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Formulae for Laguerre and Hermite polynomials. (*¥)

1. - Introduction.

Brafman [1], Hardy [5], Hille [6], Waston [10], Sharma and Manocha
[8], Carlitz [2],, Sharma and Abiodun [9] have obtained new formulae
for Laguerre and Hermite polynomials. By using Watson’s method [10]
and operational techniques, we obtain various extension of Hille-Hardy
formula [7] and Mehler formula. The formulae obtained in this paper are
believed to be new. E

The Laguerre polynomials may be defined as follows:
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l¢| <1 is known as Hille-Hardy formula.
In my previous paper [9], I gave the following generalization of (1.2).

(*) Indirizzo: Department of Mathematics, University of Ife, Ile-Ife, Nigeria.
(**) Ricevuto: 7-1I1-1972.
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I shall give another proof of (1.3) by using the following formulae ([3],

P- 270, Bx. 27 and 29):
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and Erdelyi ([4];, p. 187, eq. (43)).
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To prove (1.3), we start with the left side ef (1.3): by (1.5), (1.6) and (1.7)
we have
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This completes the proof of (1.3).

Replace z in (1.3) by zw, multiply both sides by w*~* and take the Laplace
transform with respect to o using the known results, Erdelyi ([4], p. 191,
eq. (33)) and ([4];, p- 223, egs. (12) and (13)). A similar operation on the vari-
able y will finally give us
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for the definition of Appell function F,, see ([4],; p. 224, eq. (7)).
The proof of (1.3) suggests the following formula (|¢|<<1) due to Car-

litz [2].
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Now we prove the following generalization of (1.2).
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Proof. We start with the Lh.s. of (1.10): by (1.5), (1.6) and (1.7),
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This completes the proof under the conditions stated with (1.10)
The (1.10) can be extended as follows:
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where R +1)>0, |z|+|y|+]z|<1.
We prove the following formula
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Proof. We start with the left side of (1.12): by (1.1)
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For r>s the inner sum on the extreme right is equal to
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in the usual notation for Bessel functions of purely imaginary argument.



22 R. F. A. ABIODUN
For r<s we find that the inner sum is cqual to ¢"+*7,_(2¢).
Thus we have
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This completes the proof of (1.12).
In case we take y =0 in (1.12)
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2. - In this section we obtain formulae for Hermite polynomials
The Hermite polynomial H,(x) may be defined by
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is known as Mehler’s formula [7]

We give below various extensions of (2.2)
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We shall require the formula ([7], p. 190)
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on applying (2.3). This completes the proof of (2.4). If p=0 and b=90
in (2.4), it reduces to (2.2). If p =0 then (2.4) reduces to a known result
due to Carlitz [2];.

Similarly we can prove the following generalizations of (2.2).
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where 3 a? 3 a%2?, 3 abz and 3 absy are symmetric functions in the indi-
cated variables.

In particular (2.7), (2.8) and (2.9) reduce to known results due to Car-
litz [2], by taking ¢=0 and k= 0.
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Summary.

In this paper we have oblained some generating functions for Laguerre and Her-
mite polynomials. These formulae are various types of extensions of the well known
Hille-Hardy formula and Mekler formula.
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