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OLUusOLA AKINYELE (%)

On partial boundedness of differential equations

with time delay (**)

1 - Introduction

The Lyapunov function method has been used to investigate the bounded-
ness properties of solutions of ordinary differential equations [3], [5]. Ana-
logous results for partial boundedness, that is, boundeduess with respect to
a part of the variables were obtained for ordinary differential equations by
Oziraner [4]. Recently Corduneanu [2] investigated some problems of partial
stability related to linear differential equations with time delays:

() &(t) = A, ) + B, y.) , y@) = C@t, =) + D(t, y,) ,

where z € R*, y € R™, t € R* = [0, oo) and the subscript ¢ indicates the restric-
ction of the corresponding function to the interval [t — &, t], with h > 0 fixed:
zy(0) =@t +0), —h<h<0. A, B, 0, and D are defined in the following ways

A(t, @) :fo[dsa(t’ s)lg(s), te RY, B(t, ¢) :J? [d;D(2, 8)]g(s) te R*,
cr, @) :J‘O[dsc(t, $)lp(s), t e R+, D, @) =f0[ds da(t, $)]ep(s), te R,

where a(t, s), b(t, s), ¢(f,s) and d(t,s) are matrices.

(*) Indirizzo: Dept. Math., University of Ibadan, Ibadan, Nigeria.
(**) Ricevuto: 22-1-1979.
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In Corduneanu’s investigations only the z-component of the unknown
solution of (%) was under consideration with respect to its behaviour. The
problem of searching simultaneously for informations on both the @-component
and the y-component of the solution is however interesting. In [1], we began
these considerations in respect of stability, uniform stability, equi-asymptotic
stability and generalized asymptotic stability of a more general system of
equations than ().

In this paper, we search for informations on the boundedness properties
of the system considered in [1] with respect to the z-component and the
y-component simultaneously. As in [1] we approach the problem by making
use of two Lyapunov functionals and the theory of differential inequalities.
We finally give an example to illustrate the usefulness of the results.

2 = Preliminaries

Let R» denote the =n-dimensional Euclidean space with convenient
norm |-|. Denote by R+ the non-negative real numbers. For >0, let
"= O([— &, 0], R*) denote the space of continuous functions with domain
[— R, 0] and range in R* For gel", we define ||, = sup |p(s)|]. Suppose

—h< K0
that « € C([— k, 0], B*) and for ¢ e R+, m, denotes a translation of the restric-

tion of # to the interval [t— h, ¢], then #, is an element of I defined by
x,(s) =2+ s), —h<s<O.
Consider the functional differential system with time delay

(1) () = f(t, ., yo) y(&) = g(t, 2, y2)

where te R+, weR* yeR” and f, g are continuous functions from R+
x C([— &, 0], R*) X C([— h, 0], B) into R» and R™ respectively. Let (Z, @, v)
belong to R*xI»xlm; we denote by == x(t; %, @, v) and y = y({; &, @, )
the solution of (1) such that #, = ¢ and y,, = y. For any t>1,, we denote
by @.(t; ¢, w) and y.(l; @, ¥) the corresponding elements of C([— &, 0], Rr)
and C([— k, 0], R") respectively such that @ (to; @, ¥) = @ and y,,(te; @, ¥) = .
We assume that f and g of system (1) are continuous and satisty the con-
ditions for the uniqueness of the solution for |l |wle < oo, 10 and any
solution x,(ty; @, ), ¥:{lo; @, ) is defined for all >0 for which |,(f,; @, w]<< o=
and [[y.(to; @, )| < oo

Definition 2.1. (i) The solutions of (1) are equi-bounded with respect
to the x-component (y-component) if for any o> 0 and £,>0, there exists a
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f = B(ty, &) > 0 which is continuous in #, for each « such that if [@olle-[lvello< e,
then Jlz.(to; go, yo) | < B (19:ltos @0, o) [ < B), for all 1>1,.

(ii) The solutions of (1) are uniformly bounded with respect to the
@-component (y-component) if f in (i) is independent of i,.

(iii) The solutions of (1) are uniformly bounded in (g, w,) with respect
to the z-component (y-component) if for any #,>0 and a compact set S of
the space C([— &, 0], B*) x C([— h, 0], B"), we can find f(t,, ) > 0 such that
it (@o; wo) € 8, [@.(to; @or 9o)| < B ([9:lto; 9o, po) | < B), Tor all i>1,.

(iv) The solutions of (1) are uniformly bounded in {t, @s, o} With
respect to the z-component (y-component) if we can choose f in (iii) inde-
pendent of ¢, for any compact set S.

(v) The solutions of (1) are quasi-equi-ultimately bounded with respect
to the z-component (y-component) if for each o« >0 and t,>0, there exists
positive numbers f = f(f,, ) and T = T(i,, =) such that |@.]o+ |woelle < im-
plies [@.(to; @0, %0) [ < B ([9:to5 @o; w0) | < B), for all t>14, + T.

(vi) The solutions of (1) are quasi-uniform ultimately bounded with
respect to the x-component (y-component) if 7 in (v) is independent of ¢,.

(vii) The solutions of (1) are uniform-ultimately bounded with respect
to the z-component (y-component) if (ii) and (vi) hold together.
Corresponding to Definition 2.1 we can formulate definitions of bounded-
ness of solutions of (1) with respect to both the z-component and the y-com-
ponent. We give one such definition since the others follow very easily.

Definition 2.2. The solutions of (1) are equi-bounded with respect to
the a-component and the y-component if for any « > 0 and #,>0, there exist
a fi= Pilte, ) >0 and f, = By, «) which are continuous in #, for each «
such that if |@ele + Jwolo<o, then [2.(fe; @o, wo)| < Br and [[¥:(to; o, Wo) | < fay
for all i>1,.

We now apply Lyapunov’s method to obtain necessary and sufficient con-
ditions for the properties of boundedness of solutions of (1), enumerated in
Definitions 2.1 and 2.2 to hold.

Theorem 2.3. The solutions of the system (1) are said fo be equibounded
with respect 1o the x-component if and only if there exists a Lyapunov functional
V(t, @, p) defined for 0<t << oo, [glo < oo, [ple< 0o and satisfying

1) a(]elo) <V, @, v), where a(r) is a continuous monotonically increas-
ing function and a{0) =0, a(r) — co as r —> oo;
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(1) V(t, lte; @oy Wo)s Yilto; @o, wo)) does mot grow for any  solution
Z:(to; Poy Yo)y Yillos Poy wo) of (1).

Proof. Let K = V(t, g, w) where |@ollo+ [vollo<<, then there exists
B(E) = B(ty, «) > 0 such that provided |z,(ty; @o, )| > B, then a’( @t o,
w)|) > K. By (i) and (ii)

a(lmto3 o, wo) ) < V(t, wulte; P, 9o)y Yellos oy 1)) < Vloy oy o) -
We now claim that for any solution @,(t; @, %o), ¥.(fo; o, o) of (1),
l2:(to; @0, o) | < B for all ¢>1,.
Suppose not, then dt, >, such that |@, (f; @, )] > B and hence
K < a(|o(ts, @oy wo) ) < Vs, @, 9) < V(to, @0y 90) = K,

which is a contradiction. Hence |z,(t,; @o, 10) ]| < B for all t>1,.
Conversely, define a Lyapunov functional as follows

V(t, @, ) = sup {|[@eolto; o, vo)|} -
[.2=1]

fince the system (1) is equi-bounded, V is defined. Now if ¢ = 0, then |¢],
<V(t, @, ) and it we set alg]o) = [p]o, We have (i). Suppose ¢, <1, then

V{t, Z4,(tos Poy Yo)y Y, (o Po, 1:"o)) = S‘ip {1 trolto; @o, vo) I}
a0

>8up {[#r,40(to; Poy W) |} = V(225 21,(t0; @oy o)y Yeullo; Po, Pq)) -

2=1\]

Hence V(i ¢, ) does not grow for any solution @,(ty; @o, %o), ¥:(fo; o o)
of (1).

Theorem 2.4. The solutions of the system (1) are said to be equi-bounded
with respect to the y-component if and only if there ewists a Lyapunov functional
W, @, p) defined for 0<t << oo, ||@lo<< o0, |p]o<< oo and satisfying

1) a(lvle) <W(, @, v), where a(r) is a continuous monotonically increas-
ing function and a(0) = 0 with a(r) — co as r — oo;

(ii) W(, @, y) does not grow for amy solution ,(le; @oy W)y Yilto; Poy Wo)
of system (1).
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Proof. Using arguments similar to the last theorem with obvious mo-
difications the result follows.

Theorem 2.5. Assume that there exists a Lyapunov functional V(i, @, )
defined on 0<t << oo, ||plle>HK > 0 which satisfies
(1) a(lylo) <V, @, ), where a(r) — co as 1 — oo and a(r) is continuous
and increasing;

(1) V(t, @, p) does mot grow for any solution z(ty; @, Po)y Yillos Poy W)
of the system (1).
Corresponding to each L, we can find another Lyapunov functional W(, @, Y)
defined on 0<t<< oo, |@|o>Ey(L), |w]o<L and satisfying

(iii) ai(|@llo) < WL, @, ), where a,(r) — oo as r — o0, ay(r) is continuous
and increasing;

(iv) W, @, p) does not grow for amy solution x,(ty; oy Wa)y Y:lto; Yo, Wo)
of the system (1).
Then the solutions of the system (1) are equi-bounded with respect to the
z-component and the y-component simulianeously.

Proof. Let a>K and @(te; o, o)y Yilto; @o, wo) be a solution of (1)
where 1,>0, |polo<a and [y,lo<a. Let L = V(ty; @5, 9), then there exists
B(L) = B(ty, @) > K such that a(”?/t(to§ Pos Yo) ”) > L provided |y.(ts; @o, w0)]|> B
We claim that [y.(to; o, wo)| < B for all t>1,, provided [@yllo<a and |yl <a.
Suppose not, then there exists #; >, such that 194, (5 @os wo)| > B and so
by (i) and (ii)

L< “(”?/tl(toi Do, t/)0)“) <V(h, @1, (o3 Pos Yo)y Yu,(lo5 Poy Po) < V{te, o, wo)= 1L,

which is a contradiction. Hence for i1y, |¥.(ty; @0, %) < B.

Choose a,(x) = max {«, K,(f)} and consider the Lyapunov functional
W(t, @, p) defined on 0<r< o0, |@lle=> Ki(B), ”1/)H0</3- Now let M=W(ty, o, 1),
then there exists fi(M) = fi(ty, ) > K; > 0 such that ay(|z(%; @0, wo)|) > M
provided [@.(to; @o, wo)|| > 1. We claim that |2,(to; @0, W) | < By for all t>1,.
In fact, suppose there exists £, > £, such that [#:,(to; o, wo)]| > 1, then

M < “1(”mt1(to§ P03 o) ”) < W(ts; @o, 10), @, (to5 Poy Po)y Yiy(to; Pos o))
< W(to; Doy "/)0) = M7

which is a contradition, hence the result.
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Theorem 2.6. Assume that there ewists a Lyapunov functional V(i, ¢, )
defined on 0<t << oo, |@lo=K |pls<<oo which satisfies, for any compact subset S
of I» le,

() alelo) <V @, v)<ust), (@, p) €8, where a(r) — oo as r = oo, a(r)
s continuous and increasing;

(il V(t, @, p) does mot grow for any solution .(ty; ®o; Pa)y Yelte; Po, W)
of system (1).

Then the solution of (1) are uniformly bounded in {(pe, w,) with respect to the
L-COMPONent.

Proof. For#>0 and any compact set 8 ci»xI», there exists f(t,, §) >0
such that a( [@.(t; @s, o) |) > @slte) provided [@.to; @o, o) > . Liet (g0, o) € 8.
and t>1t,, then by (i) and (ii)

"f( [@:(to; ®oy o) U) < V(t> Zi(to; Pos Wo)y Y:(tos Po, 1/)o)) < Vito, oy wo) < @,(to) -

We claim that for (g,, ) €S, o.(to; @o, )| < for all t>1,. Suppose not,
then 3t > t, such that |z, (%, go, ¥o)]| > f and so

@slto) < “( ””11(’505 Py Po) H) < V{to; @0, wo) <@slto) 5
which is impossible. Hence |z,(0; @0, wo) || << f for all ¢>1,.

Theorem 2.7. If the solutions of (1) are uniformly bounded in (@q, o)
with respect to the x-component. Then there exists a Lyapunov functional such
that (i) and (ii) of Theorem 2.6 hold.

Proof. Define V(t, @, v) = sup {|@.,(fo; oy W) |}, then the result follows.
g=0
Remark. In view of Theorems 2.6 and 2.7 necessary and sufficient con-
ditions for the uniform boundedness in (¢,, y,) with respect to the y-component
can be obtained for the system (1).
We now state results concerning the uniform boundedness of (1) with
respect to both the z-component and the y-component.

Theorem 2.8. Assume that there exists a Lyapunov functional V (3, @, )
defined on 0<t << oo, [|p]o<< o0, [wo=>K >0 which satisfies, for any compact
set Sclirxim,

(@) allwle) <Vt @, v) <ps(t), for (p,v) €S, where afr) - oo as r — oo,
a(r) is conlinuous and increasing;
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(i) V(t, @, p) does not grow for any solution z,ty; Po, o)y Yilto; Py Po)
of the system (1).
Corresponding to any N, we can find another Lyapunov functional Wi, @, v)
defined on 0<t < oo, |l@l>K(N), |wl<N and satisfying

(it)) a(Jolo) < W, @, p) < Ds(t), (p, p) €8, where ar)— co as r — oo,
a(r) is continuous and increasing;

(iv) W(t, @, p) does not grow for any solution, x,(ty; Doy Po); Yelto; Poy Wo)
of the system (1).
Then the solution of (1) are uniformly bounded in (o, v,) with respect to the
z-component and the y-component.

Proof. Using arguments parallel to Theorem 2.6 modified along the lines
of Theorem 2.5, the result follows.

Theorem 2.9. If the solution of (1) are uniformly bounded in (p,, Po)
with respect to the x-component and the y-component, then there exist two Lyapunov
Junctionals satisfying hypothesis (i), (ii), (iii) and (iv) of Theorem 2.8.

Proof. Define
Vt, o, 9)= SBP {”f’/t-w(to; Doy 1/)0)”} y W(t, @, ) = sup {”mt+1(t05 P, Tlf’o)”} .
=20 =0

The functionals V and W are defined and satisfy for (g, ) € § where § is any
compact set in {*xI{” the inequalities,

V(t, @, w)<B(t, 8) = gs(t) W(t, @, p)<pull, 8) = Ds(t) .

We now give in the next three theorems sufficient conditions for the
uniform boundedness and uniform ultimate boundedness properties of the
system (1) with respect to the z-component and the y-component.

Theorem 2.10. Suppose V(i, @, v) ts a Lyapunov functional defined on
Hy, = {(t, ¢, p): te B+, |ollot|ylo>K, K large} which satisfies the following
conditions:

(i) V@, 9) — oo uniformly for (¢, @) as [ple — oo;

(1) V@, @, ) <b(lelo, |vllo), where b(r, s) is continuous;
. 1
(iii) DV (¢, @, ) zglm sup 3 [V(t 4 0, @y y5(to; Poy Po)y Ye(to; Po, 7/’0))
~»0%

- V(ta 24(to3 oy Yoy Yel(bo, Pos %))]<0 .
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Suppose corresponding to M > 0, there exists a Lyapunov functional W(i, @, p)
defined on H, = (t, @, 9): t€ B, |p|o> K (M), {pllo<M, K, large enough}, with
the following properties:

(iv) W, @, ) — oo uniformly for (t, p) as [l — oo;
(V) W, @, p)<C(lglo) where C(r) is continuous;
(vi) D*W(, @, ) <O0.

Then the solutions of (1) are uniformly bounded with respect to the x-component
and y-component simultaneously.

Proof. Let z,(ty; @5, o), ¥:llo; @o, wo) be a solution of (1) such that
l@ollod-ollo<x where «> K. Choose B(a) > 0 so large that

Sup V@, @, 9) < inf V(t, @, v) .

llelloHhallo<er vl=8

This choice is possible by (i) and (ii) and we claim that for any solution which
exists, [y:(fo; @o, ¥o)|| < Ble) for any i>1%,>>0. Suppose not then there exists
> 1, such that [z, (t; @o, wo)l|=B. If

J, = Sup {V(ty @y p): t>0 and |, 4 “"/)”0<“}
then

Sup  V(t, ¢, 9) < inf V(t, @ w) < Vit @, 9)

JlelloHiwllo<<o llv,, ttos @, 0li=p
< V{ty, Do, 7/)0)<J“ y
which is a contradietion.
Let W(t, ¢, p) be defined on 0<t< oo, [@fo>Ky(f) and ||v.(t; ¢, w)| < B.

Choose N(x) = max {«, K,(f)} where N depends only on o« and choose y(x)
large enough so that

Sup {W(t, ¢, p): 1>0: Jo| =¥, |y] < fl)}

<mf{W(, @, p): 10, lpl =1y, lyl<pl)} .

Then by (vi) and the same type of arguments as in the first part it follows
that for any solution @,(fy; @o, Wo)y Yelfo; Po, wo) Of (1), [2ilto; @o, wo)] < p()
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for 1>1%. Thus for any solution (1) existing for >, [@tos @0, wo) || < (e
and |y.(to; @o, wo)|| < fle) for all ¢>1,: The solutions are thus uniformly
bounded with respect to the z-component and the y-component.

Theorem 2.11. Assume thal there ewists a Lyapunov funclional V. (T, @, )
defined on 0<t<< oo, [@f,<oo, |w|>K>0 which satisfies the following
properties:

@) a(lwle) <V, @, v)<b([wle), where a(r), blr) are continuous, tnereas-
ng and a(r) = oo, as r - oco;

(i) DV, @, v)<— CO([wlo), where C(r) > 0 is continuous.

Corresponding to each N, we can find another Lyapunov functional Wi, @, w)
defined on 0<t<< oo, |l@lo=>K(N), |plo<N and satisfying the following con-
ditions:

(i) a(lelo) <W@, @, v) <bi(lpls), where ay(r), b(r) are continuous increas-
ing and a;(r) — oo as r —> co;

(iv) DHW(t, @, ) <0.

Then the solutions of (1) are uniformly bounded with respect to the x-component
and y-component simuliancously.

Proof. Let « be such that ¢ > K and 24ty o, Yo)y Yello; oy we) e a
solution of (1) where £>0, |gofo<a and |yo|o<a. Choose f(x)>0 large
enough so that b(a) < a(f). If the solution ,, y, exists, then |y.(%, Py Po) | < Blex)
for all t>1,. Suppose not then If, > 1, such that l:,(f0; @o, wo)|= B(e). In
that case also by, 8, with f,<f,<f,<f, such that 192, (t0; @0, wo)| =
[915(t05 @05 wo) | = B and o << [ylto; @o, wo)| < f for t,<t<t,. Now consider
V(t, @4(to3 Pos Po)y Yiltos Po, "Po)) on f,<<t<<t. By (i) and (i),

a(f)< V(ta, @i,(fo; Pos Yo), Yiy(los o, ?/’o)) < V(tza 3912(7505 Poy Po)s Ye,(tos Pos "/’o)) <b() ,

which is a contradiction. Hence for all t>1t,, [y.(fo; @, wo)|| < fle). Choose
o) = max {o, K;(B(«))} and consider the Lyapunov functional W(t, ¢, v)
defined on 0<t<< oo, |@fo>Ky(f), |p]|<pB. Choose fi(x) so large that b,(a,)
< a(f,). We claim that as long as the solution exists, [2:(to; @0, wo)| < Baler)
for all 1>1,, using the same type of arguments for the y-component. Hence
the uniform boundedness with respect to the z-component and the y-component
follow.
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Theorem 2.12. _Assume that the hypothesis (i), (ii), (iil) and (iv) of Theo-
rem 2.11 hold. Assume further that B is chosen such that b(K) << a(B) and there
exists a Lyapunov functional G, @, ) defined on To<i<< oo, |plex>XK,> 0,
lvl < B and satisfying the following conditions:

(1) as(lplo) <@, @, ) <bu(l@lo)y where as(r), bo(r) are continuous and
nereasing with a,(r) — co as r — oo;

(i) D+@(@, @, ) <— Cu(|plle) where Co(r) >0 is continuous.

Then the solution of (1) are uniformly ultimately bounded with respect to the
z-component and y-component simultaneously.

Proof. By Theorem 2.11, the uniform boundedness with respect to the
x-component and y-component are guaranted. Let o> K and ax.(f; @, ¥),
Yollo, o, W) be a solution of (1) such that |g,] <o and Jy,] <e, then there
exist B(x) and fi(a) such that [@.(fe; @o, wo) | < fuler), |¥:(Te; @0, wo)|| < Bler).
Suppose |[y.(to; @o, wo)| =K for all ¢>1,, then we can find Ax)> 0 such that
for [polle < oo and K < |y:(to; @o, wo) | < Blar)y DV (L, p, p) <— Axr). Hence

Vt, @, 9) — Vito, @oy wo) <— Ale)(t— 1) .

Choosing

then if ¢ > ¢, + T)(«), we have

b(er) — a(X)

A(E)< TVt @ 9)<TV(toy oy Po) — Aoe) (8 — 1) < bla) — Aor)( )

)= a(XK) ’

which is a contradiction. Hence I, such that #,<t <t-Ti(x) with |y, (t;
o, Wo) | < K. Now a(K)<<b(E)<<a(B), hence [y.fy; @o, o)< B for all
t>1, -+ Talo).

Choose M = max {B, K.}, then if [gJo<M and [yslo<M, [@lto; pys vo)l
< B M) for all ¢4, ||@:(%; Py Wo) | < Puler) Tor all ¢4, and ||y.(te; @o, wo)| < B
for all i>1, + Ty(er), so that [ly.(to; @o, wo)| < B for all t>%, + Ty(x) + Ts.
We now claim that |#.(Z; %03 o, wo) || < M for all >4 4 Ty(x) + Ty. Suppose
not, then [w.(t, @o, yo)| > M for all t>t, + Ti{x) + To: However, for M
< [[lte; @oy wo) | <Puler)y N19:lto; @o, wo)| < B and t>1T,; there exists d(u) >0
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such that D*G(t, ¢, p)<— 8(x). Choose

1) = 200 )(;; a1

then
Gty @, ) <CG(to + Ti(e) 4 T, Ly rgarez, (o3 Poy Yo), Yeptryartz, (fos o )] ,

— 0(o)(t — to— Ta(ot) — Ts) .
Hence for ¢ > t, -+ Ty(a) + Ty + Tala),

ax(M) <G, @, p) < G(to + Ty(e) + T, Zyorryortry (P03 Pos Yo)s Yegrryartrs (to; Poy Yo)

— o) (LB =AYy o) — Ba(Ba(o)) -+ aa ) = a3

which is a contradiction.

Hence we can find ¢, € [t, + Ty(e) + T, ty + To(er) - Ty + To(x)] such that
I (fos @0, po) | < M. Hence [@.(to; @y, v,)| < Bu(M) for all ¢>t, implies
1@:(to; @0, wo)|| < Bo{M) for all t>1, in view of the fact that [7:,(te3 @oy o)
< B< M. Therefore for all 1>, + Ty(a) + Ty + Tole), [2:(to; @0, wo) || << Bu( D)
and for all 1>+ Ti(a), |y:(te; @o, )| < B. We conclude the proof by
setting T(«) = Ty(a) + Ty + Ty(e) and y = (M), then B < y and if |ig,fo <o,
ol < we have for all ¢>%,>0, [®ty; o, wo)| <y and ||y.(to; @oy Wo)|| < -

3 - Application

We now give an example to illustrate the theory in the case of uniform
- boundedness. We shall construct two Lyapunov functionals and make use

of one of our results.
Consider the time delay differential equation

(2) () + f{@() 3(t) + glot— ) =0,
where 7> 0, f(x) is continuous, g(x) has continuous first derivative F(a)

=[f(s)ds — 4 oo as |@|—> co and IB>0 such that F(z)> 0 and is mono-
0

tone increasing for > f. Furthermore, g'(z)> 0 and zg(x) > 0 for =0,
with g(z) F(z) > 0.
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The equation (2) is equivalent to the system
gt) =y — Fle@®), gt)=—g(z(t—1),
which is a particular example of system (1).

Let a, b be two positive numbers chosen suitably and sufficiently large and
define two Lyapunov functionals V({, ¢, ) and W(t, ¢, ) as follows

G(p(0))+ 5 9(0) it g(0)>a, |9(0)| < oo,

G(p(0)+ 590 —@0)+ 0 iE [g(0)|<a, p(0)>b,

6(p(0))+ 3 ¥2(0) + 2a it g(0)<—a, y(0)=1,
Vi, o, 9) = 1 0

Gp(0)+59%0) +39(0) it g0)<—a, |p(0)|<b,

6((0)) + 3 ¥*(0) — 24 if (0)<—a, p(0)<—,

G(p(0) + 5950+ pl0) —a it |p(0)|<a, $(0)<—b,

where G(z) =] g(s)ds;

W, ¢, p) = [@0)], if [@(0)| > K (M), |9(0)| <M.

It can be easily checked that 77 and W satisfy the hypothesis of Theorem 2.10
and hence the solutions of system (2) are uniformly bounded with respect to
the z-component and the y-component.
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Riassunto

In questo lavoro studiamo la parziale limitatesza delle soluzions delle equazioni dif-
Jerenziali con ritardo.
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