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On a class of functions with positive real part (*¥)

1. - Imtroduction.

Let P denote the class of functions p(2) = 1 -+ b,z -+ ... which are analytic
and satisfy Re (p(2)) >0 for all 2 in B = {e: |2|< 1}. Considerable work has
been done to study the various aspects of the above mentioned class (see[7],
[8]:,[8]. etc.). The study has been extended to the class P(x) of functions
p(2) =14 b2+ ... analytic in B and whose real part is not less than «(0 <a<1)
in ¥ by Padmanabhan {6], Tonti and Trahan [11], McCarty [4] ete. and used
to obtain various important results. Recently a subclass of P(x) was investi-
gated by Shaffer [9]. In this paper we consider the class P(x, 8) of functions
p(®) =14 b2+ ... analytic in F, satisfying for all z in ¥ the condition
[(p(&)—1)/(p(2) + (1 — 2&)) | < B for some a, f0<a<1,0< f<1). It is easily
seen that, for p € P(a, B) the values p(z) lie inside the cirele in the right half-
plane with centre (1 -+ (1— 2¢)f2)/(1— B2) and radius 26(1— «)/(1— f2). Fur-
ther it follows from Schwarz’s lemma that if p € P(«, 8) then

P(2) = (1 + (2a— 1) fzp(2)) /(1 4 Beg(?)) ,

where g(2) is analytic and |@(2)|<1 in E. Sharp coefficient estimates and a
sufficient condition for a function p(z) to belong to P(«, B) is obtained. More-
over we define

Pule, )= {p(e) =1+ 202+ 0,2+ ...: pe P(o, )} |a| < (1—@)B,
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and investigate the effect of @ on the radius of starlikeness of f(z) = p(z) — 1

where p € pu.(o, f), which generalizes the corresponding results obtained by
Singh and Goel[10], Gupta[3] and Bajpai[l].

2. = A coefficient formula.

Theorem 1. If p(r)=1-+ > b,2" is in P(a, ) for some o, (0<a< 1,

=1

0<<f<1), then |b,|<2(1—o)f, n=1. The estimates are sharp.
Proof. Since p(z) € P(a, §), we have

14 (2e—1)o)

(2.1) | p(e) = TF o) ;
where w(z) = > s,2*=2¢(2) is analytic and satisfies the condition |w(2)|<f
k=1

for ze BE. Then (2.1) gives (p(z) + (1— 20)) w(2) =1 — p(z), or

(2.2) (20— )+ S b2 [S i) =— 3 byt

k=1 k=1 k=1

Equating corresponding coefficients on both sides of (2.2) we see that the
coefficient b, on the right of (2.2) depends only on by, b, ..., b,_, on the left
of (2.2). Hence for n>1, it follows from (2.2) that

[20 —a) —}—Ebkzk]w(z) = [ibkzk + e 2r].

k=1 k=1 k=n-t1
Since |w(z)| << f, we get
n=1 n feed
(2.3) Bl2(L— &) + 3 byt | > | D b2k + 3 o2t .
k=1 k=1 k=n-1

Squaring both sides of (2.3) and integrating about |z|=17, 0<7<1, we
obtain

n—1

/32{4(1__ 0‘)2—|— z Ibki‘l?ﬂzk} >Z lbkle,,.ek _{_ z ]ckle,.z;; .
k=1 :

k=1 k=n-+1
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If we take the limit as » approaches 1, then

AL — ) 2 \bk|2}>ﬁ B]?  or (1_/32{}3 1Bi|® 4 |Ba]2 < 4(1—a)2B2 .

Since 0 < <1, |b,|*<4(1— 2)?f? whence follows that |b,]|<2(1— a)f, n>1.
The bounds are sharp for the functions

14 (1— 2a) e
1— fzn

P(a) =

for n>1 and ze I,

3. - A suflicient condition for a function to be in P(«, f).

Theorem 2. Let p(r)=1-4 2 b,2" be analytic in the unit disc B If

for some o, f (0<a<<1, 0<,6<1)w=1
(3.1) 2(1+/3)lb1»i<2(1-0¢)l3,

then p(z) belongs to P(c, f).

Proof. We employ the same technique as used by Clunie and Xeogh [2].
Thus suppose that (3.1) holds and thaty p() =1+ > b, 2% then for |z|< 1,

fn=1

[p@—1][=B|p() + (1—20) | =2 by2"[— B12(1— ) + 3 bu2"]

n=1 n=1

<3 bl — BRO— @) — 3 b} < 3 (b — 20— @) + 3 [Ba] =

ne=l n=l n=1 7n=1

=3 @+ p)|bs]—2(1—a)f<0.

n=1

Hence it follows that for ze B |(p(2) — 1)/(p(2) + (1 — 2«)) | < B, therefore

p € P(a, f). : L
We note that p(s) =1— {2(1— &) B/(1 + /3)} z* is an estremal function with
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respect to the above theorem since | (p(2) —1)/(p(2) + (1 — 20)) | = B for 2 =1,

O0<a<l, 0<fi<l and n=1,2,.... We also observe that the converse to
the above theorem is false in that p(2) = (1 + (1— 2a)B2)/(1— f2) € P(, ) but

) N e o PP 1
1gmlbnl—n§12(l_a)‘3 2(1—a)p —"Z(l*i—ﬂ)ﬂ >1,

for «, f satisfying 0<o<1, 0<< <.

4. - The radius of starlikeness for the functions in the class P, (e, ).

To determine the radius of starlikeness for the eclass P, (o, ), We require
the following lemmas.

Lemma 1. If f(z) is regular in E and |f(2)|<1 there, then

/ |z|2—1/(z) [
If'(2) < T (e

Lemma 2. If f(z) is regular in B and |f(z)|<1 there, then

2]+ 17(0) |
1+ 10} z]

11(0) |— 12|
1—[f(0)!1]2]

<lfle)] <

The proof of the above lemmas can be found in ([5], p. 167).
Theorem 3. Let pe Pyle, f) and f(2) = p(2) — 1 = 2az -} ay2* - ..., then
f(z) is starlike for |z| <o, B), where

a

T 0w+ VO —app—lal*

7o(0ty /3)

The above result is sharp.

Proof. Since p € Pyla, ), we have

14 (2a—1)B2p(2)
(4.1) ple) = 1:_ﬂzq)(§)w )
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where @(2) is regular in 4 and |¢(e)|<1 there. (4.1) gives

- 1—p(2) . a
T BlpR) + 1—20)] (1 —a)f

2p(?) 24

Applying Lemma 2 to the above equation, we obtain

lzl(la]l— (@ —x)B|2])

el (jol+ 1 —a)Blz])
(T—a)f —]al|z] ‘

<l < B el 4]

(4.2)

From the relation f(z) = p(z)— 1 and (4.1), we get

f'(2) 2p’(2) 220 () + 2p(2) }
Relzl L = — Re { 2P ¥ T ARRE) L
(4:3) e{z f(z)} T \[mz)—l} Tre {ZV)(Z)(1+,3Z<7>(Z))

Using Lemma 1 to (4.3), we obtain

1@ 1 212 —lp(2) |2
R — —_— .
° {z f(z)} > Te {1+ /7’299(2)} (1217 120(=) | 11+ e @) |

Let |#| =1 and 1/(1 + Bzg(z)) = u - iv, then we have

(44) Re { fl(z)} Sy P T ) AW 0y g ).

“Te) BLl—r) VI —up 1+ o*

Differentiating H partially w.r.t. o, we obtain

) g — [ 2 (1 — B2r2) N Brr2(u 4 v?) — (1 — u)? — ?)2]
(4.5) ov B(1— )V (1 — u)® + »° TS {I = w) o

It can be easily shown that the quantity within the square bracket on the
right hand side of (4.5) is strietly positive. Therefore the minimum of H
w.r.t. v oceurs at » = 0. Putting v =0 in (4.4), we have

Brriur — (1 — u)?
L —r3)[1—wul’

(4.6) h(u, r) =H(u, 0,7) = 1 —

Also putting v = 0 in 1/(1 -+ fze(2)) = u -+ v, we get

1 —
(4.7) !zt;ﬂ(Z)l=l ﬁuu]
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From (4.2) and (4.7) we have

(1 — o) +|alr e (1 —o)B—|alr
(1 —a)f+-4p)lalr+1 —a)p2? =7 T (1—a)f — (1 — p)|alr—(1—a) f2r2

(4.8)

if 1—wu>0, and

(1—a)f—lalr (L—a)f +|a|r

W) =T palr =~ =i+ 0 = Plalr— A =D for

if w—1>0.

It is easy to check that h is a monotone decreasing function of 4 if 1 — >0
and it is monotone increasing function of % if w— 1>0. Therefore if 1 — 4 >0,
minimum of A occurs at

(1 —w)f—la]r
d—a)f — (L — p)lalr — (1 —a)fer

U = Uy =

and is equal to
_ (1 —o)f(la] —2(1—o)fr +]a|r)
(lo] -1 —e)pr) (1 — o) f— (1 — f)|a]r — (1 — a)f2r2)

and if ¥— 1>0, minimum of & occurs at

Yy (1—0)p—la|r

T U—a)f—0F Blalr+ @ —)fre

Ry, 1)

and is equal to

_ (1—a)p(la] —2(@— a)Br +|a|r?)
(la] =1 — o)) (1 — o) — (A + B)lalr + (L — ) f2r?)

h(uq, 7)

Now it is easy to eheck that
|4l

“T—ap"

Thus the absolute minimum of % in (0, co) will oceur at u = ;. Hence

Ry, vy <h(uy, ) for

@) _
(4.10) Re {z f(z)} =
— Re { 2p'(2) } - pL—a)(Ja] —2 (1 — a)fr +]|alr?)
p() —1] 7 (Jal (1= a)fr) (1— ) — (L —P)lalr — 1 —a) for?) ’

provided r< |a|/(1 — «) .
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Therefore

for

e S s T Vi —lar~ T

The equality sign in (4.10) is attained for the function

(I—a)f— 1+ @—20)p)az -+ (1 — a)(1 — 2a) 222
I—o)f— (1—flaz— (1 —«)f22? ’

pla) =

Remarks. (i) For f =1, we get the corresponding result recently ob-
tained by Bajpai[l].

(ii) (o, f) = (0, 1) leads to the corresponding results due to Gupta [3]
and Singh and Goel [10].

The author wishes to thank Dr. O. P. Juneja for his kind help in the pre-
paration of the paper,
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Summary

See Introduction.



