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JAMES HATZENBUHLER ana DON A, MATTSON (%)

A note on countable compactifications (*¥)

1 - Intreduction

Let X be a completely regular, 7,-space. We say that a Hausdorff com-
pactification oX of X is a countable compactification if the remainder oX — X
is countably infinite. The question of characterizing when X has a countable
compactification has been answered for the locally compact case by Magill
in [4]. For aX = BX, where X is the Stone-Cech compactification, Okuyama [5]
has provided a characterization of when X is a countable compactification.
Apparently, little is known in case X is an arbitrary completely regular space.
Magill’s results show that a locally compact X has a countable compactification
if and only if X — X contains infinitely many components. In [3] it is
shown that the latter condition is not characteristic of when X possesses a
countable compactification when X is not locally compact.

In this paper we prove that X has a countable compactification if and
only if fX — X is a countable, disjoint union of compact sets subject to certain
convergence conditions in fX — X.

2 - Characterization of countable compactifications

All spaces considered herein are Hausdorff spaces. Let N denote the natural
numbers and let B = Clg(fX — X)N X. Then R is precisely the set of
points in X which do not possess compact neighborhoods. Hvidently,
R = Clay(aX — X) N X, for any compactification «X of X (see [6]).
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Suppose & = {S,|ne N} and 8 = U {S,|ne N}. If {n:} and {y.} are nets
in § we say that {#.} and {y.} satisfy condition (x) with respect to & if and
only if for cach index o, there exists n{x) € N such that ox € S, and ys & S, .

Theorem 1. Let X be a completely regular, Ty-space. Then the following
are equivalent.

(A) X has a countable compactification.

(B) BX — X is a countable, disjoint uwion of compact sets K,, neN.
If # ={K,|neN} and {w.} and {ys} are nels in X — X which satisfy con-
dition (%) with respect to A, then: (i) {xs} converges to a point x, € R implies
{ya} clusters at x,; (ii) {wa} comverges to w,, where @, € K,,, implies {yx} clusters
at some point of K,,.

Proof. (A) implies (B). Let «X be a countable compactification of X.
Let = be the projection of fX onto oX and set «X — X = {a,|n € N}. Take
K, = II-Ya,), for all » € N. Since I7 carries pX — X onto aX — X (see The-
orem 6.12 [2]), each K, is compact and fX — X is the (pair-wise) disjoint
union of the sets I, .

Let {w.} and {y.} be nets in BX — X which satisfy condition (%) w.r. to
H = {K,|neN}. Suppose {zs} converges to a point @, and wx, € R. Then
{¥«} has a cluster point ¥, in fX — (X — R). Select a subnet {y. } of {w.}
which converges to y,. Since I7 is continuous {H(may)} convergesl to I1(x,)
and {H(yﬂy)} converges to I7(y,). Bub H(m“y) = H(yay), for all y, hence [Il(x,)
= II{3,). Since no point of FX distinet from x, is identified with x, under I7,
it follows that y, = z,.

Next, suppose that x, € I,,, for some m € N. Let {y/ay} be a subnet of {y.}
which converges to some y, € X — (X — R). Now [T (@a,) = 1 (g/ay), for all v,
and it follows that II{x,) = II(y,). Thus, 1, €I n(x,) = K,,.

(B) implies (A). Let oX be the space obtained by identifying each K,
to a point @, and leaving X invariant. Let II be the associated projection
of X onto «X. Evidently, each fibre of I7 is compact and 77 is a continuous
surjection whose restriction to X is an embedding of X in «X. To see that
oX is Hausdorff we show that I7 is a closed mapping.

Let I be closed in fX and consider IT-(II(F)). Now F = (FnN X)
V(F NEX—X) so that [FIF)) =IO [(II(XNF)OUIIF N X — X)]
=P UII(II(F N BX — X)). Set §=I(II(FNPX— X)). Let 2 be a
cluster point of JI=Y(II(F)). If w, is a cluster point of ¥, then x, & F so that
@, € [I7(II(F)). Otherwise, @, is a cluster point of S. Let {w.} be a net in 8
which converges to .
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Case (i). z,€ R. Now there exists (o) such that . € I, for each «.
Sinee TI(S) = II(F' N X — X), there exists a net {y.} in F N X — X such
that I(y») = Il(xs), for all . Then {w.} and {y.} satisfy condition () so that
by B(i), {y«} clusters at w,. Since {y.} is a net in F, =, e [I/(II(F)).

Case (ii). wx,€ K, for some me N. As in case (i) choose {y.} in ¥
N X — X such that IT1{za) = I1(ya) = ey, for all «. By B(ii), {y.} clusters
at a point y, € K,,. Since {y.} is a net in F, y, € F. Thus I1(y,) € IT(I'), so that
K, = II-\(I1(y,)) C I(II(¥)). Hence , € [I-(II(F)) and [I-(II(I)) is closed.
Now I7 is a perfect map so that «X is a countable Hausdorff compactification
of X.

This completes the proof.

With appropriate modifications of the proof of Theorem 1, it can be seen .
that if R is compact and if each point of R has a countable base of neighborhoods
in X, then the conditions concerning nets in Theorem 1 can be replaced by
conditions involving sequences. Thus, we obtain

Theorem 2. Let X be a completely regular, T, space with R compact.
If each point of R has a countable base of neighborhoods in X, then the following
are equivalent.
(A) X has a couniable compactification.
(B) pX — X is a countable, disjoint wnion of compact sets K,, ne N,
and if {w,} and {y,} are sequences which satisfy () relative to A = {K,|je N},
then: (i) {x,} converges to a point x, € R implies that v, is « cluster point of {y,};
(ii) 4f all cluster points of {x,} lie in some K,,, then {y,} has a cluster point in K, .
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