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B. K. DAsS ana L. KHAZANCHI (¥)

On common fixed points through rational expression. (**)

1. -« Introduction.

Let (X, d) be a complete metric space. A mapping f: X - X is called
contraction if there exists a real number %, 0 <<k <1, such that

A(f(x), 1(y) <kd(@, ), zyeX .

The celebrated Banach’s contraction principle [1] states that every such map-
ping admits of a unique fixed point. The condition that the mapping is a con-
traction is a very severe restriction as also such maps are uniformly eontinuous
Kannan [2] established the same theory for a mapping f which satisfies

af(@), 1)) <oda(e, {(@) + a(y, F)1, 0<a<i,

and showed that f need not be even continuous. Later on Reich [4] and Wong [5]
established the same results through generalized contractions.

In this paper we have made an attempt to establish a fixed point theorem
through rational expression for product of two self-mappings defined on a metric
space (not necessarily complete). Also the mappings under study need not be
continuous. Some results which follow as its consequences are also derived.

‘We have
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Theorem 1. ZLet T, and T, be two self-mappings defined on a metric space
(X, d) such that

Bd(z, Ty To(w)) [o + d(y, Ty Ti(y)) ]
o -+ pd(z, Ty To(z)) ’

{) d(TlTe(x)y Tle(?/)) <
for all &, yeX, a>0, 0<f<1,

(ii) for some w € X, the sequence {x,} defined as z, = T, Ts(x) and for n>1,
T T2, y) if n is odd
@, =

ToTy(,_4) if n is even

has a subsequence {"”";.-} with @, =lima,_. Then wx, is the wunique common

n~>co

fiwed point of T, and T,.
Proof. For the sequence {z,} as defined in (ii) we have
d(wy, 7)) = d(Tl Ty(x), TZTI(ml))

pale, Ty Ty(@) [« + dlay, Ty Ta(er))]
= o+ pd(z, Ty Ty(z)) ’

Bd(x, ©,) _ afd(x, )
{1 T a b, wo} Ry TNk

which gives d(wy, zs) < fd(z, z,).
Also
(@, 23) = d(Tz Ty(xy), Ty Tz(wz))

pd(z,, Ty To(w,)) [‘x + d(z,, i’-12”1(-”31))]
b o -+ Bd{zy, Ty Ty(x,)) ’

ie., o Bz, ) <of -+ fd{z,, 2,) which implies

(s, 1) < §</3— 1)+ fd(@, =) .
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Again
(@3, @) = d(Tl Ty(ws), T, 171(5173))

Bd(wy, Ty Tolws)) [ + dla, Ty Ty (23)) ]
h o« + fd(my, Ty To(w,))

which implies

A2y, 1) < B0, 03 <a(f— 1) + f2d(w, 2y) ,
and

A2y, x5) = CZ(Tz Ti{w,), T T2(a74))

- Bd(wy, Ty Toly)) [ + d(as, Ty Ty (o05)) ]
- o + Bd(my, Ty To(,))

ie., o+ fd(wy, ;) <off + pd(xs, 2;) which implies

(B—1)+ (f—1)+ f2d(@, m)= —(ﬂ2~1)+ﬁ2d(’v,%)

d(.’v,;, .’/U5) <

™R

In general,
d(’bzny w"n+1 ﬁn - 1) + /)J d($i 'Tl

and
A@anys, Byinin) <a(fr— 1) + prird(w, @) .

Hence for m = 2r, we have

d(w’”’ ',U’"’*‘") <d(m"" 3),,,+1) + d($,n+1, a),,,+2) +_"‘ + d(mm—i—n—l’ wm-}—n) <

(BT — 1)+ frd(z, @) + a(fr—1) 4 pr+1d(x, @) -+ ... (2n terms)

<

™R

= =D+ alfr = 1)+ 5 (= 1)+ of 1) 4 ... (v terms) -+
Bk 2Bk 2 L, (0 terms)) d(a, @)
<af UL+ B+ it )+ el B+ BER )
+ 2B (L B B ) ey @)

B3 (1 +6) &
-8 T 1—p

d(x, ;) ~0asr—+o0, 1.6, m—>oco.
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Similarly, for m = 2r 4 1, we have
d(mmy wm_i.n) -0 as m—> oo,

showing thereby that {z,} is a Cauchy sequence. As a consequence of (ii),
there exists #,e€ X such that

lim 2, = x,.

‘We shall show that T, T,(z,) = T, Ti(z,) = %,. Now
ATy To(@o), @) < ATy Tolo)y @) + d(@s, ) (where ¢ is even)
= A(T, Ts(2o), T Ty(@,_1)) -+ d(x,, @)

< Bd(xy, Ty Tolag)) [ + @iy, To Ty(4)) ]
= o 4 Bd(xy, Ty Thiw,))

+ d(@,y @) ,

i. e,

af + (@, @) }—1
>0

d(Tsz(wo); ‘vo) < d(@y, @) {1 o T pd(w,, T, Tolay)

for sufficiently large ¢. Thus 7', T,(x,) = x,. Similarly 7,T,(x,) = .
Next, we show that w, is the unique fixed point of 7,7, and 7,7,. Let
9y, also satisfy Ty To(ys) = ToT1(yo) = 9,. Then

A2y, Yo) = d(T1T2(wu), Tle(?/o)) <0.

Therefore z,=7,. It can be easily seen that », is the only fixed point of
7,7, and T,T, which is common. Next, we show that Ti(z) = 2, = To(a,)-

We have T)T,(x,) = @, = T,T:(x,) which implies L/’I(T2 Tl(mo)) = T (%) i.e.,
T, To(Ty(,)) = T(w,). Therefore T(x,) = m,, since , is the unique fixed point
of I7,. Similarly Ty(z,) = 2,. Lastly, we show that z, is the only common
fixed point of 7, and T,. Let 2,5~ x, be an element of X enjoying the property
T1(zo) = Ty(zy) = 2, which implies T Ts(z,) = T2 T1(2o) = 7, i.e., Z, = @, since
%, is the unique common fixed point of 7,7, and T,7,. This completes the
proof of the theorem.

Remark. The result by setting T,z =« for all # € X in the above theo-
rem, has been proved independently in [3].
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2. — In the following theorem we show that if 7, and 7, are continuous,
then it is sufficient for the validity of Theorem 1 that T4, T, satisty condition
(i) only on a dense subset of X.

Theorem 2. Let Ty and T, be two continuous mappings of X into itself
such that for any pair of points x, y belonging to an everywhere dense subset M of X

. oy Bl Ty Ty@) [« + Ay, T,3))]
(*) (Z(T1f2<"l’)7 Tz—['l(?/)) < « + pd(m, T, o))

a>0, 0<f <1, and (ii) holds, then T'; and T, have a unique common fized point.

Proof. The proof will follow from Theorem 1 if we show that the ex-
pression in (*) holds for any pair of points «, y ¢ X.

Let v,ye X. If 2eX, ye X~ M, then a sequence {y,} in M converges
to y and we have

d(Tsz(w)y T, T1(?/))<(Z(T1 Ty(z), T, T1(?/n)) -+ d(Tle(?/n)’ T2T1(?/))

Bd(z, T, Ty(=)) [“ + Ay, Ty oy,

)]
< o & Bd(@, T To(@) -+ d(Tle(f‘/n); Tle(?/))

__ Pd(z, T, Ty(@)) [« + d(y, T.7y(y))]
- o+ ﬂd(w, T, Ty(=)) ’

since T, and 7, are continuous. )

Now we consider the case when z,ye X~ M. Then there exist sequences
{#.} and {y.} in M converging to z and y respectively. Again we shall have
condition (i) using the continuity of 7, and 7, and the inequality

d(T1T2(m)7 Tle(.’U))<d(T1T2(w); T, To(w,)) +
+ d(T1T2(a7n)7 Tle(?/n)) + d(Tle(’_l/,.), Tle(?/)) .
3. — A much more interesting situation when a function which is the limit
of a convergent sequence of functions is shown to have unique fixed point

which is the limit of the fixed points of the sequence of funections is handled
in the next theorem. '

Theorem 3. Let {(T,T,);} and {(T.T,):} be two sequences of mappings of
X into itself conmverging pointwise to T,T, and T,T, respectively such that

Bd(=, (T) Ty):(x)) [ + d(y, (T2 1)) ]
« 4 Bd(w, (11 T,),(®))

d((Tsz)i(m)a (T, Tl)z’(?/))<
for all m,yeX, >0, 0<<f<l, i=1,2,...

10
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If (1,1,); and (T,T,); have common fized point &; and & is the common
fized point of T, T, and T,T,, then the sequence &, converges to &.

Proof. We have

AUE; &) = A(T1 To(8), (T2 T1)nl(£n))
<UL ToE), (T2 T2)n(8) + A(T1 To)n(&); (T2 Tr)nl£))

6(1(5’ (TIT‘Z)"(S)) [“ + d(fn’ (112111)n(§n))]

<(Z(T1T2(§)7 (TlTZ)n(E)) + « + ﬂd(é, (Tl -T")n(é:))

op y
{ T o Ram e, <T1112>n(s>)} (T3 To(&), (ThTo)ul&)) —-0

as (T, T,),(&) = T, 7.(&) . Hence &, converges to &.

The authors are thankful to Prof. U. N, Singh, Dr. B. S. Yadav and Dr. B.
D. Sharma for their encouragement in the preparation of the paper.
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Abstract.

The well known Banach’s contraction mapping theorem has been generalized by various
authors through generalized contractions. In this paper, an attempt has been made to derive
certain results pertaining lo fized point theorems in metric spaces through @ rational expres-
ston.



