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Certain theorems on generalised Hankel transform. (**)

1. - Introduction.

Let
(11) w(p) =1 of exp[—plf()dt,  R(p)>0,

then we say that y(p) is operationally related to f(t) and simbolically we write

(1.2) p(p) =1() or 1) = p(p) .

If f(t)=y(p) then McLachlan and Humbert [5] proved the following
results:

1.3) Pp(Ap) = [ ol (25 f(@) do

(1.4) L) = prale [ el g (24/zp) (@) de .
0

We shall use these results in our discussion.
Also Goldstein [2] has proved that if f() == y(p) and g¢(t) = ¢(p), then

(L.5) P (1) 7(t) dtfi = f P g(t) dtfs

(*) Indirizzo: Department of Mathematies, Birla Institute of Technology and
Science, Pilani, Rajasthan, India.
(**) Ricevuto: 4-IX-1970.
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provided the necessary changes in the order of integrations are permissible
and the integrals converge.

Also «if f(¢) is a continuous funetion satisfying (1.1), then it is the only
continuous function doing so». This theorem is due to Lerch [3].

In the present Note we shall investigate that if p(p) and ¢(p) are related
to each other in some way, then f(f) and g(¢) will also be related to each other
n a similar manuer, f(¢) and g(f) being operationally represented by y(p) and

¢(p) respectively. .
In 1931, G. N. Watson [8] proved that the functlon

(1.6) Bul@) = V3 | Tulat) Tu(L}1) dtf

B(u,v)>—1{, is a Fourier kernel.
In 1953, Bhatnagar [1] generalised this kernel and the generalise kernel
is defined as

1.7) L f Wiy, sy ..o unz (1Y) Tu(y) Ay /Y

B(uyy wyy eny u,) > — §, where uy, U, ..., u, can be permuted among themselves
without altering the function. Also

(1.8) Bo,,...u, (@) = O(@" T2, L g2l for small « ;

(1.9) w

iy eyt

®) = O[p—(n—Dlm] for large x .
Two functions f(») and g(z) are called @, ,,.. ., (¢) transform of each other

if they satisfy the integral equation

[+

(1.10) f(@) = I gy (2Y) () Ay

If g(z) = f(»), ie., f(z)= fmﬁul,_",%(wy)]‘(y)dq, then f(x) is said to be self-

1]
reciprocal in @, ., (x) and is denoted by F,

Uy Usy uns Uy *

In 1963, V. P. Mainra [4] has defined the kernel

@

(1.11) @ (@) = [a ror ™ @) Tonly) VG O

Usyorey Uy
o

m<n, Bu,v)>—3%foral r=12,..,%; s=1,2,..,m
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Two functions f(z) and g(x) are called @:im(w) transforms of each other
if they satisfy the integral equation

«©

(1.12) fa) = [ @i () gly) Ay

L vees Uy
[}

and the function which is self-reciprocal under this kernel is denoted by
Ry ims When ty = 1, Us= Vg, +vry U == Uy, then (1.11) reduces 60 Dy, 1 vmis,..,u, (¥)-

Uy seey Uy 2

In particular, @ (@)= [@,.(@1)Ja(t)V/7 dt, is the resultant of vaJy(x) and
0

Wuo(w), When A = v, this reduces to v dJ,(x).

(1.13) @ em(@) = 0@ ) (r=1,2, ..., n) for small @,
(1.14) 77:,“‘: Tan (@) = O(g—(n-m—1)2(n—m)) " for large .

Notations. In this paper we shall denote the functions

W am(@), W (@) @ (@)
by Wi(xz), Wr,(@), Wr*(x) respectively. Also we shall denote the function
which is self-reciprocal, under these kernels by R7(z), Ry (@), E,""(») respec-
© tively.

2. — Let
(2.1) (1) = p(p)
and
(2.2) Flat) = p(pfa) .

Applying Goldstein’s theorem to '(2.1) and (2.2) we get
(2.3) O_f f(@) p@/a) dzje = [ yp(@)F(ar) do/o .
(1}
By putting @ = 1/p and interpreting with the help of (2.2) we geb

(2.4) [ o)1) dsjo = | Fafp) (@) dafo
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Let us put F(t) =t*W™(1/t) in (2.4), we get

(2.5) v | Wately)a=f(@) o = [ Wa(pfe)a pla) do,
R (k + ’-‘2"71“1’—2;:) Sl

Let

(2.6) L) =9 § Wilafpe=i) da

and

(2.7) wlp) =~ | Walpfo)a p(e) do

Hence we get f,(y) == y:(p).

MitrA and Bosk [6] proved that if fi(y) == yi(p), then

(2.8) 0 [ I ta) 1 fa(e) Qe = [ T (p2) 2y, (2) Az,
1] 1]

provided z—vf,(z) and 2*~2

(0, o) and R(v)>—1.
By substituting the values of f,(2) and y,(2) from (2.6) and (2.7) in (2.8),
we have

9,(#) are continuous and absolutely integrable in

01 [ perd () de | Waofe)o=1(o) do =

=pi [ e d,  (pe)de [ Wi(z/z)ar—1de .
] 0

By changing the order of integrations on both sides and putting % = »— I,
we have

i cfw""“‘“f(w) Az | W(fe) J.(12) defr/7 =

<«

=i [ aiiig(e) do jW:(z/ao>J,,+1<pz> VZ dz,

o
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provided «"/*y(z) and x-vf(w) are continuous and absolutely integrable in

(0, c0) and R(Uyy eeey Uny Vgy eory Up) = — %, #>m - 2.
On putting 2/t for 2z on the left hand side and z/p for z on the right hand
side we have

(2.9) pr+l2 [} W’:,,,(mt) vV f(g) dop == pv-12 f W:‘l,v+1($/p)m—v—lla p(1/w) da .
o o

Let us put
p(p)=p—2 [ Wpvti(a/p)o—12y(l/z) do,
1)

i.e. y=2g(1lfy) is the W™ (y) transform of z—-2y(1/w).

If g(t) = ¢(p), then we have from (2.9)

yrg(y) = | am i f(e) Wiy(at) de
0

(provided both sides are continuous functions of y) which shows that y~v-2g(y)
is the Wr,(x) transform of z—"12f(x).

Hence we state the following theorems:

Theorem 1(a). Let f(¢) == w(p), 9(t) = @(p) and z—"2q(1/z) be the W™+

dramsform of yV2y(lly). Then z—*:g(x) will be the W7 () transform of
yri2f(y), provided that zv='2y(x) and x>} (z) are continuous and are absolutely

integrable in (0, c0). Also g(t) and t+/2 [ g2 f(@) W (@t) do are continuous
0
functions of © and B(Uy, .oy Upy Vyyoeey V) = — %

Theorem 1(b). Let f(8)==w(p), g(t) = p(p) and x~"""2g(x) be the W,':,,(m)
transform of y==12f(y). Then x> 2p(1/x) will be the W™ Yw) transform of
g2 y(1ly), provided the conditions of the Theorem 1(a) are satisfied.

If we take n =3, m =0, 4,=u, 4, = 4 and ug = v-+ 1, the Theorem 1(a)
reduces to the following

Corollary 1. Let (2)= w(p), 9(t) = ¢(p) and let x~""2p(1)x) the B, (x)
transform of Yy~ y(Lly). Then x~-12g(x) will the W, v o(@) transform of
Yy~ f(y), provided that the conditions of the theorem are satisfied.

Further let a—+=Y2y(1l/z) be E™"*Y then from (2.9) we have

(2.10) w1l | gt () Wiy (wt) da = p(p) .
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Sinee f(t) == w(p) then by Lerch’s theorem we have from (2.10)

(2.11) Rf() = | ol () Waa) Qe

provided f(t) and to+/2 fo—v-32 f(x) W"‘ H(@t)dz are continuous functions of 7. Hence

0
from (2.11) we get o—v-"2f(») is R;,. Conversely, if a~-/*f(z)is B, in (2.9)
then we can prove that a——Y2¢(1/z) will be B™°*'. Thus we state the fol-
lowing corollaries.

Corollary 2. Let 1(t) = w(p) and let »—="2p(1/z) be ™% Then u—12f(x)
will be R;"’,, , provided z—*—Y2f(x) be continuous end absolutely integrable in (0, o).

Corollary 3. Let f(t)=v(p) and let x—"-42f(x) be R?,. Then x—-2yp(1/z)
will be R™"™, provided x»—"*y(1jx) is continuous and absolutely wntegrable in
(0, co). : |

In particular, when m =0, n =3, 43 = u, 4, = 4 and ;= v-~ 1 then we
have from the Corollary 2.

Corollary 4. Let f(t) = yp(p) and let x—="*yp(1[/x) be R, 1, then o~V f(x)
will be By s oy, provided the conditions of the Corollary 2 are satisfied.
Let us put F(t) =¢Wr(vt) in (2.4); we geb

(2.12) j‘? T(Vylw) et (o) da == pF ojwm’ﬁ—l p(z) Wi(v/2lp) dz ,

provided #~*f(z) and #*'y(x) are continuous and absolutely integrable in
(0, o).
On writing #? for # on both sides of (2.12), we get

o

(2.13)  y* [ a—-1f(a2) Wivyje) de = p* jwﬂk—lfp(wz We(w/vp) dz .
Let us put

(2.14) 0(y) =1 of a1 () (/) dao
and.

(2.15) Pu(p) = p* T w1 yp(a®) W {afy/p) do
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Hence we get g¢,(y) = ¢.(p), then from (1.4) we have
(2.16) Y gu(Lfy) = prele [ aplail T, (24/p@) () da
]

On substituting the values of g,(1/y) and ¢,(2) from (2.14) and (2.15) in (2.16),
~we have
yo* f w21 () Wi {1fan/y) do =

¢p1/2-vlz J jolz—x=1l2 . J”*{'l(‘? \/ﬁ) f TV’,’: mh/‘) da ,

0 [

taking % = /2 -+ } and changing the order of integrations on the right hand
side we have

yela-ilz J’ a8z f (a2 IV’"(l/a'\/_/, de=

#])1/2—1)12 j‘mv—llqu)(x‘l) dz - (rc/\/‘) v+1( \/_) 801 dt,
0

og_ﬁg

Ru,~+5H=>0, r=1,2,..,n, B, + >0, s=1,2,...,m.
On writing #2/4p for ¢ on the right hand side and 1/z for z on the left hand
side, we have

(2.17)  grle-in jwmv—llz F(1/22) W;:?(w/\/g‘/) do =

== ,\/é'plll——v/‘.! . J‘ gv-1lz w(w ) n ot { (20 \/p)

Let y~Y2g(1/y*) be the Wi (z) transform of i»~/2f(1/t*) and let g(t) = ¢(p),
we have from (2.17)

prlppf2) = [ a1 p(@2)2) Wi () do
. 0

which shows that pr—Y2p(p2/2)is the W7 ,.,(#) transform of z*¥2y(x?/2). Hence
we state the theorems as.

‘Theorem 2(a). Let {(t) = v(p), g(t) = p(p) and let a»—12g(1[x2) be the W (x)
transform of yM*f(1fy?). Then a*~Y2q(w*/2) will be the W7 (@) transform of
2 (y2[2), provided y-V2yw(y/2) is continuous and absolutely integrable in
(0, co). :
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Conversely we state the theorem as following

Theorem 2(b). Let () = w(p), g(t)=p(p) and let w2 p(22/2) be the
WZ‘ w1(®) transform of yoY2y(y?/2), then @+=2g(1jw2) will be W(x) transform of
Y2 f(1/y?), provided the conditions of the Theorem 2(a) are satisfied.

Under the conditions of the Theorem 2(a) we have the following corollaries.

Corollary 1. Letf(t)= y(p) and let t*=Y2f(1/t2) be RI. Then 1 24(32/2)
will be Ry ...

Corollary 2. Let f(2) = p(p) and let 1"-429(12/2) be B ... Then tv-32{(1/12)
will be BT,
We have from (1.3), if ¢,(t) == ¢,(p), then

(2.18) Pg(lfp) =00 [ o (24 gu(x) de, B(r)>—1.
1]

Using (2.18) for (2.16) and proceeding on the same lines as above we state
the theorem as following.

Theorem 3. Let f(t) = y(p), g(t) = @(p) and zv—>? @(@2[2) be the W™(x)
transform of y*=*y(y*). Then y3/2g(1/2y%) will be the W™"(x) transform of
Yoo f(1/2y2), provided a2 f(x) ds continuous and absolutely integrable

in (0, co) and [g(t) — (1/v/2) /251 [ go=3i2f(1/x2) W™"(/2+/T) dar] is @ continuous
function of t. o

Corollary. Let f(1)= v(p) and 2*2y(x?) be B™. Then x5 f(1/2x2) will
be R™", provided that the conditions of the theorem are satisfied.
Again on putting F(t) = t*W™(1/4/1) in (2.4) we have

(2.19) ¥ fw“k—l f(@) Wr(v/zfy) dw = p~* f w*ty(x) Wr(+/pfz) dw .

Now using (2.19) for (2.12) and the relations (2.16), (2.18) and taking
suitable values of % and proceeding as in the Theorem 2(a) we state the fol-
lowing theorems.

Theorem 4. Let f(1)=y(p), g(t) = p(p) and let x—U2g(x2) be the W:‘(x)
transform of y==2f(y2). Then a~~Y2¢p(1/2w2) will be the W™ *Y(x) transform of
Y2 p(1/29%), provided x—v*f(z) and a1t y(x) are continuous and absolutely
integrable in (0, o).
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Corollary. Let f(t)=w(p) and let =~ f(x2) be R™. Then v 2 4p(1/222)
will be R, provided that the conditions of the theorem are satisfied.

Theorem 5. Let f(2)==vw(p), g(t) = p(p) and let 2Y2vg(1/x2) be the W;"(:v)
transform of yM*—ryp(1lfy?). Then >~ g(x2/2) will be the W:‘,v(m) transform of
Yy f(y3)2), provided zv*1yp(x) and ™2 f(w) are continvous and absolutely
integrable in (0, co).

Corollary 1. Let f(t) = p(p) and let 2V*~ yp(1[/z?) be BT. Then @ f(22/2)
will be R;”,v, provided that the conditions of the theorem are satisfies.

3. - Examples.

L VR f(L[w2) = o412 oxp [— @24 Wt + a=vppe, w—ua(@/2)

which is R, [4].
On taking v = u,/2 + u,/2—2 and v, = u,/2 + u,/2 we have

1
fz) = ~ exp [—1/42] Wy, (uyupja(1/20)

and

2

p(p)= = P2 Ky upta 1 v (\/5/7) Iy js - % (\/W) .

T

Hence from the Corollary of the Theorem 2(a) we have

(g +2o+ 1,
@ skt K(“x“‘“z)l‘l“‘ % (37/2) K("x—“:)/"r“ 1 ({B/?;)
is Rulzul R >1, R )>—3
g, gy 2 Fugfz—17 B0 (Uy b Up) > 1,y B(uy, u,) > — L.
On taking v = 2u,—u,—1 and v, = 4, + 1 we have

f(w) = @™ BT ox [ 1 /40T W g, cupmagya(L/2)

and

1 .
p(p) = :/—52‘“*““=+2>"10<“*‘“ﬁ”‘“ [ Kz (VP/2)]2.
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Hence from the Corollary of the Theorem 2(a) we have

w K —p(@f2)]: is Rt

Uy g Ugy 2ty 1y 7

By, g, 2uy—1,) > — %, R(Bu,—u)>—2, B(Bu,—u,)>—2.

Let
(2) v (1 %) = plrrala-1 exp [#2/4] W-2 12+ u ) fa, (e ~u) /4(392 /2)
which is R{}“uz [4]. On taking v = —A1—1 we have
f(@) == Al 2R oy 1140 ] Wb, bonja, (o= ja(1/220)
and

w(p) = ol 2tu /242 +slzpull4+u2/4+i.lz+1 S“/’v‘l—lt1[2“uz[‘2, "112"%/2(\/_2};) .
Hence from the Corollary of the Theorem 2(a) we have

uy 2 tuf2tif2 : A .
@ . o ! S‘;-“l_u1[2"f12/2, % [2TU,[2 (w) 18 R"’A;"n"z ’

1>RA) > — 1, Blug, u) > — 3%, B(l—u;) <2, B(A—u,)<<2.

Let
w0 U+ @
—— L+ 1
3 e pufetuf2+1]2 —_
) ]‘(.')0) “ 1y w-+ A w0 w47 50/4
+1, o+ L 1
Then
- 0 w4 @
g L ——+ 1
m—v-llzf(w2):mu+1/201ﬂs _$2/4 ,
N -+ A [T ) w4+
1, 1, 1

which is B%#,  [7], Rlg—u -+ 0+ A—0—¢)>2, R(u, 7, 6, 1,0, p)>—1%,
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and

{ ]

+v-+-3
p(p)=1" (LL*) pula—vlz=ilz T,

2

B(u+ v)>—3, R(p)>0.

Hence from the Corollary of the Theorem 4 we have

w6 U+ @ 1
—+ 1L T,
guiile B — a?/2
s w2 w0 wtn /
L+ L T

i 0, @, 0t
18 Ru,f’o,vn,lz B(v)>— 3.

Let

w0 U -+ @ w4
- '{“ 17 o + 17 9 _I— 1;
) == pulate/z - — /2
(4) fl@) == oF'y LA w3 w4 7 % -+ @/
P + 1, 9 _I_ 17 ) + 17 ) + 1;

Then

KN, u - @ w4 &
2

R+ v)>0, and

ay(Lat) = @il By | —a2 |,

which is R>®S. ., R(u,n, 6, 4,0, ¢, &) > —1%.
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Hence from the Corollary of the Theorem 5 we have

T -0

%@ w+ &
+17 9 +lyT+13
ut1/2 —p2
@ s w+ 2 -4 6 w9 [ .'L/4
+17 o +1;T+17

+1;

: 0, @, & ~
18 Ru,}.q’d, 7, 07 R('U) = "%‘

My best tansks are due to Dr. S. C. MiTrA for his helpful suggestions in
the preparation of this paper.
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Summary.

The object of this paper is to prove certain theorems on generalised Henkel trans-
form and self-reciprocal functions. Certain new self-reciprocal functions are obtained by
the help of these theorems.



