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JouN SCHINAS (%)

On the asymptotic equivalence

of linear difference equations. (*¥)

1. — The notion of the topological equivalence of ordinary differential equa-
tions is basic in the modern view of the theory of dynamical systems, since
it is the starting point of the structural stability of the flows.

In this paper we are studying another kind of equivalence, the so-called
asymptotic equivalence for linear discrete dynamical systems. Strictly speaking
such a system is defined as the group homomorphism

Z —Diff(B): t —f1,

where Z is the set of integers and Diff(E) is the space of diffeomorphisms of
a Banach space I [4]. Here however, we restrict ourselves to the space of
time—dependent linear diffeomorphisms.

The main result of this paper is that two linear discrete dynamical systems
are asymptotically equivalent if they are summably comparable and restric-
tively stable (Definitions 3, 4, 5). This result is the discrete analogue of a
problem in [1] (p. 99) for the differential equations, with a proper adapta-
tion to the infinite dimensional linear diserete case. Our basic reference is [3].
(See also [5]).

Denote by: N(t,) = {to; ta + 1, ...}, where ¢, is any natural number or zero;
I={a,a+1,..}, where a is a fixed integer; I(t,) = {to, to+1,..} thel; B a
Banach space with norm |- |; R the n-dimensional real Euclidean space with

1

norm: |x|= 3 |2;:|; L,(B) the space of all linear homeomorphisms from ¥

f=1

(*) Indirizzo: Department of Mathematics, Aristotle University, Thessaloniki,

Grecia.
(**) Ricevuto: 31-V-1976.
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on K with norm |-| induced by |-|; L,(R") the space of all » X% non-sin-
gular matrices 4 = (a,;) with norm induce by the norm in R»

|4 = max 3 |a,];
ax

=1

MM the identity operator of H.

Our linear discrete dynamical system are introduced by linear difference
equations.

Let for each t e N(1), A,(t) € L(E) and consider the linear difference equa~
tion

1 @y(f) = Ay(t)2,(t— 1),
where a,(1) € B, for te N(0).

Definition 1. For any t,e I, x,€ E, the function z: I(f,) — Bly: INI -
“(to-+ 1) = E] is called right [left] solution of (1), if #(f,) = @e[y(t) = m,] and
@(t) [resp. y(?)] satisfies (1) for all t€I(t,+ 1), [tel(a + INT (L -+ 1)]; if a(f)
and y(?) exist and a(f) = y(%,) = 2, the function z: I — B, 2(t) = x(t), te I(1,),
2(t) = y(t), te INI(t, - 1) will be called solution of (1) with 2(f,) = 2,.

Obviously the right, [left] solution of (1) exists and is unique, sinee for
all ¢t eI{a), A(t) € L,(E).

In the sequel, juxtaposition of maps denotes composition of maps. Con-
sider the forward solution of the difference operator equation X,(f) = A,(t)-
- X,(t — 1), which is given by

(2) X)) = 4,0y A, (0 — 1) ... 406+ 1) M, tel{t, 4 1) .

Similarly the backward solution of the same difference operator equation is

3) X)) = ATV + 1) ATE) ... A7) M, teI(e -+ INI(E + 1) .
Consequently the solution of (1) is given by

(4) 2i(t) = X,(t) X7 (t) 2

where X,(t) is given by (2) for teI(f, -+ 1) and by (3) for te I(a 4 LNI(f -+ 1).

Definition 2. The difference equation (1) is called restrictively stable
iff: (i) there exists a 0 > 0 such that, for any i, €I and |z,| < §, there exists
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at least ome solution z(f) of (1) with z(f,) = 2,; (ii) for any &> 0 and % el,
there exists a (), 0 < (g) < & independent of #, such that, for any solution.
z(t) of (1)

(5) lelto)| < 8(z)  implies  [a()] <.

The following lemma can be proved as for the continuous case of the
differential equations ([2], Ch. II).

Lemma 1. The difference equation (1) is restrictively stable if and only
if there ewists a constant K>1 such that

150 <I0, X0 <K, tel.

Taking into consideration (4) and Lemma 1, (1) is restrictively stable on
N(0) if and only if, there exists a K>1 such that

sup | X (1) Xiks)| < K.

t,se N(0)

Remark 1. TFrom above one can easily conclude that if (1) is restrie-
tively stable then the spectrum o(4,;) of the operator 4, lies on the unit circle.
The inverse is not always true. For instance, if I is a Hilbert space, the
spectrum o(A,) lies on the unit circle if and only if A, is similar-to a unitary
operator [6].

In addition to (1) suppose that for all e N(1), 4.(t) € Ly(Z) and consider
the difference equation

(6) wy(t) = Aa(t) (t — 1) .

Definition 3. The difference equations (1) and (2) are called summably
comparable iff the series of general term [A,(f) — 4.(t)|, and the series of
general term [ A;'(¢) — A7t)] are both convergent.

Let 8,, 8. be the sets of the solutions of (1) and (2) respectively.

Definition 4. The difference equations (1) and (6) are called asympto-
tically equivalent iff there exists a one-to-one mapping F: S8, — S, such that
F(x,)(t) tends to 2,(f) as i — oo.

Note that the notion of asymptotic equivalence is an equivalence relation.

Temma 2. If (1) and (8) are summably comparable end (1) is restriciively
stable on N(0), then (6) is also restrictively stable on N(0).
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Proof. Taking the forward solution of the operator equation
Xo(t) — A1) Xo(t — 1) = [4,(t) — 4,()]1 X,(t— 1),

we find, for all ¢ e I(t,), t, e N(0),

Xo(t) XM (te) = Xo(2) XHte) + z X(8) X7H(s)[Ay(s) — Ay ()] Xo(s — 1) X'(t,)
s=tg+1
and. therefore
1

10 X0 | <K+ 3 K Auls + 1) — Ag(s + 1)] | Xa(s) X32(0) ] -

=3ty

Applying the discrete Gronwall’s inequality [3]

(7) 1X(t) X (2) ii<KGXPEIL ofs + 1) — Ay(s + 1)
<Eexp 3 K| dyfs)— Ayfs)] .

Taking also the backward solution of the operator equation
Xalt — 1) — A7) Xolt) =[473(0) — AT (D] Xul0)

we find that, for all te I(a 4 I\I(t, 4 1), t, € N(O)

b
Xot) X7 (l) = Xa() X7'(h) + 3 Xa(t) X7 (s — D[A7Ns) — A7Y(s)] Xals) XTNE)
=i 1
and therefore
o
| X0) X 0) | <K -+ 3 K| A7) — A7s)] | Xals) X72(00)] -
s=it+1
Applying again the discrete Gronwall’s inequality,

(8) X)Xt < K exp 3 K[ A7) — A7Ys)|

Sy 41

<Kexp Y K| A7 (s)— 47Y(s)] -

Bl
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By combination of (7) and (8) and applying Definition 1 we conelude that (2k)
is restrictively stable on N(0).

Using L.emma 2 we can prove now the main result.

Theorem. Suppose that: i) equations (1) and (6) are summably comparable
and ii) equation (1) is restrictively stable on N(0). Then: a) equations (1) and (6)
are asymplotically equivalent; b) the map I(-)(0) between the initial values of

the corresponding solutions of (1) and (8) is a homeomorphism; c) if = € Sy,
then

[ F(@,)(1) — @a(t) | = 0 3, [Ax(s) — Aufs)]) -
s=t-1

Proof. a) From Lemma 2 and hypotheses i) and ii) it follows that (2)
is also restrictively stable on N(0). Let x, € §; and X,(¢) be the fundamental
solution of the operator equation

Xo(t) = Aa(t) Xo(t — 1), teN(1).

Consider the mapping F': §; — 8, which is given by

(9) F(a)(t) = x,(t) + ZXz (8) X3 (5)[As(s) — Aa(s)]as(s — 1) .

s=t+1

| 2 Xa(t) X3 (5)[Aa(s) — Aa(s)] @als — 1)| <

< sup |au(s)] sup | X.() ;1(3){|§1 | As(s) — 4y(s)]

8eN(0) t,8e N(0)

(9) has a meaning. Moreover, if F(x,)(f) == x.(f), then x,(¢) is a solution of (6),
since

F(ay(t) = @5(t) = @,(1) — Xo(t) X" (1)[ A1) — Au(t)]s(t — 1) -

+ ;Xz(t) XTH5)[ () — Aa(s)]a(s — 1)

= A,(#) @ (T — 1) - ZA Xo(t — 1) X7Hs)[A1(s) — Au(s)]2a(s — 1)

=1

= 4,0 F(@)(t — 1) = A(0) 2ot — 1) -
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To prove that the correspondence which has been established by (9) is a one-
to-one mapping, we argue as follows. Firstly, let », € 8,. From (9) we get
that

(10) lim [F(2,)(t) — 2,(8)] = 0 .

f—>0

Let y,(t) 5= I'(x;)(t) be another solut on of (6) such that

(11) Tim [y,(t) — ()] = 0 .

L300

Then, by virtue of (10) and (11), we get
lim [F(2,)(t) — 9:()] = 0 .
t—rco

For any fixed tel(t,+ 1) and reI(e--INJ(t+ 1), consider the left solu-
tions a,(1) and y.(r) which are given, according to (4), by

@y(7) = Xo(7) X7 () wa(?) Ya(7) = Xp(v) X7 (1) 9a(0)
From these expressions and because (1) and (6) are restrictively stable

[52(8) — @a() | < [9a(t) — @et) | max [ X,(1) X3 | = K [9a(0) — @:(0) ] -
vel{a + 1)\ I{t,+1)
If now ¢ — co in the last inequality, we get 1.(¢) = =z,(¢) for all £ e N(1). So,
given 2, € 8, we find a unique x,€ S, which corresponds to x,.
Conversely, because both equations (1) and (6) are restrictively stable,
given any x,€ 8,, we can define, by virtue of

(12) G () (1) = @o(t) -+ ZX (6) X7 (5)[Aa(s) — Ax(s)]me(s — 1)

§= 41

a unique a; € §; and so (1) and (6) are asymptotically equivalent and G(w)(f) =
= F-Y=z)(t), for all we §,.

b) Setting ¢ =0 in (9) and (12) we find, for all 2,, z,€ I,

(@) = F(,)(0) = [M + }:X'“l §)[Aa(s) — Ay(8)) Xa(s — 1)] @y
Fwp) = F(w:)(0) = [M + EX*’ (8)[Aa(s) — Ax(8)] Xo(s — 1) ] .

Consequently, F@ = M according to the proof of the case a).
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¢) To establish ¢) we use (9), whieh implies that

| B (1) — o) < K 3 [ Aals) — Aals)] -

s={4+1

Example. Consider the system of difference equations in £ = R? te

e N(D),
(13) 2lt) = Ay @t —1) = (1 + Qi) ((1) (1)) at—1),
(14) 2l) = Ao(t) myft — 1) = (1 —;}) (? (‘)) ot —1) .

Then, since the series

Sl -aml=3 75, SIAT0-4701=3 g

tea ] i=1

are convergent, and |X,(#)] < e? {|X1"1(t)!§<% (which implies that (13) is
restrictively stable), then also (14) is restrictively stable. In fact, | X,(t)] <e?,
(XMt <eé* for all te N(1). Moreover, after some easy calculation we find
that the one-to-one mapping between them is the following

Pl = o)+ 3 i(f 2)[?[(1—5%;—,)]%(8—1).

g=t-4-1 ~ k=1

Finally the linear homeomorphism I e L,(R?) of the initial values of the cor-
responding solutions is given by

; = 1 1IN0 1 b_l £ 1
F(x):{31+s§123—_1(1—§;) (1 0) [H(l—ﬁ)””
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Sommario.

Si studia Uequivalenca asintolica tra sistemi dinamici lineari discreti. Si prova che
due tali sistemi che sono sommabilmente confrontabili e resirittivamente stabili sono asin-
toticamente equivalenti.
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