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On pairwise s-regular spaces (**)

Introduction.

A subset 4 of a topological space X is semi open [4] if for some open set 0,
0cAdcecl0, where c10 denotes the closure of 0 in X. Every open set is
semi open while the converse may be false[4]. A set N is said to be a semi
netghbourhood [1] of a point # € X if there is a semi open set M such that
#e M cN. Complement of a semi open set is called semi closed. A point @
of X is a semi limit point of A c X, if any semi open set containing z con-
tains a point of 4 distinet from #. The union of the set 4 and the set of all
the semi limit points of 4 is called the semi closure of A4 [2]. We denote it by
scl A. It is the smallest semi closed set containing 4. Infact[2], 4 c B im-
plies scl A csel B; scl(secld) =scld and A is semi closed iff A4 = scl 4.
In a bitopological space (X, Py, P,) by P,semi open set (resp. Pscl 4) we
mean a semi open set in X (respectively the semi closure of 4) with respect
to the topology P,, ¢ =1, 2. A bitopological space (X, P,, P,) is pairwise
semi T,[5], if for any two distinet points @, y of X there exist disjoint P,-
semi open set U and P;-semi open set V such that #e U and ye ¥V, i5= 9§,
i, j =1, 2. A bitopological space (X, P, P,) is pairwise T,[6], if for each
pair of distinet points of X there is a set which is either P,-open or P,-open
containing one of the points but not the other. The axioms of pairwise semi 7,
and pairwise T, are independent [5],. Also, a bitopological space (X, P;, P,)
is said to be pairwise regular [3] if for every P,-closed set F and a point ¢ F
there exist a P;-open set V and a P;-open set U such that UNnV =g, Fc7V,
weU, 4,§=1,2, i 1.

In this paper we introduce and study pairwise s-regularity which is strictly
weaker than pairwise regularity. Throughout the paper X ~ B denotes the
complement of B in X.

(*) Indirizzo: Dept. of Math., University of Sagar, Sagar, M.P. India.
(**) Ricevuto: 28-IV-1975.
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1. « Pairwise s-regular spaces.

Definition. A bitopological space (X, Py, P,) is pairwise s-regqular if
for every P,-closed set F' and a point x ¢ I, there exists a P;-semi openset U
and a P;-semi open set ¥V such that UnNnV =0, FcU, 2V, i=j, 4,j=1,2.

It is evident that every pairwise regular space is pairwise s-regular. The

converse need not be true.

Example 1. TLet
X ={a,b,¢}, P={0,{b},{c},{d, ¢}, X}, P,={0,{a},{b},{a, b}, X}.
Then, (X, P,, P,) is pairwise s-regular but it is not pairwise regular.
Remark 1. Examples 2 and 3 below show that pairwisé s-regular and
pairwise 7, are independent. In addition, example 2 shows that pairwise

s-regular spaces may fail to be pairwise semi 7',.

Example 2.
X ={a,b,¢,d, 6}, Pl:{ﬁa {“}’ {b, O}’ {a, b, 0}3 X} y P, = {07 {d, 6}, X} .

Then, (X, Py, Py) is pairwise s-regular but it is not pairwise 7,. Note that
it is not pairwise semi 7, also.

Example 3. Let
X:{a'y ba 0}7 Pl:{gy{“}’{b: G}, X}y P‘z:{ﬁ’{b}y{ba 0};X}'

Then, the space (X, P,, P,) is pairwise T, but it is not pairwise s-regular.
However we have the following theorem.

Theorem 1. Hvery pairwise s-regular pairwise T, space (X, Py, P,) is
pairwise semi T.

Proof. Leta, yeX and 5= y. X being pairwise T, let V be a P;-open
set, ¢ = 1 or 2 which contains » but does not contain y. Then X~V is a
P.-closed set containing y to which # does not belong. The conclusion now
follows by pairwise s-regularity of (X, Py, P,).
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Theorem 2. In a bitopological space (X, P,, P,), the following conditions
are equivalent (where in is47, j,1 =1, 2):

(@) (X, Py, P,) is pairwise s-reqular.

(b) For each € X and each P,open set U containing ® there is o P,-semi
open set W such that xe Wc P-sel W U.

(¢} Bwery P-closed set A is identical with the intersection of all the P-semi
closed Pj-semi neighbourhoods of A.

(d) For every set A and every P-open set B such that A N B = @, there
ewists & P-semi open set 0 for which AN 0==0 and P;-sel0cB.

(e) For every nonempty set A and P-closed set B such that A N B — a,
there exisis disjoint sets G and H such that G is P,-semi open, H is P;-semi
open, ANG=£0, and BcH.

Proof. (a)=(b). Let U be a Propen set such that ze U. Then
X~ U is Prclosed and # ¢ (X ~ U). Now by (a) there exists a P;-semi open
set V and P,-semi open set W such that se W, X~ UcV and WAV = g.
And so, e WcPyscl Wc U.

(b) = (c). Let A be P,-closed and z¢ A. Then X ~ A is Popen and
cintains #. By the hypothesis there is a P-semi open set W such that ze W
CPrsel Wc X~ A. This gives that X~ W2 X ~ P,-scl W2 A. Therefore,
X~ W is Prsemi closed P;-semi-neighbourhood of A to which # does not
belong. Thus (c¢) holds.

(¢) = (d). Let ANBs0 and B is P;open. Let zc AN B. Since
#¢ (X ~B) which is P,-closed, in view of (¢) let V be a P,semi closed
P;-semi neighbourhood of X ~ B, such that x¢ V. Now let U be P;semi
open set such that X~BcUcV. Then, 0 = X~V is P-semi open and
if fulfills the requirements of (d).

(d) = (e). Let AN B =g, A is nonempty and B is P,-closed. Then
AN(X~B)s @ and X~ B is P;-open. By (d), let G be a Pssemi open
such that A NG+~ 0, GcPrsel@cX~B. Put H= X~ Pscl G Then,
H is P;semi open, Bc H and G N H = 0. '

(e) = (a). Obvious.
Remark 2. Pairwise s-regularity is not hereditary. For, {b, ¢} as a sub-

space of the pairwise s-regular space (X, P, P,) of example 1, is not pair-
wise s-regular. However:
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Theorem 3. HBovery biopen subspace of « pairwise s-regular space (X,
P,, P,) is pairwise s-regular.

To prove the theorem we require the following

Lemma. If(Y,T,, T,) is a P;-open subspace of & pairwise space (X, Py, P,),
then, for any subset B of ¥, TyselB = (P;selB)NY, j=1, 2.

Proof of the lemma. Let weT;sclB, j=1or 2. Then v Y. Let
V be any P,-semi open set containing #. Now Y being P;open in X, VN Y
is T;-semi open in ¥ (cfr.[5];,, theorem 2.3: if ¥ is open in a topological
space X and U is semi open in X, then ¥ N U is semi open in ¥), and con-
taing . And so VN Y meets B. Consequently V meets B. Thus, v € Py
-scl B. Hence ze(P;-sclB)Nn Y. Now let ye(P;sel B)n'Y and let 0 be
a T';-semi open set containing y. Then 0 is a P;semi open set for ¥ is P-semi
open (cir.[5],, theorem 2.4: if ¥ is a subspace of a topological space X,
then A is semi open in Y is semi open in X iff ¥ is semi open in X). Conse-
quently 0 meets B for y € P;-sc1.B. Hence y € T';-scl B.

Proof of the theorem. Let (Y, T, T,) be a biopen subspace of (X,
Py, P,). Let A be Ti-open in ¥, ¢=1 or 2 and sed. Y being P-open,
A is P;-open. Since X is pairwise s-regular there is a P;-semi open set U
in X such that #e Uc P;scl Uc A. Therefore, e Uc (P;sel U) N Y c 4.
And so, 2 Uc T;s¢l Uc A, by the lemma, for ¥ is P;-open. The theorem
now follows by Theorem 2 (b), since U is 7';-semi open ([4], theorem 6).
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