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GIOVANNI BATTISTA R1zZz A (%)

Almost complex conditions

and weakly Kihler manifolds (**)

A Gioreio SEsTINI per il suo 70° compleanno
P

1. « Introduction

Let V be an almost Hermite manifold.

In a previous paper ([7],, 1977) I investigated about the effects induced
on V by some formal conditions, depending only on the almost complex
structure J of V, on the tensor field DJ, obtained from J by ecovariant
differentiation.

An analogous investigation is performed in the present paper for the
Nijenhuis field N, for the Kahler field K and for the fields you can derive
from DJ, N, K, by using some convenient isomorphisms, depending on the
Riemannian structure or on the almost complex structure of V (Sec. 2, 3).

The five theorems of Sec. 5 give a complete answer to the question. They
may be regarded also as characterization theorems for some known classes
of « weakly » Kéhler manifolds. It is worth remarking that all the classes
of manifolds, that occur in the results, fit nicely into a recent classification
due to A. Gray and L. M. Hervella.

Some complementary results are also obtained; as an instance, a new form
of definition of underkdhler manifold (Sec. 6) and a complete study about
the properties of symmetry and of skew-symmetry of the tensor fields, which
occur in the paper (Sec. 7).

(*) Address: Istituto di Matematica, Universita, 43100 Parma, Ttaly.
(**) The Author is a Member of the « Gruppo Nazionale Strutture Algebriche,
Geometriche ¢ Applicazioni (Consiglio Nazionale delle Ricerche) », Ricevuto 10-X-1979.
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870 G. B. RIZZA (2]
2. - Isomorphisms ¢, y, W, 2

Let 'V be an almost Hermite manifold of dimension 2n and of class C2n+1 (1),

Let 77 be the linear space of tensor fields of type (r, s) on V. In particular,
let g be the symmetric field of 77 of class C', defining the Riemannian metric
on V and let J be the field of .7 1 of class C2v, defining the almost complex
structure on V.

Some isomorphisms of I, occur in the following: namely «,p, W, A

Let o, ¢ be the homomorphisms of symmetry, of skew-symmetry of J7;
then o = ¢— &.

Denote now by G the symmetric tensor field of J7:, satistying
6(g® &) = § (). Then the isomorphism ¢ is defined for any field L of 7} by

yL = (@ L)R G) .

It is worth remarking that y depends only on the Riemannian structure of V (%),
On the contrary, the isomorphisms W, A defined by (4), (3), of [7],, depend
only on the almost compler structure of V (*).
Some formal properties of the isomorphism e«, y, W, 2, are useful in the
following ().

(1) o =yy=WW=1, M=—1,
(2) ol = o, oyor = yay , Wi= W,
(3) aWoW = WaWo = — »Wy,

(4) Ayly = aWe .

We conclude the Section with some remarks.

Ler % be a tensor field of 77 and put L = ¢;(G® £); then

P, - & is symmetric, skew-symmetric in the second and the third indew, if
and only if

(5) (l—ey)L=0, (1+op)L=0,

respectively.

(*) For the basic facts about almost Hermite manifolds see XK. Yano [8],
ch. 9; S. Kobayashi - XK. Nomizu [5], II, Ch. 9.

(2) The symbol ¢7 denotes contraction ([1], p. 45) and d is the classical Kronecker
field of 73%.

(3) The isomorphism y was first introduced in [7],.

(*) The isomorphisms W, 1 were first introduced in [7],. See also [7],, Sec. 3.

(®) See[7],, n. 3,5 and [7],, n. 3.
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P, — Conditions (8) are equivalent to conditions
(6) eyLi=0, oyLi =0,

respectively.

P, follows directly from the definitions of « and of y; P, derives immediately
from (6) of [7], and from a similar equation. ‘
From P;, P, we immediately derive the corollaries.

C, — & is symmetric, skew-symmetric in all its indices, if and only if
el = eyL =0, oL =ogyL =0,

respectively.

C, ~ If L is symmetric, skew-symmetric and satisfies (6),, (6)., respectively,
then L = 0.

3. = Tensor fields DJ, N, K

It is well known that some tensor fields of 7, namely DJ, N, K play an
essential role for the almost Hermite manifold V.

The first one is obtained from J by covariant differentiation with respect
to the Levi-Civita connection (Riemannian eonnection) (°). The others, that
may be written in the form

(7) N = 1 2eWeDJ , K=(1—a—9DJ,

are known as the Nijenhuis field and the Kdhler field, respectively (7).

Of course, starting from DJ, N, K and making use of the isomorphisms
oy v, W, L we are able to derive other remarkable fields, all strictly related
with the almost Hermitian structure of V.

As known, an interesting relation links the fields DJ, N, K; namely

(8) 4N = — pIDJ + AWK (%) .

(°) The index of covariant differentiation is assumed to be the first lower index.

(") Consider the skew-symmetric field of 59 # =cl(g® J) (Kihler form) and denote
by o the differential of #; then K= ¢3;(G ® X).

(8) Compare with [8], (4.10), p. 141. Remark only that the definition of the
Nijenhuis field in [8] differs by a factor from our definition (7),.
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Relations

(9) WDJ = — DJ, WN =-— N, yK=—K,
(10) (WyA + 29)DJ =0, (Wiy + yA)DJ = 0

are also useful in the following (®).

4. = Almost complex conditions in 771

We make use in the following of the conditions A,, A,, B, C, D and of the
symmetric conditions A,, A,, B, C, D, listed in [7], (*). The above conditions
depend only on the almost complex strueture of V (1),

Some remarks are essential.

Let I be a tensor field of 773; then

P, — Conditions A,, A;, B, C, D, A;, A,, B, C, D for oli reduce to condi-
tions Ag, Ay, B, C, D, A,, A;, B, C, D for L, respectively.

P, — Conditions A,, A,, C, Ay, A,, C for yL reduce to conditions C, A,, A,,
C, A,, A, for L, respectively.

P, — Conditions Ay, Ay, B, C, Ay, Ay, B, C for WL reduce to conditions A,,
A,, B, G, Ay, Ay, B, C for L, respectively. Conditions D, D for WL reduce to
symmetry, skew-symmetry for L, respectively.

P, — Conditions A,, A,, B, C, D, A,, A,, B, C, D for AL reduce to condi-
tions Ay, Ay, B, C, D, A,, A,, B, C, D for L, respectively.

Taking account of (1), (2), (3) of Sec. 2, we can easily prove I;, P;, P,.
Remark now that from (3) we have

) yWoaWayLi=— WL,  yWyL =~ WaWol.

Since yy = WW = 1, the comparison shows that condition A, for yL is
equivalent to condition A, for L. In a similar way we can prove the other
statements of P,.

(*) For relation (9) see [T1;, Py; [T, Og; [71, (29). To prove (10);, just apply v,
taking account of (3), (4) of Sec. 2 and then of (2);, (2);, (9);. Since WW=1,
(10), results to be equivalent to (10),.

(1°) A Vezzani recently remarked that condition B, and condition B, are equivalent.
The same happens for B, and B,.

(1) Only « and W occur in their expressions. The first five conditions were intro-
duced in [7];.
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5. « Characterization theorems

We begin now an investigation about the consequences of the action of
the conditions of Sec. 4 on the tensor fields DJ, N, K of Sec. 3 and on the
tensor fields we derive from them, by applying one of the isomorphisms e, y,
W, 4 of Sec. 2.

Remark first that by P,, P, the cases of the isomorphisms «, 2 may be
omitted. Therefore, by virtue of relation (9) of Sec. 3 the only fields we have
to study are

DJ, N, K, yDJ, yN, WK..

A complete examination of the first case has been performed in [7],.

Remark also that N, K, yDJ are skew-symmetric fields (?); so only con-
ditions A, B, C, D have to be considered for them (!?). Finally, by P; only
conditions D, D result to be interesting in the case of the field WK.

In conclusion, taking account of the previous remarks, we are now able
to state that the following theorems give a complete answer to our investiga-

tion.

Th. 1. The Nijenhuis field N always satisfies conditions B, C. If N sat-
isfies one of the conditions A, D, then V is a Hermite manifold; and conversely.

Th. 2 If the Kdihler field K satisfies one of the conditions A, D, then V
is an almost Kihler manifold; and conversely. If K satisfies one of the condi-
tions B, C, then V s an almost Koto manifold; and conversely.

Th. 3. The field yDJ always satisfies condition C. If yDJ satisfies condi-
tion A, B, D, then V is a Hermite manifold, an almost Koto manifold, a Kihler
manifold, respectively; and conversely.

Th. 4. If yN satisfies one of the conditions B, D, then V is an underkihler
manifold and conversely. If yN satisfies one of the conditions A, D, then V is
a Hermite manifold; and conversely.

Th. 5. The field WK always satisfies condition D. If WK satisfies condi-
tion D, then V is an almost Hédhler manifold.

(*2) This property is well known for N, K. The property for yDJ follows easily
from (7),.
(*3) See [6], O,, Oy, n. 4,



874 G. B. RIZZA [6]

6. -~ Remarks

The proofs of the five theorems will take place in Sec. 7. In the present
Section I add only some remarks.

As well known, Hermite manifolds, almost Kihler manifolds, almost Koto
manifolds (O*-spaces) generalize Kéahler manifolds ().

Gy-manifolds, also known as wunderkdhler manifolds, were first introduced
by L. Hervella and E. Vidal in [4]; these manifolds also generalize K&hler
manifolds. It is worth remarking that V is a Gy-manifold, if and only if the
field yN is skew-symmetric (1°).

An interesting classification of the manifolds generalizing Kéahbler mani-
folds can be found in the recent paper [3] of A. Gray and L. Hervella. All
the classes of manifolds, that occur in our theorems, fit nicely into the scheme
proposed by these Authors.

Finally, in paper [2] S. Donnini introduced the class of the almost Hermite
manifolds, such that their Kahler fields K (Sec. 3) satisfy condition D. Now
Theorem 2 shows that the class considered by S. Donnini reduces to the class
of almost Kéahler manifolds.

7. « Proofs

The first statement of Th. 1 follows directly from O, of [7];, O, of [6].
Since N is a skew-symmetric field, then by virtue of O, of [6] N satisfies also
conditions A, D. Now, to prove the second statement, just remark that con-
ditions A, A, as well as conditions D, D, imply N = 0.

The first step to prove Th. 2 is to remark that for the Kihler field K condi-
tions B and C are equivalent.

Taking account of O, of [6], we have only to prove that condition C implies
condition B. A Sawaki’s lemma assures that condition C for K is equivalent
to condition C for DJ (*¢). Therefore, using (3), we have

(12) WaWDJ = — yWyDJ = DJ .

(14) See for example [7],, where you can find the definitions we use in the following
and some characterization theorems.

(1%) See [3]. By C; of Sec. 3 the skew-symmetry of yN is equivalent to the
skew-symmetry of the field /4 = c;(N®¢) in all its indices.

(*%) This form of Sawaki’s Lemma is due to 8. Donnini ([2] lemma L, p. 489).
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By virtue of (12) and of (9), we can write
WoK = — WK =— WDJ 4 WoDJ + WyDJ

= — WDJ + ¢WDJ — yDJ = DJ — oaDJ — yDI = K .

T his proves the assumption.

Now, the part of Th. 2 eoncerning conditions B and C follows easily from
Sawaki’s lemma and from Theorem 5 of [7],. Consider then condition A for
the tensor field K. Since A implies C, B is equivalent to A ([6], Oy, O;), and,
as we remarked, C and B are equivalent, so K satisfies conditions A, A. Thus
we have K = 0 and V is an almost Kéahler manifold. The converse is trivial.

More difficult is to prove the statement concerning condition D. If K satisfies
condition D, we have ¢éWIK = 0. Hence, by relation (8) of Sec. 3, we find
4N = — yJDJ. Taking account of (9),, (10),, we can write 4N= —AyDJ.
Using (9), we get equation WyDJ = — ¢yDJ which by (3) reduces to
aWaWDJ = DJ. By virtue of Sawaki’s lemma we conclude that the skew-
symmetric fleld X satisfies condition C, equivalent to condition D ([6], O).
Finally, from D, D we derive K = 0; so V is an almost Kahler manifold.
The converse is trivial.

The proof of Th. 2 is now complete.

Remark now that by virtue of (11), (9), we have pWoaWoayDJ = DJ
thus yDJ always satisfies condition C. Since yDJ is a skew-symmetric field
((7)s, Sec. 8), then yDJ satisfies also condition D ([6], O,). Therefore, if yDJ
is assumed to satisfy condition D, it follows yDJ= 0. Thus DJ=0 and V
is & Kédhler manifold. The converse is trivial. Finally, by using (3) of Sec. 2
and, respectively, Theorem 6 and Theorem 5 of [7],, we prove easily the
statements of Th. 3 concerning conditions A and B.

To prove Th. 4, remark first that by (1), (3) of Sec. 2 and by Th. 1 we can
write

(13) cWyN = ayyWyN = — apaWaWN = — ayN .

Therefore, by virtue of (2), conditions B, B for yN are equivalent to con-
ditions (6);, (6), for N, respectively. Taking account then of the corollary C,
of Sec. 2, we conclude in the first case that N = 0; thus V is a Hermite mani-
fold. In the second case the tensor field yN is skew-symmefric; so V is a
Gy-manifold (Sec. 6). To complete the proof of Th. 4 remark that, by applying
the isomorphism W to relation (13), we see that conditions B, D, as well as
conditions B, D, are equivalent.

Finally, since K is a skew-symmetric field (Sec. 5), Th. 5 is an obvious
consequence of proposition P; of Sec. 4.
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8. - Symmetry. Skew-symmetry

We want to end with some remarks about properfies of symmetry and
skew-symmetry for the fields DJ, N, K of Sec. 3 and the fields we can derive
from them by applying the isomorphisms o, y, W, 1 of Sec. 2.

Since o A commute with ¢ = (1 + ), ¢ = (1 — ) ((2),, See. 2), only

the fields,
DJ, N, K, yDJ, N, WK

have to be considered (Sec. 3). ,

Now N, K, yDJ are skew-symmetric fields (Sec. 5). So an assumption of
symmetry is equivalent to their vanishing and V reduces to a Hermite mani-
fold, to an almost Kéhler manifold, to a Kahler manifold, respectively.

For the other tensor fields we have

P, — If DJ is symmetric, skew-symmetric, then V is, respectively, a Kdhler
manifold, an almost Tachibana manifold; and conversely.

P, — If yN is symmetric, skew-symmetric, then V is, respectively, ¢ Hermite
manifold, an underkdhler manifold; and conversely.

P, — If WK is symmetric, skew-symmetric, then V is, respectively, an almost
Kdihler manifold, an almost Koto manifold; and conversely.

The first part of P; is known (Theorem 2 [71)s. The second part is just the
definition of almost Tachibana manifolds (nearly Xéhler manifolds). The corol-
lary C, of Sec. 2 and the characterization of the underkéihler manifolds, given
in Sec. 6, lead to P;. Finally, P, is an immediate consequence of Th. 2 of
Sec. 3.

References
1] N. BOURBAKI, Algebre, 3, Hermann, Paris 1958.
[2] S. DoxwniNi, Due generalizzazioni delle varieta quasi Idhleriane, Riv. Mat.

Univ. Parma (4) 4 (1978), 485-492.

[3] A. GRAY ana L. M. HerviLLA, The siateen classes of almost Hermitian manifolds
and their linear invariants, Ann. Mat. Pura Appl. (in corso di stampa).

[41 L. M. Herverra et E. VipaL, Nouvelles géométries pseudo-Killériennes G, et G,
C. R. Acad. Sci. Paris 283 (1976), 115-118.



[9]

(5]

[6]

[7]

£8]

ALMOST COMPLEX CONDITIONS AND WEAKLY KAHLER MANIFOLDS 877

Kosavasur and K. Nomizu, Foundations of Differential Geometry (I, II),
Interscience Publ., New York 1963, 1969.

MANGIONE e A. Vizzaxi, Caratierizzazione di nole classi di varietd quasi
hermitiane e connessioni di Levi-Civita generalizeate, Riv. Mat. Univ. Parma
(4) 6 (1980).

B. Rizza: [+]; Sulle connessioni di une varietd quasi complessa, Ann. Mat.
Pura Appl. (4) 68 (1965), 233.254; [.], Teoremi di rappresentazione per
aleune classi di commessiont su di una varietd quasi complessa, Rend. Ist.
Mat. Univ. Trieste 1 (1969), 9-25; [+]; Connessioni metriche sulle varieta
quast hermitiane, Rend. Ist. Mat. Univ. Trieste 1 (1969), 163-181;
[+]y On Kihler manifolds and their generalizations, Atti Accad. Naz. Lincei
Rend. (8) 62 (1977), 471-475.

K. Yavo, Differential geomeiry on complex and almost complex spaces, Pergamon

Press, Oxford 1965.

Sommario

Sia V una varietd quasi Hermitiona ¢ J la strultura quasi complessa di V. Si consi-

derano il campo DJ, il campo di Nijenhuis N, 4l campo di Kihler X e i campi, che deri-
vano dai precedenti, operando con opportuni isomorfismi, sirettamente dipendenti dalla
strutiura di V. Se a questi campi tensoriali si impongono alcune condizioni formali, legate
alla struttura quasi complessa J, si ottengono diverse caratterizzazioni di note classi di
varieta, generalizzanti le varieta Killeriane.






