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Some generalizations of Laguerre polynomials (ITI) (*¥)

Introduction

In the first paper of this series of papers [1], we studied the function &
defined as

(1) 2@ = DDy, ceny Dy3 €5 Byy euny Tn)

zo’im (bl)s,--- (bn)sn . m_ii @p

s
S15-98py (c)msd—,..-}-msn 81 ! Sa !

which is a generalization of Erdélyi’s [3] function ,@; incidentally, the par-
ticular case obtained by taking m = 1 in (1) has recently been studied by
Exton [4]. In the second paper [1]; we took by =—my, ..., by = —Mx, where
My, ...y M, are positive integers in which case @™ reduces to polynomials;
we found some interesting properties of this generalization of the Laguerre
polynomials defined for p=m a positive integer by

(2) Lot (@15 +ovy Tn)

(“ + 1)m +...m
= W n@m ('—7n1, ceey ——'mn; & —{“ 1; :Dl, eey w,,)‘,

and which obviously is an extension of the generalized Laguerre polynomials
in n arguments studied by Erdélyi [3]. For general u > 0 we could also define

(*) Indirizzo: Dept. of Math., West Virginia University, Morgantow W.V., U.S.A.
(**) An abstract of this paper appeared in the Notices of the Amer. Math. Soc. 22
(1975), A 566, Abstract n. 726-44-1. — Ricevuto: 18-II-1980.
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our polynomials by the operational image

(3) e £f:z’1!,[.‘.,mn (ml tﬂ, sy Ly tll)
D]’(oc—}—'ml—{—...—i—7n,,~}—1) -l(l__iv.f)ml (1 ‘ﬁ)n
Lmy+1)...m, 1) p= pr’ pu’

where f(t) > @(p) and D(p) :p?e*]”f(t) dt.

In this third paper of the series we generalize the operational image of
Laguerre polynomials obtaining a different generalization of these polynomials
and study its properties by techniques similar to that used by the author (17,
in 1954. We are also able to connect this generalization of Laguerre poly-
nomials with that of the Bessel-Maitland function [1], and to extend it to
2 variables; generalization of our class of polynomials to n variables can easily
be done.

1 - Definition of a class of polynomials ,?:::;’;;‘:f‘“,,n (=), m a positive integer

Humbert [5] studied a generalization of the classical Laguerre polynomials
to two variables by means of their operational image in 2 variables, viz.

11
Loz, )21 —=—=)m,
(1.1) (, ) 7 q)

Delerue [2] investigated a class of polynomials in n variables given by their
image in n variables, viz.

(1.2) TFr e xln Lo (), L., 2,)
T(m—}—al—i—l)...f(m—}—an—}—l)x 1 : 1 _i)m
" (m!)" Py ... Pin 7 Pl

Later, Srivastava [7] studied yet another generalization of the Laguerre poly-
nomials which we have already generalized to » variables [1],. Srivastava
has taken as his starting point the operational relation

agx (uyolttetl) 1 1.
(1.3) & "?m,ﬂ(ml):) F(m;c+1) prx(l pu) .
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We propose in this paper to consider a class of polynomials Zjv.-" ()
Y LIPRRSY LN
(m being a positive integer) such that

(1.4) < @5 g Lo (@l )

rslly

n ]“'(m/,t, + [v 4% + 1) . 1 (1 _ 1
tar Lmu, 1) PE . Pon Pl ... Phin

) m

Here uy, ..., ptn are all >0 and ey, ..., 2, >—1. On interpretation, we get

1

n F » 1 13005, |
L, 1) g (O] M T D

W5) U o o 1y D (@)=

.4
Mz

2 - Recurrence relations and differential equation satisfied by 3:‘"‘;;{1'3'},," (z)

Applying the symbolic relation [6], that if f(a, ..., ®,) Dn DP(Py, ..., Pu), then
@,(0f/02,) D, — p1(0D]2py), to (1.4), we easily have the recurrence relation

1 & @, z F r T Mr 1 &+t o, e,
C 1500 %y (w) m H (mILL H + ) K% 1ty 0 TRy, (m) .

— L Ly, dl = m—1;f
(1) g et M Tl 1) et

Again, we know that [6], if

o @
f(@yy ooy @) 20 DP(P1y ooy Pa) - then —wlf:)n—pla(]:).

This gives, on using (1.5)

- P, 241 + 1 21+ 1,0,y
(2.2) L it 0) — R | R ()]
— M MT " F(???//,L, — t, 1) . gL ettty (@)
muy, +on+1 = Limp, 4 1) i o

Again, we have

1 1 1 1
i ) = (e T = (= )
Pir... pyn Pir... Pym Pyt PR Pit ... Py
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which gives the recurrence relation

m’,ur + 1) . £oc1,...,arn

Xyl Ot
(2.3) s LT O+ ] P e Ty T @
r

o Lt 4+1) e,
ek Hyseesly
r=1 P(7nﬂr_ﬂr+“r+1) f g

Relation (2.2) and (2.3) give yet another recurrence relation, which is interest-
ing since it contains constant coefficients, viz.

(2.4) g@:l‘,.‘.,m" (33) - ga,—l,ag,...,rxn (m)

My fyyeeo iy W3 fyyesliy

mps e Limpy + o, + 1) lompty, — e 4 1)
mlul +‘x1 r~1—[ (7n,ur+1) (m/,t,-—'ﬂr"!““,-"l—l)

Y- ¢
g::il;’ﬂ?r--,#n(x) .

In order to obtain the differential equation satisfied by the polynomials
= L% () we will use the method developed by the author [1],. (2.1)

m; My lpy

and (2.2) give
2.5)  (eD + o)y = (mp + a) Lo (@), where (D= ).

Now let us put (for . positive and integral)

FrD) = (2D + o — pt, + 1) o (8D -0t — 1) (g, 2D + o,) .

Then, we have

) By Hy — = m,ur + xr + 1) Xy =Hyse s Cp—Hpy
(2.6) {Fa" ( Fal D)} J H F(?n/,&r + “r . ,u,. _I_ 1) "?m;,ul,..‘/ln (a/) .

Differentiating this once more, we have

o2 B YOtD -y @ty . - a0y’

~ L(mp, — u, + 1) D(mp, + o, + 1)
e E Tmp, + 1) Ty — p, + at, + 1)

LIPS
ogm—--l;[tl,...,uﬂ (JU) b

where ¢, =y, + ... + u, and Qg 41y eny llpy Gy OTO functions of oy, ..., ®, and
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Uiy ooy pin and can easily be calculated. If we now use (2.2) and (2.3) we get

(2.7) Ay @YY L ay Y’ + may = @ty

I

which obviously is the differential equation satisfied by our class of polynomials
From (). We notice that this is of the order 1 -4y - ... + u.(=1-+0,).

m; Hyseally

3 - A generating function and some integral representations
In 1954 the author [1], studied the function Jg»in(#) given by its image as

. 2
Hysennsll, = _ —_
3.1 @ wind oyt (BT L. @hin) D, PTO L PR @XP (— )
Pt Phn
n

From this we easily get

< oMy n) ays, o Pk
(32) Z 7?’;' o“’:pm;yx,..,,,u,, (m)zm = € fo,,‘,.,fx:: (‘lz) [}
m=0 .
where
v D(my, 4 1)
c(m, n) = T T
(m, %) ];;IIT('m,LL,—}—OC,—l—l)

It is interesting to observe that the generalized Bessel-Maitland function
J{,“i:::;‘;:(w) plays the same role with respect to the polynomials E"‘l’"-’“nyn(a:),

M3 s,
which the Bessel function does in relation to the classical Laguerre polyno-
mials £9(z).

m

To get an integral representation let

m m
Gy eeey @) = €T w5 > (—1)( )
r=0

L F(T,uk + 1) l(mpy, + o 4 1) plaw)
S Do+ o 1) Dimg, + 1) far

(@) . S (@)

where q“"’(w) denotes the well-known classical generalized Laguerre poly-
nomials. Then

m 1 m 1 - pf{;r—*-l pﬁnr-}-l
(3.3) ICPRE Y ango (—1)( e ) c(m, n) ’ (py - L)wrturtt (pn -+ 1)ontunr+t '
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Since, we have [Rl(x) > — 1]
(5.4 v 0 @) 2 LI g g

we get, on using a generalization of Tricomi’s formmula [8] to n v%mmbles by
Chak [1];, viz. if D(py, Pay voy Pa) Cu f( @1y @y ...y @,); then

1 1
. ; D ( )
(3.5) A pin Phr... pln

o«
Ayt Attt Hayeolly Al !
Co f @bt whattn JHL000 o v (@l o) f(2) dw
0 -

the following integral representation of our class of polynomials J"‘"ﬂl;"‘gun(m)

(3.6) eI T gl | el Potatn (qlts | glin)

,,,,, Hy

= J‘f Jal(Z\/tl—x:) J(H(Q'\/m) t;m/:’- t;fxn/‘zg(tl’ ey tn)dtl . dt
] 0

For n=1, we get the following result of Srivastava [7]

(3.7) e e g1 (a#) ye—tth (2Vat)H(t)dt ,
_Tmp+a4-1) = ame Tlnp4+1)
where H(t) = TR rgﬂ (—21)7( N )F——*_——(mﬂ,—l—oc,—{—l) e (B)

and £(t) is the generalized Laguerre polynomial. v
Again, on using the product theorem for n variables [6], we get

2m; My

ot « %1yt 2 .
#p xfn Lo ® o, (T wn)

m"u" + 1)F(9mlur + &y + 1 ot -1 =1 %=1, %1 1 ty
H I(mp, + o) I'(2mu, ++ 1) of IE Tt P . (§x... En)

X g;“”l’f‘"’yn {(L'Cl i 51)”l (xn - §n)y"} 'd§1 v dén .
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4. - Extension of the class of polynomials £ """ {x) to 2 variables

It is possible to define and study a generalization of our polynomials to
2 variables on the same lines as Humbert [5] in 1936 did for the classical
Laguerre polynomials. We shall only obtain a few properties by the methods
of symbolic caleulus of several variables.

We define the polynomials Zgyrowfefe (5 4) by means of their image
given by (here m is a positive integer and v, ..., v 04y .oy %3 Piy ooy Brs
Hiy ooy M ADY DUMbers) :

(4.1) iy e L (01 0 )
1 A T, 1 1
Fnk R B Bn ) (1— 1 wn T orr Vi )m’
e(m, n)d(m, 7..) pTt e m q i PPt e G
‘v E my 1
where d{m, k) H ———-mj-_wlv—
) F mvr + ﬁr 'T'l

Using the methods of 2 we easily get the following recurrence relations:

0
4 (P 1rrestin Br s B _ s Gt fins Brs i
(4.2) a_m jm?/lx,n.’:uﬁl; hﬁi% (%, 94) = — mA gf:il—ll 24,,...,,?1,.;141’1,61,1:;; B (z,9),
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(+.3) e A (0, )
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o 41 o
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.(4.4) Amf;;{l)-hl_ln...ylxn‘}',{ln;ﬂpu:rﬁk ( Z/) +BJ ;21 ,;lvly:,ﬂ’;;-:,;h,ﬂﬁtu(w’ ’!/)

L fsseesflni Vi VR

= C pruuf)'n;ﬁu---.rﬁk (w’ ’IJ) PO 8ni Brsees P (w, y)’

M1 gy fin; Vs Ty M; Hayenesfins VsV
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A= v Dimp, — pr +1) & Dimy, +8, +1) L(my, —v, 1)
: H T(mp, +1) Hfmv,—{—l) Tmy, +B,—v», 1)’

H mﬂr+“r+1) ('mqur—,ur_[—l)‘ﬁf(mvr—vr"l"l) L
\ Dm0 T(mp,— pr +otr +1) 1 T(mw, +1)

O~ﬁrmur+«xr+1> (mpt, — u,+1 L =2, 1) Do, 45, +1)
s T(mu, +1) Fmp— pr 40, 1) 5 Tlmw, +1) (v, — v, + 6, +1)

The calculations are quite tedious and are deliberately not given heve.

19
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From (4.2) and (4.3) we easily get [z = Fouribube (5 4]

M3 Byerorbips ¥1yey Vg

1 Ottt g 0 1 oyttt

(g N5~ —a)e= —~ (z———=—)( —a——ﬂ)z
(4.5) f Ot owin ey VT 5 oy oy Ng

Again (4.2) and (4.3) easily give (D, = 0/ow)
(4.6) (‘ul XDx + 061) 8 = (m‘ul + ‘xl) gm—l,az,...,dn:ﬁn...,ﬁk (?/’ .’D) .

M3 Byl #1500 VR

To get the partial differential equation satisfied by our polynomials of 2 varia-
bles we follow the notation used in 2 and get for u,, ..., u, positive and integral

(4.7) {Fi(D,)} ... {FL(D,)}»

2 F(7n T 23 1) Ly =y sy gty s B1gees
T £ Lo IZ;“,H,: 1f"nfk P (@, y) .
r=1 (m,ur — Mr % + 1

Differentiating this once more partially with respeet to # and using (4.2) and
(4.3) we get

oont1 0
(4.8) Y(4g o0t PP + ...+ A P + ma)z

. 1ty sy @ity s Bry s Bre Ly yerey gyt By t91see s Brt- v,

- /'nmy{Am"?ml—l;ly,,...,f;ln:ﬁl,jrk ¥ ({l}, y) + By og?ml—l;’ ll”,,...l,,unz v,,.zc,vkk (w’ y)} ’
where A, s are functions of p;, ..., fsy o, ..., @, Which can easily be calculated
and o, = + ... + ya.

We can similarly get an analogous equation with D, = 9/0y, and »,, ..., »:
positive integers, viz.

oortl 0

+ ...+ By @ -+ my)z = the right hand side of (4.8),

(4.9) @(Bo11y%t! oyert

where B,’s are easily determined functions of », .., fi,...,H: and g

=9; - ... + .. Therefore the partial differential equation satisfied by
2 == P%1eni By (z, y) is

M5 Hyereslhy V1gens Ve

) oont1 oz
(4.10) . Y( o @0t oo o Ay 5 )
optl 0z
= w(Bg'k_}_lka‘i‘l aygk‘Fl + s + Bly a—y) .
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It is interesting to note that the technique given by author [1], can also be
used to advantage in finding partial differential equations of some special
functions of two or more variables.

Let us now take the identity

& 2, b Br (1~ u e g v.)m
PE P g PPt g g
1 1 1 1
= 4 &, b ﬂ[(l— o ) )(1_ v, 1'.)—.- % Ly ¥ 1'.]m
YRR R Lo qkf' Pyt D8 - O Dy D4 e
m m 1
=2 =0~ 1)
S p,,nn )
1

X pf‘(m_‘g)+“‘ . pﬁ"(m—-s)-i-«,, q;x(m-s)-f-ﬁ; q%;_.(m—sH‘ﬁ;; :

This on interpretation gives the interesting relation

(4.11) 3 1y (ary= [ Lo+ 1 [] % + 1)

s=0

gﬂ;(m—s)‘l'd;, sty lm—s)+ot, ( )_ g1'1(m—-s)+ﬂx,...,vk(m'—s)+B;;, (y)

85 Byes 4, LTI
n

. n ’ k
= I=I1 I(mp, +1) I=I1 Dimy, +1) Lanbosbe (2, y) .

Lastly we obtain the development of Ziv.wlu-be = (z + dm,y + dy) in
Taylor series in terms of polynomials of the same nature. Formula (4.2)
together with its analogue for 8/0y permits us to obtain the successive deriva-
tives of 2z very easily.

On differentiating the relation (4.2) (s —1) times, we obtain

@12) = Drmin—1).. (m—s 1) LRE ‘f:’,;'"é(w Y)

= I'(muy, — sp, + 1) 1—’1 L(mwv, — sy, + 1) T(my, + B, + 1)
N T T D) M T, F 1) Tnw, — 9, + B+ 1)



276 A, M. CHAEK [10]
Similarly

0%z

oy®

= (—1)m(m —1) ... (ms= 1) Fruymbisn it 4,

M5 Baseslps Vg VIR

(4.13)

c (my, — 89, —!— ‘1) |
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gty
(4.14) éa}s—ay_:’
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Htja-

In particular

omz b Lomy, + B, 4+ 1)
dam ”"HFW,H)H L(mv, +1) ', + 1)’

(4.15)

ome m . Dimp, + . +1) 1
@16) gy = I P A0 T, + D) M T, 1)

and if m=s+s’

% iy It t)
17 Gy =1 "f' Ef(m,ur-l—l) L(mpr — 8'pr + 2 + 1)
k I'(my, 4 B, -+ 1)

* H P T T — o, 1A 1)

References

[11 . A. M. Crax: [.]; 4 generalization of Bessel- Maitland function, ‘Ann. Soc. Sei.
Bruxelles 68 (1954), 145-156; [-], Some generalizations of Laguerre poly-
nomials (I), Mat. Vesnik (7) 22 (1970), 7-13; [+]; Some generalizations of
Laguerre polynomials (I1); Mat. Vesnik (7) 22 (1970), 14-18; [+], 4 method
for deriving differential equations of specwl ]"zmcmo'ns Yokohama Math. J.
18 (1970), 59-65. :



[11]

(2]

(3]

(4]

[5]

(6]

[

(8]

A

H.

SOME GENERALIZATIONS OF LAGUERRE POLYNOMIALS (III) 277

. DELERUE, Sur wne généralisation & n variables des polynomials d’Abel-

Laguerre, Ann. Soc. Sci. Bruxelles 66 (1952), 13-20.

Erptry1, Beilrag zur theorie der konfluenten hypergeometrischen funktionen
von mehreren veranderlichen, Akad. Wiss. Wien, Math. Nat. kl. II a 146
(1937), 431-467.

. ExTon, On two multiple hypergeometric functions related to Lauricella’s F,,

Jnanabha sect. A 2 (1972), 59-73.

. HoMBERT, Le calcul symboligue in deux variables, Ann. Soc. Sci. Bruxelles

56 (1936), 26-43.

. Poi1 et P. DELERUE, Le calcul symbolique & deus variables et ses applications,

Memor. Sci. Math, 127 (1954).

M. Srivasrtava, Thesis approved for the Ph. D. degree, Lucknow University,
India 1954.

. Tricomi, Sulla trasformazione e il teorema di reciprocita di Hankel, Atti

Accad. Naz. Lincei, Rend. 22 (1935), 546-571.






