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Some generalizations of Laguerre polynomials (IV) (**)

This is the last paper of a series of papers studying the properties of some
generalizations of the classical Laguerre polynomials. In 1956 the author [1],
took a completely different approach from the previous three papers of this
series [1],5, and studied a generalization of the Laguerre polynomials. In this
paper a few results not given in the earlier paper [1], will be derived; also, a
class of polynomials related to those studied by Srivastava [4] will be defined
and some of its properties found.

Srivastava [4] took as his starting point a remarkable idea of Erdélyi[2]
and obtained -a generalization of Laguerre polynomials given by

1 w oo gm .
(1) Ty &P [w— rEp—F u)’-] =3 L ).

m=0
He showed that (D = d/da)
(2) L () = Ararivtl exp [2](x /P D) (exp [— a]ar D)
It is easy to sce that

(3) lim J“’”’( r) = GW(z) = & exp [#}(z D)* exp [—x]a",

rrn AT
where .GY(z) are the 1)013’110111ials studied extensively by Toseano [7]. Stef-

fenson [5],» considers them as given by the generating function

4) ' explat + x(1 —exp[t])] = i ; @) x) .

i=0

(*) Indirizzo: Dept. of Math.,, West Virginia Univ., Morgantown W.V., U.8.A.
(**) Ricevuto: 18-II-1980.
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The author [1], studied the elass of polynomials G

(@) given by

(6)  GQN@) = (k —1) LETHAG () = gra=tnts exp[a](w* D) (exp [— ] 2%) .

Putting k=2 and o« =2 —a —n we have

(6) Gg’.’:;a—n)(x) — gpa—2-n eXp {m] ((E2D)" (GXP [_ CL‘] mZ—a—‘.m) ,
so that

_ 1
(7) (— 1) exp [—1/z]a" 6757 (=) = yul@, 4, 1),

where the polynomials y,(2, a, b) are the well-known Bessel polynomials studied
by many authors and are given by

(8) Yal®, ay b) = b g2~eDn(x2+e=2 exp [— bjz]) .

1 = An integral representation of the polynomials G{)(x).

One of the results obtained by the author in his previous paper[1], is

©

(1.1) AnOXp[— 2] G*) = f exp [—u]usrtn Ji,  (pwr)du

7,14 1//

where Jf;(x) is the Bessel-Maitland function defined by

] (__ 1)n L

)y JHx) = - .
('1'2) () ,Z, ! (v -+ nd + 1)
To give another integral representation we follow Szegd [6], and easily get
(") . ’
(1.3) Jexp [—uJusa=12 J2,_ (— zur) du
+oo

@ (_1)r/vr (0+)
=2 Tl L) 4 O5P [ ulwmtindu
=0

=2 72 )'1(:(;;_—)“}—}1_—) sin (od — 1-+Ar)  exp [— im{aA—1- A1)} (oA Ar+n)

==2 §in (el — 1) 7 exp [in(1l — )] E 1) oo

=0

(oh - A1) ... (@A —1 -+ Ar 4+ m)
= 22" sin (e — 1) 7w exp [in(1 — od)] exp [— 2] GiY)a(2) ,

for A >0 and ald 21,2, ...
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2 - Turan’s inequality
In a very interesting paper, Szegd [6], shows that Turdn’s inequality
(2.1) Au@) = (U(2))? — U, 1 (@) U,a(2) >0,

holds good, provided U, = U,(z) have a gencrating function F(z) such that

k4
(2.2) Z, U, ﬂ' F(z) and F(z)= C exp [—oaz®+ f]]](1 —-g;) exp[z/e.],

also, Skowgaard [3] has made the observation that if F(z, «) satisfies the
functional equation 0F/éz = F(2, o -+ 1), exploited fully by Truesdell {8}, and
is of the form given in (2.2) then it satisfies Turdn’s inequality.

From the generating function of G")(z) we see that

(2.3) (G@)? — G2, (@) G2, (@)=0  for n>1.

a—1,k

3 - Relation of the polynomials G!*)(x) with the hypergeometric series

To find the relation of the polynomials Gﬂ(m) with the hypergeometric
series we proceed as follows. .

We know that [1],

(3.1) n!Pf"fZ(w) = ff)(l‘:‘r)(ﬂ) ,
where

(LY) e\p [mr]m-a d” R —T
(3.2) Pivw) = ——=— g (@ exp [ xr]) .

If » is a positive integer then it is casy to express Pfl‘:l(m) through the con-
fluent hypergeomefric funetion pF, of Kummer by the formula

n—l—oc—}—m
I'((or 4 m)[r)

(3.3) Pi(z) = exp M — H{ } rF,

where

(3.4) I,

’ g eery - 5 r g eeny

(nbedtl  wdadr el o#;——mf)s‘rl",.

From this formula we can easily deduce a general form for Pf:’"i(m).
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Using the fact that the produet of two hypergeometric functions of any

order ', (ay, ..., a,; by, ..., by; ) and o (Oy ey &ys Buyooey By — @) can be
put in the form

2 a® (A, n) ... (@, n) _ ) —n,1—b,
e T P, .
u=20 n! (bl,’n)...(bs’n) 8+Q+i U {

=Ty eeny Oy eee

s 1
1oty — Ny eey Pry e’ 3o

where the positive or negative in the argument is to be taken according as
(r—s) is even or odd, we get (since exp[a7]= F,(a"))

wn P((n o 1)/7') F((«n 4o ,)/))
(3.5) Pw) = nl T - D)) o T (e )

Q@ T

n+o-1 nHfa-tr ot 1 a1
2 rpa P —m, . s reey " e R 1).
Whence an immediate conclusion is that
n-+o-t+1 nt+oat+r a1 o+
(3.6) ra ' (—m, — " S e T 1) =0

for m >n.

4 - A class of polynomials related to Z\; (=)

A

Let us now define another class of polynomials Lf:,)l(m) which are closely
related to the ones studied by Srivastava [4] as defined in (1).

We define our polynomials LY, (w) by

myk

oexp [—wu /(1 — u)? 20U,
(4.1) Ty =2 - Liw).

Differentiating with respeet to 2, we have

—wexp [—wu/(l —u)?] & ur

d .
SN I L Twm
(] _ /l(,)i'+).+l mm:u m! dw Lm’;_(il)) ’

which easily gives the recurrence relation

m1,2

1
(4.2) ; &(?LI; L (w) = — mLyEP, (w) .
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Also

exp [ — w/(1 — u)?] __explw— w/(1— u)*1]  eXP [~ wu /(1 — u)?]
(1 — )21 - (1~ gg)rtaty (1 — )= !

which shows that

<oy v D um v——-a—- b
3 77[, LN w) = Zo Ly (aw) - Z po gr‘n;ﬁl“)l (w) .
m=q v+ m= ’
Hence
(4.3) 25 ) = 3 () LoD 249,
=0

Now, let us multiply (4.1) by exp [— ] and differentiate with respect to w.
We have on using [1],

d
—_ a:; {BXP [“‘ SU] G,‘,ik(w)} = exp [_ w] G,(,‘.",Z’”(w) ,

the interesting relation

$(2v+/1)(,w)
m
- . m — ot d— v
= E Lf,”a “w) - LD () m 3 ( )L(” D (aw) - gfnff‘ll i1 (20).
r=0 r=0

Again,

exp [— wu/(1 — u)

——z ———L‘”’ (W) (1 —w) .

(A —uy o M
Hence, we have
(4.5) L D(w) = LY, () — mILY )2 ()
Putting » = 0 gives
(4.6) LEw) = L, ,(w) —mL,_, (w).
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