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On the absolute Norlund summability factors. (*¥)

1. — Let 8, denote the nth partial sum of a given infinite series z a,. Leb
{p.} be a sequence of constants, real or complex and let us write

Pn:zpﬂy P i=p,=0.

r=0

The
) 1 & 12
(]]) —Fn = F zp'n—-vsv == z‘)— z Pva'n—-v (Pﬂ?E 0)
n op=0 ny=g0

defines the sequence {7',} of Norlund means of the sequence {8.} generated

by the coefficients {p.} [7].
The series > a, is said to be absolute summable (¥, p,) with index % or

summable [N, p,|, (> 0) if
(12) znk—llTTL}J- T11Ik< oo ]

when K = 1; this definition reduces to the customary definition of absolute
Norlund summability, as given by Mears [5].
In the special case in which

. ntoe—1) I'in + o) 0
(1.8) Pu= o—1 T I'n + 1) I(w) (2> 0) 5

(*) Indirizzo: Near Bharat Lodge Bina, Distt. Sagar (M.P.), India.
(**) Ricevuto: 7-1I1-1972.
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the Norlund mean reduces to (¢, x) mean [3]. Thus the summability |V, p.l,
where p, is defined by (1.3) is the same as |¢, ). Again, when

(1.4) Pn= , P,~logn as n— oo,

w41

the Norlund mean reduces to the harmonic mean [9].
The conditions for the regularity of the method of summability (¥, p.)
defined by (1.1) are

. Pn
Im — =0
(1.5) B
and
(1.6) > lpel =0(P,), as n->co.
p=0

If p, is real and non-negative, (1.6) is automatically satisfied, and then
(1.5} is the necessary and sufficient condition for the regularity of the method.

2. — Let f(?) be a periodic function with period 2z and integrable (L) over
(— 7, 7). Let its Fourier series be

(2.1) Ya,+ 3 (@, cosnt - p, sinnt) =La, + > A1) .
. n=1 =3

We write ¢(t) = {f(x + ) + f(x— t)}/2.
A sequence {u,} is said to be convex [11] if

Au, >0, (r=1,2,3,..),

where Au,= t,— 4,,, and Au,= A(du,).

3. — Given a sequence {A,} if the series Y a,, is absolutely summable
in some sense, while in general } a, is itself not so summable, then {1,} is
said to be the absolute summability factor of the series Z @

Kogbetliantz has proved the following theorem [4] on summability factors
for absolute Cesaro summability.
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Theorem A. If a series > a, is [¢, | summable, then the series
S a,¢, is summable |¢, ] for f<a, o, >0, if &,=1/(n+1)*".

In 1952, Peyerimhoff [8] gave a similar proof of the above theorem.

Further in 1965 N. Kishore [6] established a similar theorem for the case
of Norlund summability when the series in summable |¢, 1|. His theorem
runs as given below:

Theorem B. If a series 3 a, is |¢, 1| summable and if {p,} be a non-
increasing sequence of real and nonnegative numbers, then the series

S (@, P,)/n is |N,p,| summable, where P,= 3 p,.

y=0

The object of this paper is to extend the above Theorem B for |N,p.l|:
summability. In fact we prove:

Theorem. If the series 3 @, is |, 1|, summable and if {p.} be a non-
increasing sequence of real and nonnegative numbers, then the series > (a.Pa)[n

is summable | N, p, |, where P,= 3 ps.

=0

4. — Proof of the Theorem. Since the case k=1 of our theorem is
due to N. Kishore [6]. We prove for & > 1 only.
Further, since the series Y a, is summable |¢, 1|, (k>1), we have

(4.1) 2t <o,

where 7% denotes the nth Cesiro mean of order one of the sequence {na,}.
Let 7, denotes the Norlund mean of the series > (@,P./n) = > u,; then
we have to show that

(4.2) S| Ty — Ty | < 00 .
Now
T 1 =2 g, — 1 & P
T E PSSR 2

Since P_,=10

n+1 .Pn+ - P.,,.. n+1 l)n _ P”_. P
Tﬂ+1—Tn=z ( 1"'_‘—'“”) 'M;v:zvav( ae ”” V)_’,'::.

y=1
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Applying Abel’s transformation and denoting ¢, = > »ay, 4, = 0 and
Ay = 2n— An.1, We have

Z Pn - Pn—l' P tn
Ztvd )+1 v'_'m :1 +P0 L 2
~ Poo P ) ) (n+ 1)

7 (.Pn+1—v Pn—v) A P,

4.3) |Tann—Tal=

Pn+1 Pn

St

y=1

<

R Prr P P,lt,
Ztv v+1nA +1;___ v) + 0[ +1[
pa=1 (V +1)2 -Pn+1 Pn (n -+ 1)2

< DY |+ TP |+ TP, say .

+

By Minkowski’s inequality, it is therefore sufficient to prove that

(4.4) Sat LV < oo,
(4.5) S LP [P < oo,
and

(4.6) S nr-t [ LO |k < oo .

Proof of (4.4). Since {p,} is a non-negative, non-increasing sequence,
it is easy to see that (P, /Py s)>(P,,./P,) for all »<<n, and hence ()

D e S EE

- S (G -T) 4 (B) -
A S G- a(3)
<afoer g (- B)o ()] )
00 (2)] 5 (=% o

n=y
() 4 is a constant not necessarily the same at each occurrence.

m
<42
y=1
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[5]
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Now, since S a, is |¢, 1], summable ([t|*/»**1) is convergent; thus since

Py <(»+1)p,. We have

m [ t, ik
{vgl 7,1:-1»1 } ?

(4.7) S| LP k= 0(1), as m—oco.

Ly
anwwwojz '}

Proof of (4.5).
< Puiy [ Prrir Pa-w 1"'
34 Lo (TP
y=1 1P Poyy Pn J
i < Pyyy Pu+1y Py
< AS p1 ] Ln
ngl {vgl l V! (V + 1)_ ( 7111 lJn X
< I)Vv'*l Pat1-v P E-1
X 2 L 132 ( > —— -
=1 (1’ w 1) n+l Pn

m n P, , e
<Az/nk—-121tv}k__qu p"L___i \<121/?’}L1
v Pn*l P

r=1

m m
z pr-1 ILS?) ll;___._ z niE-1 4’
n=1 n=1 L

<A E ll‘ i" i Em: Pa—r _ Pnii—v
= A v -+ 1) =, P, P

A T

whence as m —> + oo

(4 8) §w=-1 | L2 = 0(1) .

n=l
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Proof of (4.6).

St |9 [rca 3 s | Lol 1
ne=l (n + 1)2

<A Y nEt Nl Y ZM”
h (n 12 = (n + 1y ?

whence as m —> - co

(4.9)

St LY = 0(1) .

=]

Hence, » n*~1|1,,,— T,|*< oo, which proves the theorem.

5. — It may be remarked here that if ¥ =1 and P,~logn the following
theorem of Singh [10] becomes the corollary of our theorem.

Theorem. In the series > a, is summable |e,1|, then the series
> aylog (n -+ 1)/n is summable | N, 1fn 4 1].

The author expresses his grateful thanks to Dr. P. L. Sharma, for his kind
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