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Para-Kihlerian manifolds

having the self-orthogonal Killing property (**)

Let M(Q, g, %) be a para-Kéahlerian manifold, that is a neutral ¢ pseudo-
Riemannian manifold having a K#hlerian structure [5].

The structure tensors are: a canonical symplectic form £, a para-Hermitian
metric tensor g, exchangeable with £, the para-complex operator % (#2=+1).
I T,(M) is the tangent space at p € M to M, one has the decomposition
T (M) = S,(M)® S5(M). 1t dim M = 2n, 8,(M) and S,(M) are two self-
orthogonal (abr. s.0.) vectorial sub-spaces of dimension n and the pair (S,(M),
S:(ﬂ[ )) defines an involutive automorphism.

Let Z(M) be the bundle of real Witt frames over M and Z = {h,}
(1< A4, B, 0<2n), where h, are null real vector fields, an element of Z(JM).
If in the neighborhood of each point p € M there exists an & such that the
vector fields h, e S,(M) (¢ =1, ..., n; a* = o -+ n) are Killing vector fields
we say that M has the s.o. Killing property. In this case it is proved that the
5.0. vectorial sub space S:(M) = {h,+} 18 auto-parallel and the whole mani-
fold M has the divergence property [1]. Moreover:

(i) any vector fleld X* e S:(M’ ) is an 4sovector of the Pfaffian system
defined by the covectors corresponding to the dual of S,(M);
(i) if X e 8,(M) is any Killing vector field, then the following two
properties are equivalent
(a) X is a local Hamiliontan of £;,
{b) X is a parallel vector field.

(*) Indirizzo: TFaculté des Sciences et Techniques, 30-38 Sfax, Rép. Tunisienne.
(**) Ricevuto: 5-V-1980.
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Next the following proper and improper immersions in M arve considered:

(i) The proper immersion z: M; — M where M, is an invariant sub-
manifold of M. If the codimension of M, is 2r, then = is of geodesic index .

(ii) The proper immersion 2: M, — M where M, is an enti-inveriant
manifold of dimension n; then M, is always minimal.

(iii) The improper immersion «: My — M where M, is a co-isotropic
hypersurface whose normal %, is in the s.o. Killing sub-space S,(J4); this im-
mersion is geodesic. Moreover the normal covector w® defines with the restric-
tion 2], a semi-cosymplectic structure.

(iv) The improper immersion #: M, — M where M, is a mized Lagrangian
sub manifold of M; this immersion is totally geodesic.

1 — Let M{(Q, g, %) be a para-Kihlerian manifold {5] of dimension 2.
Let Z(M) be the bundle of real Witt frames over M and let Z € Z(M) be an
element of Z(4). Denote by {h,l} (1< 4, B, C<2n) the null real vectorial basis
of # and by {w4} its dual basis. If T,(M) is the tangent space at p e M to M
one has the decomposition of Libermann [5]

(1.1) T, (M) = S,(M)® S5(M) .

In (1.1) S,(M) and S:(M ) are two self-orthogonal [5] (abr s.o.) sub-spaces
defined by I, (1<a<n) and h, (a*= a + n) respectively. # is the para-
complex operator [5] and the pair (S, S:) defines an involutive automorphism
such that

(1.2) Uha=hs, Uhye=—Tox.

The line element dp on RE(M) is

(1.3) dp = 4@ hy

and # being normed one has (hq, b> = 0,,. The metric tensor g of M has
the para-Hermitian form

(1.4) g=22,0'® o
and it is exchangeable with the-symplectic form

(1.5) R =Z,w N .
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If 04 =1, 0° (I3, € C°(M)) are the connection forms on Z(M) and V is the
covariant derivation operator defined by g, the structure equations (F. Cartan)
in compact notation are:

(1.8) V=0 h;
(1.7) dAw =—0Aw, dA: exterior differentiation ;
(1.8) AN =—0N0 + 6, O: curvature 2-forms .

The para-Hermitian metric of M gives, making use of (1.6)
(1.9) 02 + 03 =

and the Kahlerian structure of M implies that the connection matrix ., is
a Chern-Libermann matrix, that is

, B 0
(1.10) Mo= )

2 — According to D’Atri and Nickerson [1] we give the following

Definition. We say that a manifold M has the s.o. Killing property
if in the neighbourhood of each point p € M there exists a frame %(S,, S:)
such that the null vectors of one or the s.0. sub spaces S,(M) or S:(M) are
Killing vector fields. Suppose that the vector fields &, € 8,(M) are Killing
vector fields. This condition is expressed in intrinsic manner by '

(2.1) Vyhay B + <V, hay Z> =0, NZ,Z'e T,(M).

Taking account of the metric (1.4) and making use of (1.6), equations (2.1)
give

(2.2) Po=0, I%-+B=0, .=0, VC

and this implies, as it is known, div h, = 0. But if 7 = 0'A... A" At
A...Aw* is the volume element on M, one has %,y = (div hu)n (Lx: Lie
derivative in the direction of the vector field X e T(M)). With the help of (1.7)
and (1.10) one finds :

(2.3) S iV = X
2 o

25
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and by (2.2) one has
(2.4) divhs=0.

So referring to [1] one may say that if a para-Kéhlerian manifold M has the s.o.
Killing property then it has the divergence property. Moreover, by (1.10) and (2.2)
one easily gets

(2.5) Vishpe =0 Ya* b*e{n +1, .., 2n},

and this shows that S is auto-parallel.

In the following we shall call §,(M) and S’ (M) the Killing s.o0. space and
the auto-parallel s.o. space respectively.

We shall now point out some properties of the Lie Algebra defined by the
real vector space X*ES:. By means of (1.7) and (2.2) one finds

(2.6) VX*e8Y; Xiat=0; b=1,..,n; Lpuo'=0}.
P

The above equations prove that any vector field X* e US: is an isovector of
the Pfaffian system X (one may also say that X* arve local invariant sections
of wt [6]).

Putting V, h,= —A4, h, [3] one deduces from (1.6), (2.2) and (1.5)

(2.7) QA Tay A, 1) =0

hy

Hence the vector fields A4, h, are in involution with respect to the symplectic
form (2.
Let now

(2.8) X =3 th.e8,(M), - tee (M),
be any vector field of the s.o. Killing vector space S,(M).

Suppose that X is a Killing vector field on M. Taking account of (2.2)
we get

(2.9) L H0,=0, =0,

where; indicates the Pfaffian derivative. Ou the other hand, takmg account
of (2.2), equations (1.7) take for the covectors w** of the dual of S (M) the
following form

(2.10) AN = 2(2 /\w”* (¢ #b).



[5] PARA-KAHLERIAN MANIFOLDS ... 371

Let p: X —ix0 (iy interior product) be the bundle isomorphism defined
by £2. Then if X € §,(3) is the Killing vector field defined by (2.8), the neces-
sary and sufficient condition for X to be a local Hamiltonian of Q is

(2.11) R dniz Q2 =0...
Since X e 8,(M), equation (2.11) gives with the help of (2.9) and (2.10)

(2.12) 4+ Sl =0 (b2a).

Consider now the covariant derivative VX of X. One has, as it is known,
VX = V(teh,) = dt*® h, +1*Vh,, and referring to (2.12) one finds after a
short caleulation '

(2.13) ANixQ =0<>V X =0.

Theorem. Let M(2,g, %) be a para-Kiklerian manifold having the s.o.
Killing property and let S,(M) and S: (M) be the two s.0. components of the tangent
space T,(M). Then: o T

(i) M has the divergence property;

(i) #f S,(M) is the Killing s.0. vector space then its complementary S:(Il[ )
8 auto parallel; :

(iii) any vector field X* ES:(M) 18 an isovector of the Pfaffian system
defined by the covectors corresponding to S,(M);

(iv) if X e S,(M) 4s any Killing vector field, then the following two pro-
perties are equivalent: (a) X is a local Hamiltonian of the symplectic structure
8,(n, R) defined by £Q; (b) X is a parallel vector field.

3 — Let ®: M; — M be the immersion of any invariant [4], [7], submani-
fold M, of M(UT ) (M,)= T, (M},)).
- If M is any para-Kahlerian manifold we have proved [9] that M, is minimal.
Suppose that M; is defined by the Pfaffian system

(3.1) =0, o =0 (r=1,..,p;1"=r-+a).

(we shall denote by the same letters the elements induced by x). Referring
to (2.2), the exterior differentiation of (3.1), quickly gives

.

(3.2) =0 (%)) (hi=p+1 .n; #=i+n).
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Let then

I, =—<da(p), Vi =—Zo" @0,
(3.3)
la=—{da(p), Vhsy =  Zo' @07,

be the second quadratic forms associated with ». It is readily shown by (3.2)
that all quadratic forms I, vanish; consequently the normal sections &, € S,(M)
are geodesic. Since 14 7 0, we shall say that the immersion «: M;— M is of
geodesic index 7.

Consider now an antivaeriant submanifold M, c M of maximal dimension #.
According to the general definition [11], [7]. one has UT (M )= T 5\ ( M),
(Tx(*,)(M 4): normal space to M, at z(p) € M,). So M, is defined by the Pfaffian
system

(3.4) wt= " .
Making use of (1.7) we derive from (3.1)

(3.5) > A 4 wiABL =0 .

If ¢, is the vectorial basis of T,,(M ), then the mean curvature vectorial from
O associated with # is as it is known — ‘

(3.6) : 0 = (1)1 ' A AN R €q

(A indicates the missing term; we denote the elements induced by & with the
same letters). If # = w!'A...Aw" is the volume element of M, then

(3.7) o dAO =nHQm,

where H is the mean curvature vector associated with @. Taking the exterior
differentiation of (3.6) and making use of (3.7) and (1.7); one obtains: :

(3.8) \ nH =S (S, + 1),

where n, are the normal sections on M,. But taking account of (2.2) we get
from (3.2) I, = 0, and since by (2.2) one has I, = 0 it follows H = 0. Hence M,
is a minimal submanifold of M. B SR S :
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In the third place consider the improper immersion @: M — M, where M,
a hypersurface defined by

(3.9) 0w =0.
In this case one easily sees that h,c T, (Mc)N T 4(Mo).

Therefore, the tangent vector field h, being in the normal space T, (M),
the hypersurface M. is called co-isotropic [8] (M, may be also considered as
a CR-manifold [7];).

Exterior differentiation of (3.9) gives, taking account of (2.2),
(3.10) , P.=0, bsa.
But &, being a normal section, the second quadratic form associated with » is

(3.11) lo=<dp, Vh,y =X @ ™, b+#a.

So by (3.10) it follows I, = 0 and this shows that the improper immersion
x: M, — M is geodesic.

Further since the induced forms Q] are

(3.12) Q 1y, = o' A0™ + ... + DA 4 oo - 0 A

( /‘\ missing terms), one easily sees that 0 lm, is of constant class 2n — 2.
On the other hand after a straight forward calculation one finds

(3.13) dAw* = (I2, — 1% o’ Aw® (b, ¢ F#a).

b<c

One derives
(3.14) 0 A(dAw?) #0,  (A(dAw9)* =0,
and the above relations prove that we is of class 3 [2]. Obviously one has

(AL ]3,)*Aw® 52 0; hence Q|u, and o define an almost cosymplectic str ucture
(i.e. in the sense of G-structures, {1 x8,(n —1, R)}).

Definition. Let 1 x8,(n, R) be an almost cosymplectic structure defined
by a 2-form Q2 and a 1-form w. We say that the pair (£, w) defines a-semi-
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cosymplectic structure iff: (i) £ is closed; (ii) w is of odd class; (iii) the canonical
vector field h of {1 x8,(n, R)} is an infinitesimal automorphismof both Q
and .

Since in the case under discussion the canonical vector field associated
with 1x8,{n —1, R) is h,, one readily finds by (3.12) and (3.14)

(3.15) L, 0y =0, L w=0.

On the other hand in our case h, € S,(M) is a IKilling vector field.

So accovding to (3.15) we shall say that the triple (2|s, w® k) defines
a K-semi cosymplectic structure. Finally we shall consider the improper im-
mersion #: M, — M, where M, is a Lagrangian submanifold [2] of M (if

T, My) is the tangent space at-a(p) € My, then T, (M) = Tt (M)

Clearly the s.o. subspaces S,(M) and S:(M) are Lagrangian planes (a
Lagrangian plane L is by definition n-dimensional and such that L = L4,
Q1,=10[2)).

We agree to call S,(M) and S:(M ) the principal Lagrangian planes asso-
ciated with a para-Hermitian metric. Any other Lagrangian plane will be
denominated a mized Lagrangian plane (the corresponding tangent manifold
is then a mixed Lagrangian submanifold). Let then x: M, - M be the im-
proper immersion of a mixed Lagmngmn submanlfold M, in M Assume
that M, is defined by

(8.16) =0, “wt=0 (%%,

with, » =1, ..,p; s=9 +1,..,n Denote by Z,(M)= {hi; 257} (resp.
Z (M) = {I]; j* + s*}) the complementary sub-space of {h} in 8,(M)
(vesp. of {h,} in S}(M)). The line element dw(p) of M, is expressed by
(3.17) dw(p) = o' ® by + 07 @ h -

Then since by definition h; and h, are normal sections, one finds by (1.6)

3.18) L=3S0®wo™, - (3.19) - 3:——20’@0)‘

:‘Next taking the exterior dlﬁerentlatlon of (3.16) one gets after a straight-
forward calculation 6] = 0. Consequently the improper immersion  is totally
geodesic.

~ Theorem. Let M(Q,g, %) be a para- -Kdhlerian manifold having the s.o.
'Killing property. One has the fallowing proper and improper immersions in M:
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(i) The proper immersion x: M;— M, where M; is an invariant sub-
manifold of M. In this case all normal sections of the s.o. Killing sub-space S,(M)
are geodesic and if 2r is the codimension of M, the immersion @ is of geodesic
ndew 7. o » _
(ii) The proper immersion x: M, —> M, where M, is an anti-invariont
submanifold of dimension n. This immersion is always minimal. ‘

(i) The improper immersion x: Mo — M, where M is @ co-isotropic hyper-
surface whose normal h, is in the s.o. Killing sub-space S,(M). This immersion
is geodesic. :

Moreover the normal covector w® defines, with the restriction on Mg of 2, a
K-semicosymplectic structure.

(iv) The improper immersion x: M, — M where M, is a mized Lagrangian

submanifold of M. This immersion is totally geodesic.
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Résumé

Soit M(RQ, g, %) une variété para-Kdhlerienne et soient S (M) et S:(III ) les deus sous
espaces self-orthogonauw (abr. s.0.) de la decomposition canonique duw Uespace tangent
T (M) = 8,(M) D 8,(I).

Si les champs vectoriels (isolropes) de la base de I'un de ces sous-espaces sont des champs
de Killing, on dit que M posséde la propriété de Killing self-orthogonale. Dans ce cas toute
lo. variété M posséde la propriété de la divergence et différentes propriéiés ayant trait a
Ualgébre de Lie sur I sont étudiées. On considére ensuite différentes types d’immersions
propres et impropres dans M.



