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Linear homeomorphisms

in the space of analytic functions in bicylinders. (**)

1. - Introduction and terminclogy.

Let % denote the usual complex plane and %2, the cartesian product of ¥
with itself, equipped with the usual produect topology. Let y be the class of
all functions f: ¥*— %, where each f is analytic in P(Ry, R,) = {(21, )
|| < By, 2| < Ryf for arbitrary but fixed R, and R, such that 0 < R, ,
R, < 4 oo. Let us now recall the definitions and notations and the various
equivalent topologies introduced on the space y in our earlier paper [3]. We
write Ona(e1, 2.) = #1'2;. Then each fey is uniquely representable by the
infinite series

©
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n=0 0

which is uniformly and absolutely convergent on compacta in bicylinder
P(R,, R,). We denote by & the topology on y of uniform convergence on com-
pacta in %* and thus y, equipped with %, becomes a Fréchet space. For any
funetionfin y and 0 <7, < R, and 0 < 7, < R,, we employ the following notations

M(f; 1, ) = max |21, 2,) i

|=11<7’1:[33|<7‘2

(*) Indirizzo: Department of Mathematics, Indian Institute of Technology, Kan-
pur 16 U.P., India.
(**) Ricevuto: 2-V-1972.
(*) In 3], we have used the notation p(f; =, r,) for ||f; 7y, ol
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By the application of Cauchy’s fundamental inequality for several complex
variables ([2], p. 49) it can be easily seen that

[5~]

2

ﬂ[(f; 01, 02)

T < Ty 71 —
f 17 xf? 1y "‘“ = (01_“7.1) (02__‘7.2) 2 U <

7y << 0y << Byj 1e << 0 << B, .

In [3] it has been proved that the toplogy % is the same as generated by
{M(f; 7™, 20 w1} or {|f; #™, #®), n>1}, where 0 < r{¥ < rP< ... and 7 —
—RB; as n—>oo; 1=1,2. Throughout this Note we write y to mean that y
is equipped with #. For fixed 7 and s, such that rn < R, and 7, < R,, we
denote by x(r, 7:), the space y equipped with the topology generated by the
norm J...; 7y, ra.

Now, let us consider a double sequence {oc,,m} in the space y. We call a se-
quence {o,,} to be linearly independent if

@< @

S D @t =0 = @, =0 (m=20,1,..;2=0,1,2,..)

fi== 0 m=0

for all sequences {am,,} of complex numbers for which the series converges.
A sequence {u,..; is said to span a subspace y, of y if y, consists of all linear
combinations of the form

©
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ilMs

where {amn} is any sequence of complex numbers for which the series converges
in y. We call {o,..} to be basis of a subspace g, of y if it is linearly independent
and spans yx,. A double sequence {a,.: m, n> 0} ¢ ¥ which is also a basis for
a subspace y, of y is said to be a proper base for y, if for all sequences {,,.}
of complex numbers

© @
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z z yinOmn CONVEIZES <> 3 > yunlyyn CONVEIgeS .

n=0 m=0

We have shown in ([3], Theorem 2.3') that if a basis {oz,,,,,} is a proper basis,
then

() lim sup

m+tn—>w

[Mwm; " u)} "‘"’*"’< 1
R']_nR;l

holds for all », < Ry, 1< R,.
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The main object of this paper is to characterize the linear homeomorphic
mappings from y onto closed subspaces of y which carry {d,..; into a proper
basis.

2. - Characterizations.
For the proof of the main result, we shall need the following two lemmas.

Lemma 1. Let T be a lnear mapping of y into itself. Then T is con-
tinuous if and only tf for each v, << By and r, << Rs, there correspond o o, << R,
and @ 0, < B, such that T is a continuous map from x(g., 0.) tnto y{(ry, 15).

Proof. Let T be a continuous map, but for some 7 < B, and 7, < R,,
it does not map any yx(g:, g.) continuously into #(r, 7,). This implies that we
can find positive increasing sequences {0} and {0} such that ¢ — R, and
oY +R, as m—oco, and also a sequence {f,} of functions in y such that

(2.1) I7n; 0, 0P =0,
(2.2) [Tfws 1y =1

From (2.1), it clearly follows that {f.} converges to zero in y; but by (2.2)
{Zf.} can not converge to 0 in y. This contradicts that 7' is continuous map
from y to y and the necessary part is proved.

To prove the converse, we are given that for each », < B, and », < R,,
we can find g, < B; and g, < R, such that 7" maps y(g,, .) continuously into
2(ry, 7). Let {f,} be a sequence in % such that f,—0 in the topology of
‘uniform convergence on compacta in ¢(R,, R,)

[£25 01y 0] =0 for all g, <R, and g, <<R,.
Now, this result and our hypothesis imply that
[T 71y 7] =0  for each 7, <R, and each r,<R,,

ie. {Tf,} converges to zero uniformly on compact sets. Hence, T is con-
tinuous. This completes the proof.
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Lemma 2. If T is a continuous linear mapping of y into itself and {o,..}
a sequence of functions in y with Ty, = oy, (Mm=10,1,...;n=0,1,..), then

M mns T1s To 1f/(m+n)
[’""(ix—l“;)] <1

(c) lim sup RPRE

min—rco

holds for all v, < Ry and all r,<<R,. Conversely, if {on.} s @ sequence of
functions in y for which condition (c) holds, then there ewists a continuous linear
mapping T of y into diself such that Tdun= oy, (m,n=20,1,2,..).

Proof. For proving the necessary part, we fix », << R, and », << R,. Then,
by Lemma 1, we can find ¢, << R, and g, < R, such that T" maps y(gs, g.) con-
tinuously into x(ry, 73). ‘
= There exists a constant K such that

”“mﬂ? T1y T2 ” = ”Tamn§ T1y 7'2” <Kﬁamn§ 01 Q‘z” = KQ?Q; (mn=0,1,2,..),

L [l o el T 2] (02 )
RPR: = R, R,

(m,n=0,1,2,...,m+ns£0).

Choose o = max {g;/R;, 0./R,}. Then obviously « <1 and we get

Cpn 3 71 7.21 1/ (m4n) . ”C{ i1y 7-2” 1/(m-+n)
Mﬂ.}n_’"..l < Kvemtn o lim sup W% <a<l.
Rl Rz m-4n—rc0 Rl 11,2

Thus () holds.
Conversely, suppose that («) holds and fix » < R, and r, < R, arbitrarily.
Choose ¢ <1 such that

1 ”amn; 11 7'2“ 1/tmt-n)
lim sup |——— <o<i.

m+n-> R;"R;l
[This follows from the inequality (1.2)].
= | Otnn 71, Tof| <o Ry RE,  for sufficiently large m + n .
Put g, = g, and g,= oR,. Then g, <R, and g, << R,. We get
otmns 1, 2] <oP 0y  for sufficiently large m + n.

We can now find a constant K such that

m %

(2.3) [Gtun; 72, 2| <KHoloy for m=0,1,2,...,, n=0,1,2 ...
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Since any element f € y can be uniquely represented by
z.! Z zcmn mn

n=0 m==0

where the series on the right hand side converges in the topology of y, we
define a linear transformation 7 on y by

© w© ® ©
== T(z Z 0771116)””) = Z z cmn‘xmn .
n=0m=0 n=0 m=190

«© <«

The convergence of the series Z zc,,,,,oc,,m is being assured by (2.3) and

n=0 m=0
© ©

the convergence (%) of the series > > €,,0,, in %.

n=0 m=0

Moreover, from (2.3), it follows that

” Témn; 7'17 742” <I{1§6mn; ng ‘QZH =

= [Tf; r, | <KJf5 01, 0] for  fey.
Thus, 7' is a continuous linear map from y(g,, g.) into x(ry, #,). Using Lemma 1,
we conclude that 7' is continuous map from y into itself. This completes the
proof of the lemma.

Now, we come to prove:the main result of this Note, which is contained

in the following theorem:

Theorem. If T is a linear homeomorphic mapping of y into itself, then
{T0,n} is a proper basis in some closed subspace yo of y. Conversely, if {Gma}
is & proper basis in a closed subspace y, of x, then there exists a linear homeo-
morphic mapping T of y into y, such that T, = cpa-

Proof. Let T be a linear homeomorphism of y into itself, and let y, be
the range of 7. Then y, is closed, for if we consider a function f, € y,, We can
find a net {f;} cy, such that f»—f, in y,. Since 7-! is continuous on ,,
it follows that T-(f.) — T(f,) in y.

Since y is complete, T-'(f)) € x == fo€ T(y) = %o = s i closed.

(") Herc the convergence of > 3 Cnu %, is equivalent to the lim sup
n=0 m =90 Mfa1—>+00

[lemn] BY Rymw 1 (see [2]).
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Thus y, is a closed subspace of y. Now we want to show that the sequence
{otn} defined by o= T6,, is a proper basis in y,. Suppose fe y,. Then
T-1f belongs to y and so

Tﬁlf = z z Om'n 67”71 .

n=0 m=0
By continuity and linearity of T, it follows that

@

«©
F=3 3 Cunttun = {Zma} SPADS %, .
n=0 m=0

Using Lemma 2 and a result in [3] (Theorem 2.1), it becomes clear that
{az,,m} is a proper basis in y, because f and 7—'f have the same coefficient
sequences relative t0 {,.} and {6..; respectively.

For the converse, let ¥, be a closed subspace of y having a proper basis
{otmn}. Then by theorem 2.3'[3], condition («) holds. By Lemma 2, there
exists a continuous linear mapping 7' of y into itself such that T'd,,= ot.x
(m=0,1,2,...;n=0,1,2,..).

Tor any g€y, such that ¢ = > > s Oun, We infer from the linearity

n=0m=0

and continuity of T that Tp = > > Cunlun-

n=0m=0

Therefore, 7' is one-to-one map of 4. Moreover it is onto because for any
QP E %, We have

L=+] -] (==l (==
Q= E Z QX = z Z Qpn T((Smn) -
n=0m=0 n=0m=90

By continuity and linearily of T, it follows that

¢ ="T(3 > @uwm0u) Where 3 3 an0n€y,
n=0 m=0 n=0 m=0

since {o,.} is & proper base. Thuse T’ is a one-to-one map of y onto y,. Now y,,
being a closed subspace of y, is complete and hence by a theorem of Banach
(111, p. 41, Theorem 5), T is a homeomorphism.

This completes the proof of the theorem. By the composition of mappings
in the usual fashion, following result follows:

Corollary. If {w.} and {f..} are proper bases for closed subspaces P
and @, respectively, of y, then there exists a linear homeomorphic mapping T
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of # onto @ such that Top,= Pr. (m,n=0,1,2,..). Conversely, let T be
a linear homeomorphic mapping of a closed subspace P of y onto a closed sub-
space Q of y and let {o,..} be a proper basis in P, then the sequence {Tc,.} is
a proper basis in Q.
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Summary.

Essentially this paper deals with the linear homeomorphisms obtained as a consequen-
ce of equivalent proper bases in the space of analytic functions in bicylinders equipped
with the natural open-compaci Fréchet topology.







