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R. S. CHOUDHARY *)

On the absolute Norlund summability

of uliraspherical series. (**)

n=<
1. - Let Y a, be a given infinite series with the sequence of partial sums
n==g

{sy. Let {p,} be a sequence of constants, real or complex and let us write:

-P11:p0_§“p1+---+pn, P_1=])._.130y .P,,#O.

Let
1 k=q

(]1) ln = 1_3— z Pnox Sy
n k=0

define the sequence of Norlund means [6] of the sequence {s,}. The series
2 @, is said to be absolutely swummable (N, p,), or swummable |N,p,|, if the
sequence {t,} is of bounded-variation that is the series

(1.2) D lta— by ]

is convergent [5].
The Cesaro summability becomes a special case of the Noérlund sum-
mability [3], when

(o> 0).

«—1 T Tal'(n + 1)

n4oa—1 I'(n + «)
Dn = -

(*) Indirizzo: Department of Mathematics, Govt. College, Barwani (M.P.), India.
(**) Ricevuto: 10-V-1972.
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Also when p,=1/(n -+ 1), the Nérlund summability is termed as the harmonic
summability.

2. — The ultragpherical polynomials Pff)(x) are defined by the following
expansion

(2.1) (1— 22t + 132 = EtﬁPf,‘)(w) (A>0).

n=0

If f(6, p) be a function defined on the range 0<bl<n and 0<p<2m, the
ultraspherical series corresponding to it on the sphere § is

, 9" ) PP (cos w) sin 6740 dg’
[sin? 0" sin®* (@ — @”) 4

?

en)  f6,p~z Sotn [[1°

8

cos o = cos f cos @' + sinfsing’ cos (p— @) .

The Laplace series is a particular case of this series for A= , while this
reduce to trigonometric series in the limit as 4 — 0, because

1
(2.3) }g? 3 PP (cos )= (2[n)cos nf (n>1).

A generalised mean value of f(0, ) on the sphere has been defined by
Kogbetliantz [5] in 1924 as follows:

1 (07, ') sin 07A0" dg’

27(sin w)?* | [sin? 6’ sin® (p—@’)]F~*
‘o

(2.4) Hw) =

Where the integral is taken along the small ecircle whose centre is (0, ¢)
on the sphere and whose curvilinear-radius is .
It is assumed throughout that the function

(2.5) 10", @")[sin*0" sin® (p— @")]*7*

is absolutely integrable (L) over the sphere S.
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The object of this paper is to obtain a simple direct theorem on the
absolute Norland summability of the series (2.2). Writing

N (sin w)**~1 '} f(w)
PO =T v

we prove the following

Theorem. Let {p,} be a non negative non imcreasing sequence such that
for 1/2 <A<1

n
nA—1 .. de(w)
<o, (i) [de(w)]

@ - (sin w)*

0

Then the series (2.2) is summable | N, p,| at the point (0, @) of the sphere.

3. — We require the following lemmas for the proof of our theorem.

Lemma 1 (Ahmad [1]). If p,> 0 and p, is non negative and non in-
creasing sequence, then for y>1

C denote an absolute costant.
Lemma 2 (Kogbetliantz [4]). If
nil<0<n—;%7, A>0,
then
(3.5) PP (cosf) =2 47 cos([z(:ij;;))zﬂ — 2] (n + 1)2-];60. (sin 0)A+1

k a fized costant.
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Lemma 3 (Kogbetliantz [3]). If 0<f<m, A>0, n=0,1,2,.., then

(3.6) [ PP(cos 0) | <2(sinf)-2431,
where ‘
Aa = (‘lb ” q) ~ N9
q
d
Lemma 4. If 1/2< <1 and J I(.rp(w)l oo,
(sin w)*
0
then
(3.7) 8, = O(n*1) .

Proof. The result of the lemma has been given by Gupta [2] and we
reproduce below some relevant formulae from which this estimate may be
obtained.

The nth partial sum of the series (2.2) is given by

L d
S, = STITG L) f fw) [@ { PR (@) + PP(2)} ] (fift:;)g""dw
= f cp(w — {P,H_l(cos w) + PS{”(GOS )} dw
= p(r)[PE(— 1)+ PP(—1)] — f {PR,(cos w) + PP(cos w)} dp(w)=TU, — U,.
Since

P = (",

n

it is clear that

I'(in 4+ 21)

U= (=10 ol7) 5o Ten

(1 —22)~ An¥—2

and
T Tt/n$1 n—nfn+1 n

U= | (P@cose) + Phicoso dp(w)=" | + [ | =L+L+L.
0 1] afnt1 s—rn/n41

Using (3.6) in I, I, and (3.5) in I, it can be easily seen that U,= O(n*7%).
Hence 8, = 0(n*1).
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4. — Proof of the Theorem. Let T, denote the n-th Norlund mean
of the series (2.2). Then by definition

_v=n Pn-P v=gt Pn»l——v g n—v Pn—l—”
Tn—Tn—l—vgo Pn = Z Pn -1 % ( ‘ Pn—l )a"

y=0

Pan o ] »=n
= Pn Pn—l v; (Pn - Pn_v) CLv"{‘ P Z (pn_v ———-p") ay

n—] pral
= P S A (P — P St (Pa— Py P8
— PnPn—«l vgl 1’{( n n-—V) ”—i_( n 0) PnPn—]. 'n+
1 y==qn-~1 1
+ P z »Av{(])"._v*pﬂ)}sv"}‘ P (Po—?n) Sn
n~1 pe=l -1

1 y=n
=5 Pm EIA {(P,—P,.)} S + 5 S A Por — P2) Sy,

N1 po=l

and therefore

EA«P —Po} | |8] + 5= zw»{pw IAIICAR

~—1v

[Tn— Tn—-ll

Hence for establishing the theorem we have to prove that

& P T
A” Pn - .P"__,, v
(4.1) 2 5 2|0 H 8| < oo
and
4.2) g P. zlidv{pn_v—“p"}I ]S,l < oco.
Now
3 5 S AP P} 18] = _

y= 0o o Py = 18, ® pi—1
=S 1813 22— oy 3 2 — o) 37 2 0q),

v=1 n=y PnPn—l y=1 ¥V v=1

by the application of the estimates (3.1), (3.7) and using the fact that 1/2< A < 1.
This complites the proof of the estimate in (4.1).
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Now we proceed to estimate (4.2) we have

él P lvgllAv{pn_v 23| 18] =: — : | 4pas|} 8] =
——v=21 15, lné {ann 1-:11} _

1);{[& |§v|}=0m [2 IIS;;I +§1 ;?I] _
—ow [ % +3 ] —ow,

by virtue of the estimates (3.3), (3.7) and hypothesis of the theé)rem. This
completes the proof of (4.2) and combining (4.1) and (4.2) the theorem is
established.

I wish to express my sincere thanks to Prof. D. P. Gupta for his helpful
guidance and valuable suggestions. I am also thankful to the refree for some
valuable suggestions.
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