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Momp. SAEED K HAN (¥)

A fixed point theorem in bi-metric spaces (**)

1. - Introduction.

Let (X, d) be a metric space. A mapping T: X — X is called a contrac-
tion mapping with respeet to d if there exists an «, 0 < & <1 such that

AT, Ty) <ad(z, y) for all z,yeX.

The well known Banach contraction principle states that a contraction
mapping on a complete metric space has a unique fixed point.

We find that a contraction mapping is always continuous.

A ftriple (X, d;, d,) where d, and d, are metriecs on X will be called a
bi-metric space.

Maia [2] considered bi-metric space to find out a sufficient condition for
the existence of a unique fixed point of a mapping T which is a contraction
with respect to one metric and continuous with respect to other. He proved
the following

Theorem A. Let (X,d;, d,) be a bi-metric space such that

(1) di(w, y) <ds(x, y) for all z,ye X,
(ity I': X — X is contraction with respect to d,,
(iii) T': X — X is continuous with respect to d,
(iv) X is complete with respect to d,.
(*) Indirizzo: Dept. of Math., Aligarh Muslim University, Aligarh (202001)
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Then there exists a unique fixed point of 7 in X. It may be remarked that
if the two metrics d; and d, are equal, the above theorem reduces to the clas-
sical Banach contraction principle.

2. — In this paper we generalize Theorem A by replacing conditions (ii),
(iii) and (iv) by less restricted conditions. We prove the following

Theorem. Let (X, d,, d,) be a bi-meiric space such that

(1) dile, ¥) <ds(, y) for all ,ye X,

(i) T satisfios: dy(T®m, Try)<a dy(T?m, T2ra) -+ Bd(Try, T?y) for
positive integer, p, o0>0, >0, o + <1,

(iii) T2 is a continuous for some positive integer q at a point w in (X, d,),

(iv) there exists a point my € X such that the sequence of iterates {T"(mo)}
has a subsequence {T"i(:o,,)} converging to w in (X, d,).
Then w is a unique fized point of T.
For the proof of the Theorem, we need the following Lemmas.

Lemma 1. Let (X,d) be a metric space and T a self mapping of X
satisfying

Ad(T2r g, T2y <oad(Trx, T22) 4+ pd(Lry, T2 y)

for all z,ye X and >0, >0, - f<<1, p being a positive integer.
Then for any =€ X, the sequence of iterates {T"(x)} is a Cauchy-sequence.

Proof. Lt xeX. Define T?(x) =, and T?(®,_;) =o,: Put K =afl— .
Then

Ay, @)= AT, T*7x)) <od(T?x, T?0)4-pd(T2x,, T2 24) < od(g, 2,)+Bd(2y, 2,),
hence d{w,, @) < Kd(x,, #,). Again
A2y, %) = A(T*7 2, T?72,) <od(T?m,, T7a,) +

+ BA(Trwy, TP @) < ad(@y, @)+ LA, @5) -

Therefore d(x,, #;) <K2d(x,, #;). In general, d(&,, ¥, ) <K" d(z,, @,). Thus {#,}
is a Cauchy-sequence. ‘



3] A FIXED POINT THEOREM IN BI-METRIC SPACES 43

Lemma 2. If T" (n positive integer) has o unique fized point w in «
metric space X, then w is the unique fived point of T in X.

Proof. Simple.

Remark. The converse of Lemma 2 is not necessarily true. For let
X = [0, 1], with the usual metric. Suppose 7: X — X such that T(z) =
=1~ o for all x e X. Then 7 has a unique fixed point but 72 has none.

Proof of the Theorem. Let T"(w) = w,, T7(x,_,) = @,. Then {z,} is
a Cauchy-sequence in (X, d;) and from (i) it is a Cauchy-sequence in (X, d,).
By (iv) a subsequence of {x,} converges to w in (X, d;). Now we have

lim @, = w in (X, d,).

i—>w

Also T is continuous at w in (X, d;). Therefore

Te(w) = T(lim @,,) = lim Tw,,) = Hm (x,,,) = w .

00 F=>0 i—>c0

Now we shall show that w is a unique fixed point of 77 TFor if zs= v,
Tex) = o and T«y) =y, we get

do(@, ) = do(T2722, T2r1y) <ady(Tr1m, T2793) + Bdy(Trry, Teray)
<ads(, @) + Bda(y, ¥) -

Thus w is a unique fixed point of T'7. Therefore w is a unique fixed point of 7.

Remarks. (a) Condition (ii) can be replaced by any condition which
gives a Cauchy sequence. (b) If d, = d, and ¢ = p, our theorem reduces to
a theorem of Gupta and Khan [1].

Example. Let X = [0, 1] with usual metric space, and 7: X — X be
defined by 7(0) = T(1) = 0, T(w) = 1 for all ze€ (0,1). Then 7 is not con-
tinuous so it does not satisfy the condition (ii) of Theorem A since a con-
traction mapping with respect to any metric has to be continuous.

But T'*(x) = 0 for all xe€[0, 1]. Hence 72 is continuous and satisfies con-
dition (iii) of our theorem.
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Abstract

A sufficient condition for the existence of a unique fized point of a self mapping of
a bi-metric space has been obiained.
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