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On the means of an entire Dirichlet series

of order (R) zero. (**)

1. - Introduction.
A Dirichlet series

H(s) = Y anexp(sd,), s=o+it,

n=1

where 0 = 1, << 4, <<A4,...< A,-> oo as # — oo, which we assume to be abso-
lutely convergent everywhere in the complex plane %, is bounded in any left
strip and defines an entire function. The order of f(s) is defined as:

log log M
1imSupw=a ; (0<o<00),

o>

where M(c) = Sup {|f(oc + ) |: — co < t < co}.

To have a more precise description of the growth relation for a class of
entire Dirichlet series of order (R) zero, i.e. for which g =0, we use the no-
tions of logarithmic order (R), o*, and the lower logarithmic order (R), A*, as
given by (see [1];, [2])

'(1 1) lim Sup log log M (o) __o*

oo Inf  logo A% (<< p*<o0).
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Consider the following mean values of |f(s)|

(a)-hm _f (o4 it)|° e (0 <0< o0,

Me,(6) = exp (ko)™ [ exp (ko) Is(x) dz (0 < k<< o0).
i

Kamthan and Jain have obtained a number of growth relations regarding
these means in ([1}, [1],, [3],) for entire Dirichlet series of order (R), o
(0 << g << o0). In this Note, our main object is to discuss certain properties of
these means for functions of logarithmic order (R), ¢*, and lower logarithmic
order (R), A*.

2. — Theorem 1. Let f(s) be an entire function represented by Dirichlet
series of logarithmic order o* and lower logarithmic order A*. Then, for 1< d < oo,

{L&”(«)}
log
2.1) lim P Iofe) ] _ e*~1

e Int log Toar—1

(1< A* < p*<<o0)

where I (o) = Is(o, fV).
The proof of this theorem is based upon the following lemmas.

Lemma 1. For 0<d < oo,

. Sup log log Is(c) o¥
Hm =

s»eo Inf log o ax’

Proof. For n>0, we have (see [2])
(2.2) Ii(o) < M(0) < O1)Is(o + 1)
which, on using (1.1), provés the lemma.

Lemma 2 ([8l). For a>0, and 6>1

L;(O’) ].Og Io

I(0)> Y14 0) .
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Lemma 3. ([3]). With the usual notation for I¥(0), for all ¢ > 0 and 5 >0,

o K
Is' (o)< o Is(o ),

where K is a constant.

Proof of Theorem 1. Since log Is(c) is a convex funection with respect
to o (see[3],, lemma 5), we have

(2.3) log Is{c) = log Is(c,) —{-fw(m) do (0> 0y),

o

where w(#) is non-decreasing and almost continuous in the interval (0, co);
w(x) tends to infinity with ». Therefore, for >0

log Is{o -+ ) = log Is(c) + f;;(fc) de <log Is(c) + nw(o -+ n)

which, on using Lemma 3, gives
(2.4) log I§V (0) < log Is(0) 4 nw(s + ) — logn + O(1) .

Choose 7 = (w(o + 2))L
Then, yw(o -+ ) <1, for all sufficient great values of ¢. Hence

(2.5) log IP(0) < log Is(c) 4 logw(o + 2) + O(1) .

Also, from (2.3) and Lemma 1, it follows that

Sup log w(o) p*—1

(2.6) lim

osw Inf logo A

This, from (2.5) (2.6), we find that

Sup log {I§(0)/Is(c)}  o*—1

lm log o S

g

The reverse inequality is easily available from Lemma 1 and 2.
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Theorem 2. Let f(s) be an eniire funciion represented by Dirichlet series
of logarithmic order o* and lower logarithmic order A*. Then for 6> 1,
—1l<k<oo

fi ST 108 {(m52(0)ma(5)} e*—1
cl_li Inf log ¢ T oar—1?

where mf,f,)‘(cr) = Ms,i(0, fD).
‘We omit the proof, as it can easily be followed on the lines of the proof
of Theorem 1.

3. — It is known that, for all entire functions,

Sup { Is(o) }1/0 . c?

Hm m e’l (0<;L<Q<OO).

o—rw Inf

In particular, for entire functions of order (R) zero, i.e. p = 0 we have

. LS(G') llo'—
61 im (o) =

In what follows, we have a result for entire functions of order (R) zero,
which is more precise than (3.1), namely.

Theorem 3. Let f(s) be an entire function of logarithmic order o* and lower
logarithmic order A*. Then

(1

N

Sup { Is(o) }1/“'9" __exp(o*—1)

e Inf ) T exp (A¥—1)

AEL p¥F <L 00).
M3 (o) <@ <o)

Before proving this theorem, we will firstly prove the following

Lemma 4.

. Sup log log ms,,{c) o*
Iim —_— =

e Inf log o a7
Proof. Lemma follows directly from Lemma 1 and the inequalities

masel0) < 22 oo+ ) (L + 0(1))-2 (n>0).

E
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Proof of Theorem 3. It is seen, from the definition of Is(s) and
msyi(0), that (see [1],)

log mesi(0) = log me.i(0,) -+ fr¥(x) de ,

is an increasing function of @, for all large # (see [3],, lemma 3). Thus, for all
0> 0,

log ms,(0) — 10g Mms,n(0o) <¥*(0) (o — 03)
which in view of Lemma 4, yields

sup log v*(c) - o*—1

(3.3)

. = .
oo nf loge T A*—1

Again we have

2¢

log ms,1(20) > [v¥(z) dz> ov¥(a) ,
3

which again using Lemma 4, yields

Sup log v*(o) _ 0¥ 1

<

(3.4) lim

osw Inf  loge T A%l
Hence, from (3.3) and (3.4), we get

. lim Sup log v*(c) _ o*—1
(3.5) o—w Inf loge ~ A*¥—1°

The theorem now follows from (3.2) and (3.5).

We wish to express our sincerest thanks and deep sense of gratitude to
Dr. P. K. Jain for his most valuable guidance and constant help throughout
the tenure of this work,
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Summary.

For an entire Dirichlet series f(s) = zan exp(shy) (s =0 +i8, 4, > 0, 2,12 1,00
=l
with m) of order (R) zero, the logarithmic order (R) o* and the lower logarithmic order

(R) 2* have been defined as

lim 'sup log log M (o) _ o*
oo INT log ¢ i

where M(o) = Max {|f(c +11)|:— oo <t < oo}. In this paper, certain proprietes of the
mean values I5(o) and m; (o) of functions of logarithmic order (R)o* and lower logarithmie
order (R)A* have been obtained.




