)|z <N exp [— a(t — R)], which shows

lim |7t — R)P_a(R) ||z = 0

and thercefore

(5) P_a(t) = —f AT(t—0)P_a(o) do +f T(t—0o)P_a'(0) do .

—
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Combining (3) and (5), we get

(6) P_z(t) :fT(t—-o)P_f(a) do.

-0

Now integrate (2) from ¢ to + oo
(7) JT(t—o0)P,a'(0) do = [AT(t— )P, 2(¢) do + [T(t—0c) P, f(o) do .
t 1 4
It we integrate (4) from ¢ to R with R >t, we get
B B
T(t—ER)P a(R)— P, a(t) =—[AT({t—o)P »(c)do +[T(t—0)P 2 (o) do .
t t

But we have |T(t—R)P, 2(R)|z<N exp[—a(R—1t)], which gives

lim [T(t—R)P 2(R)|z =0

B>t

and therefore

(8) — P 2(t) = —[AT(t—0) P,w(c) do + [T(t — o) Pz'(0) do .
t t

Now (7) and (8) give

(9) — P, 2(t) =[T(t—0o)P x'(c)do .

t

Finally, combining (5) and (9)

2(t) = P_u(t) + P, (1) :}T(t———o)l’_]‘(o‘) do‘-FT(t—a)P+f(a) do .

—C0

Both integrals are convergent; in fact we have the bound

lo(t) < [17(¢ — o) P_f(0) |z do + fufm — )P f(0)] 280

—— 0O

< N_{je—a“-w 1#(0) |2 do + Ie 1#(0)]= 40}
<X sup (o)

f(o) is bounded as a strongly almost-periodic function. The lemmsa is proved.

27
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Proof of Theorem 1. Let ¢ >0 be given; by almost-periodicity of
F(t) we can say for every te€[a, ¢ -+ ()] which is an e-translation of f(o)
we have sup {f(¢ -+ ) —flo) g << e. Now

CER

a(t 4 1) —a(t) ::f;(t + 17—0)P_f(o)do —?T(t + 7—0)P, f(o)do

t+T

———ftT(t——a)P_f(a) do - fT(t—d)P+f(a) do ,

-0

if we put s 4+ 7 = ¢ in the two first integrals, we obtain

a(t 4 1) —a(t) =jfT(t—— a)P_flo + ) do —FT(t —0o)P flo+ 7)do

—c0 ¢

—JfT(t — o) P_f(o) do ~{—j?T(t — o) P flo) do

= [T(t—0)P_{f(c + 7) —f(0)} do —[T(t — o) P {f(o0+7) —f(0)} do .

—
A simple computation gives
.

2N 2N
ot + 1) — a(®)]s< = sup [f(o + 1) — (o) s <= e,

CER

therefore sup [z(t 4 v) — »(f)|z<< 2N /a-¢, which proves almost-periodicity of
m(t). tER

2 — Let now A = A(¢) varies with time; we are going to prove almost-
periodicity of solutions of

(2) @'(t) = A(t)a(t) 4 (1) - —oo<i<oo.

Consider the following assumptions:

(i) f(¢) is a strongly almost-periodic function R — K.
(ii) A(t) e L(B), Yie R.
(iii) Equation (2) is e-dichotomie, i.e. there exists positive constants
N,, Ny, a1, a,, such that

18(8) P1S(8)7 | cm < Ny exp [—a,(t—)] i>s,
[S(#)PoS(8) || somy < N o €XP [ @n(s —1)] s>,
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with 8(t), t € B, the Cauchy operators corresponding to equsbtion (2); P, and
P, a pair of mutually complementary precjections., We have Ip= P, -+ P,,
P P,=P,P,=0 and P =P, {=1,2.

(iv) The Green function considered is

/S 1) P,8(s)t t>s
G, s) = NS0 PuS(s)-2 s> 1
with properties
oG (1, )
ot

= A({)G(t,s) and G, t+0)—G(t,i—0) = 1.

Theorvem 2. Let x(t) be a solution of equation (2) such that assumptions
(i)-(iv) hold, then z(t) is almost-periodic.

Lemma 2. (1) admits the integral representation
:_ iS(t)PIS(a)*l f(0) do —fS(t)PES(U)“I f(o) do .
Proof. Let Z(t _fGt o)do, te R. Then we have
lIZt)H/ﬂISt)bPuS‘(G (o HdUJrHlS o) f(o)|do
< [Nreaa (o) jdo + [N, o-ete- o) o

VieR.

N, N
<sup ”f(o’)”{z;—l— :

Therefore the integral Z(f) converges uniformly over the real line. We
also have

V(t) z}o %G(t, 0)f(0) da:fA(t)S(t)P1 8(o)*f(0) do — jA(t (&) P.8(0)*f(0)do,
IT01=1] 2,60, 0)f(0)do] < [V,ee-2 (o) [ (0 ]do
+ (e (o) 140 |0

< sup [f0)] - A1 + V}




412 G. M. N'GUEREEATA [6]

therefore V(?) exists for each e R. We can conclude

@

2) = &, JSOPS0 (o) 40— 5, T80 P,5(0) (0)do

= G(t,1—0)/(1) + | = SOPS(0) (o) do
— 61+ 0j) — | 5 SHPSE) f(o)do

= 1)+ [A(D 6, ) (o) do—[A () 611, 0)/(6) do

T <«
= f(t) + A@) {[6(t, 0) f(0) do —[G (2, 0) {(0) Ao}
—c t
= f(t) + A1) Z(1) ,
which proves Z(f) is a solution of equation (2).

Proof of Theorem 2. Let a(t) be a solution of equation (2); as in the
proof of Theorem 1, consider = an ¢-translation of f(1). Then we can get very
easily the equality

2{t4-7) —2(t)= fS S(o){f(c+7) —f(o)} do va 1) P,S(o){f(c+7) —f(0)} do,

therefore

lo(t 4 =) — (1) ]| < sup [f(o + ) — f(o) | N, {J’e~a1u—a> do + Noj‘e—ax(o—t) do}
N, N, N, N,
= sup [flo -+ 1) — o) (T + T <e{ T+ 32,

(1) is almost-periodic.
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Abstract

We are concerned in this paper with exponentially dichotomic linear differential equa-

tions @'(f) = Ax(t) + f(t), — oo < t < o0, in a Banach space B, with f(&) almost-periodic;

we prove almost-periodicity of solutions when A is the infinitesimal generator of a strongly
continuous group T(1), and also when A = A(t) varies with time and A(t)ye L(E), Vte R.
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