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MouD. SAEED K HAN (¥)

A fixed point theorem for metric spaces. (*¥%)

Let (X, d) be a complete metric space, and let 7': X — X satisfy
ATz, Ty) <od(, y)

where 0<a<1 and =z, y € X. By Banach’s fixed point theorem 7' has a
unique fixed point.

Many extensions and generalizations of Banach’s fixed point theorem were
derived in recent years. For related results see [1],, [11, [2]. In this Note,
we shall prove theorems about fixed points using rational expression.

1. — Theovem 1. ILet (X,d) be a complete metric space and let T: X — X
satisfy
d(e, Ta)d(e, Ty) + dly, Ty) Ay, Tx)
d(z, Ty) + d(y, T'x)

ATz, Ty <

where 0<a <1 and z,yc X. Then T has a unique fized point.
Proof. Let myeX. Put: x,= T(w,,) (n=1,2,3,..); then we have

d(zy, Tp) d(xg, Ty ) + d(wy, Ty d(mwy, Tag)

d(ml7 "‘72) = d(Ta"(H T‘,Ul)< &« d(wo, lel) + d(ﬂ)l, _r[)_xo)

d{@y, 3y) Ao, Ty) + A(®y, Ty) Ay, 24)
A(wg, @) + (@, ;) )

Hence: d(2,, @) <oad(x, ©).

(*) Indirizzo: Department of Mathematics and Statistics, Aligarh Muslin Uni-
versity, Aligarh - 202001, India.
(**) Ricevubo: 20-1I-1975.
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Similarly, we have:

Ay, @) d(@y, ) + A2, 25) d(my, )
@y, #3) + dl@y, %) )

Ay, ) = ATy, Ta,) <

Therefore: d(w,, @;) <ad(z,, 2,).
In general, we have: d(@,, @.,4) <a"d(@y, 2,).

This means that the sequence {azn} is a Cauchy sequence. Henece, by the
completeness of X, {»,} converges to some point # in X. For the point

Az, Toy< d(my 2,4,) + ATz, Tx)

d(z,, Tx,)d(x,, Tx) + dx, T)d(z, Tz,)
d("“n& r-pw) _i" d(xy T.’L‘")

L@, Bngq) +

Ay, , Tpay) Hz,, Tx) + dlw, Tx) d(2, 2,4,)
d(wrn TLB) + d(w9 wn+1) ’

< ATy Bpy) -+

Letting # — oo, then we have: d(x, Tz)<0. Therefore d(z, Tz) = 0; that is,
the point z is a fixed point of 7. For the uniqueness of #, let ¥ be any other
fixed point of 7. Then

d(w, Tw)d(@, Ty) + dly, Ty)d(y, To)
d(w, Ty) + d(y, Tx)

d@, y) = d(tz, Ty)<a«

dlw, o) d(x, y) + dly, ¥) Ay, @)
d(=, y) + dly, =) )

Henece d(», y) = 0; that is, 2 = y. This completes the proof of Theorem 1.

2. — Theorem 2. Let 8 and T be mappings of a complete metric space
(X, d) into itself. Suppose that there exisis a mon-negative real number o such
that o« <1 and

d(z, Tx)d(x, Sy) + d(y, Sy)d{y, Tx)
d(w, Sy) + dly, Tw)

ATz, Sy) <o

for all @, y in X. Then S, T have a unique common fixzed point.
Proof. Let a6 X. Define

@onyr = S(@on) 4 Panye = T(Tanya), (n=20,1,2,38,..),
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then we have

d(zy, Sxg) d(my, Tay) + dlay, Twy) d{w,, Sz,)
@y, Say) + dzg, T2y)

@y, @) = d(Swoy Twy) <

Ay, 1) d(@y 5 %) + Ay, Tp) d(@,, ;)
d(w, , m;) - d(wg, @) )

Henee: d(x;, x.) <oad(z,, 0;).
Similarly we have

d(z,, Tw,)d(x,, Sw,) -+ d(w,, Say) d(2,, Ty)
d(wy, Toy) -+ diw,, Sx,)

A2y, ;) = d(Tay, S2) <

Ay, ) A2y, T5) -+ Xy, T5) AT, T)
d(wy, ) + d(zy, T3)

This gives: d(w,, ;) <ad(®,, #,). In general, we have: d(®,, Tpy1) <™ d(%o, ).
Thus {z,} is a Cauchy sequence. Hence, by the completeness of X, {@.}
converges to some point # in X. For the point z

Az, Tr)< U@, 2,yy) + AT, To)

d(@,, Tx,)d(@,, Tz) + d(=, Tz)d(@, T5,)
d(z,, Tz) + d(=, Tz,)

<@, Bpp) + o

(X s Ty A(@y, Do) + d(, Tx) d(X, Tpysq)
d(wn’ Tm) '*" d(ﬁ}', $7l+1) )

< d(@y Tpur) + o

As n — o3 we find that d(z, Tw) = 0, that is, « is a fixed point of I'. Simi-
larly z is a fixed point of S. To show that & is & unique common fixed point
of § and 7T, let ¥ be a fixed point of 7. Then

d(z, Sz)d(z, Ty) + d(y, Ty) d(y, Sx)
d(w, Ty) + d(y, Sz)

d(z, y) = d(So, Ty)<a

d(z, 2)d(z, y) + 4y, y) dly, ©)
d(=, y) + d(y, =)

This shows that: d(x, %) = 0 or 2 =y. So T has a unique fixed point.
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Similarly, § has a unique fixed point.

Remark. By replacing § and 7 by 87 and 7T+ respectively, for some
positive integers p, ¢, one can prove that in this case also S and 7T have =
unique common fixed point.

3. — Theorem 3. Let {T,} be a sequence of mappings of a complete me-
tric space (X, d) into ilself. Let x, be a fized point of T, (n =1,2,..) and
suppose T, converges uniformly to Ty. If T, satisfies the condition

Az, Tox)d(x, Loy) + dly, Ty ) dly, Tyx)
d(z, Toy) - dly, Tyx)

(%) ATy, Tyy) <o

’

where 0<o<<1, then {x,} converges to the fiwed point x, of T,.

Proof. Under the condition (%), 7, has a unique fixed point by the
Theorem 1.

Let ¢ > 0 be given, then there is a natural number N such that:
ATy, Tow)<e(l—a) for all x€ X and n>N. Hence

A&y wo) = A(Ly 2y, Lotro) <AL, 10,y Tore,) + A(Lyt,, Tot)

d(wn? T{)wn)d(a"na - owo) + (I( Ly 5 'lo%) (1(109 ()'l'n)

<T@y, Ty,) +
= ( me ’ 7‘) l (I(xn!' 070)'L(?(9'0a Oan)

(l(ib'” s l‘own) d(fl),, Ll 9"’0) + d(x() ’ 'TO) d(x05 "1'0‘7"/1)

d(xn! '7“0) + (1(3)0, TOG;,,)

<d(_’[’",(b’", TO'TO) + o

d(mn s Oﬂ,n) (I(Il'" ’ To)

<T@,y Ton,) + o

(I(mn, t,l/() 'T‘ (1(1170, 10"’11)

( Uy s 2(, ((1(7/71~ (170) '}‘ (](wos 1 17”))
(CZ(.”B", ‘10) ’T‘ d(‘”(): —pﬂmn))

<d(1'nm'n7 Oa/n) —{

Therefore, d(x,, 2y) < (1/(1 — a))d(T,,a:,l, Tyx,) <e, for n > N. Which shows that
{®.} converges to z,.
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Summary.

The object of this paper is to prove a fized point theorem using symmelric rational-
expression and to study related resulis.
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