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A theorem on the means

of an entire Dirichlet series of order zero (**)

1 - Introduction

A Dirichlet series f(s)= 3 a, exp (si,) (s= 0+ it, 1py1> An, 11>0, 4, — oo
n=1

with ), which we shall assume to be absolutely convergent everywhere in
the complex plane € and is bounded in any left strip, and hence it defines
an entire function. The order o(0< o< oo) of f(s) is defined by Ritt [5], as
the limit superior of (loglog M(0)/s), as ¢ — oo, With

M(0) = sup [|{(o -+ it) |: — 00 <1< 0] .

For a class of functions of order zero, that is for which ¢ = 0, we define
logarithmie order p* as [4]

[

. loglog M(o) _ *
(1.1) hirismup—*l—oga——e, 1<g¥<oo.

Let us consider the following means of f(s)

(1.2) Iifo) = {lim 5o [ [f(o + it gy,

(*) Indirizzo: Lecturer in Matematics, Sahu Jain College, Najibabad - 246763 (U.P.),
India. :
(**) Ricevuto: 25-V-1979.
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where the integral in (1.2) exists on account of theabsolute convergence of
the series for f(s)

(1.3) m§ (o) = o7 {w* Io(w) d,
1]

where 0 < d<C oo and 0 <k < oo.
Let 1 < p* < oco. Then, there exists a logarithmic proximate order o*(o)
satisfying the conditions [1]

(i) lim o*(0) = 0%, (i)  lim (p*(¢)) clogo=0.

=30 g

Tor functions of logarithmic order p* (1 < p* < o), With a logarithmic
proximate order o¢*(c), the logarithmic proximate type I and lower loga-
rithmic proximate type t* are defined as

» sup log M(o) I DR
(14 ol e Ca O<p<T*<oo.

It is known that ([3], p. 274)

I 1/logo
(1.5) limsup[ (9) )

= gQ* l «
G—r® m:‘;,k (6) ’

Q*<oo.

N

My purpose in this note is to prove a result which gives a refinement of
the above result when f(s) is of logarithmic order g* (1 <C g% < o).

2 — Theorem. Let f(s) be of logarithmic order o* (1 < ¢* < o) and a
logarithmic prozimate order ¢*(0). Let T* and t* be the logarithmic proximate
type and lower logarithmic prowimate type as defined in (1.4). Then

2.1 o* 1™ < lim sup (o)
(2.1) 0

Is(o s .
e, < € ¢FIF and
c—>w M 6,k(d) 0e"@

3 3 IO(U) sk
(22 ey o) gt <

Proof. It is seen from the definitions of Is(o) and m*;,(c), that

a 1 Ie(@)

T [(k + 1)logz - log m*s (@)} = = (

—_ s0 that
o)) B0 he
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. . o Isw) dw ,
(6 + 1) logg- + log ms (0) — log ms u(cy) = [ —Lo(®)_ ¢ Y >0,  that is
)

1;0 Inz’:k'syk(‘/v) x

(2.3) logm*s,(0) = log m*s (0, + fv’“(/v) = where
P . Il’(m) _
(2.4) i) = () (k41),

is an increasing function of @, for all large values of x, in view of the fact that
@1 Io(w) is a convex funection with respect to attigp* 5,.(%) (see [3], lemma 2).
It is known that ([2], p. 15)

(2.5) log Is(0) ~log M(c)
a8 ¢ = co, and also that ([3], p. 277)

T Ak+1 )
2t) <(m ymFsh(A), A>oc.

logm*; (o)

q@*(ﬁ)

From (1.4), (2.5) and (2.6), we have lim sup = T* Let

g—»r0

*(a) 5.

(2. 7) . Iim Sup *g) —

0= co

Then from (2.3) and (2.7), we get

a
logm*s 1(0) < logm*s 4(0,) + (y* -+ ¢) f we*@-1dg
Gp
Ve + 0@ (14 0(1)) ,
for o>o0,, £>0. This implies

v¥(o
(2.8) Iim sup £(62 O

o>
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Further, for n>1,

78 g%
(o) logn< | V@)

o L

dz < logm®;s (no) ,

which gives

o) 1

lim & —
sup 5@~ Togy

>

Putting 7 = e"¢*, which is the best value of 7 here, in the above inequality
one gets

(2.9) }11_1)11 sup ’;—e-,({(—’;)) <ep* 1™,

Hence (2.1) follows from (2.8) and (2.9) through (2.4). Similarly, (2.2) is
proved.
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