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A. ARO0SIO ama A V. FERREIRA (%)

On the completion of a b-space. (**)

This paper concerns the structure of the completion of a b-space (which
may have very pathological properties). We shall represent a b-space by a
couple (B, I') where E stands for a real or complex vector space and I is a
class of subsets of F that satisfies L. WAELBROECK’s axioms for & separated
convex bornology. A b-space is said to be complete iff its bornology has a
basis which consists of completant convex balanced sets.

A completion of a b-space (B, I') will be a couple ((Ee, I'), @) of a com-
plete b-space (E°, ) and a bounded linear map g: (B, I'Y = (B, I'*) which has
the following universal property: for every complete b-space (F, 4) and every
bounded linear map %: (B, I') — (F, 4) there exists a unique bounded linear
map 6 that makes the diagram

(E,r) ®  — (ES,FC,

@
n ¢
(F,a)

commutative.

The map ¢ needs not be injective (see[3]) and, a fortiori, it may happen
that @ is not a b-isomorphism onto the image. Of course, the behaviour of
the completion depends upon the relationships which can exist between any
two Minkowsky functionals defined by convex balanced bounded sets. We can
precise this point by using the notion of strong and weak concordance of norms
given in [2], chapitre IV, 3.2, as follows: ¢ is a is b-isomorphism onto the image

(*) Indirizzo: Scuola Normale Superiore, Istituto Matematico « L. Tonelli », 56100
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iff the b-structure I' on B can be generated by a subclass consisting of convew
balanced sets such that the respective Minkowsky functionals are in sirong
concordance. The weak concordance of the Minkowsky functionals of the sets
of a generating subclass of I' does imply that ¢ is injective, but the converse is not
true.

Before stating Theorem 1, let us illustrate the last part of the preceding
assertion by a counterexample: denote N = {1,2..} and let E be the C-vector
gpace freely generated by NuU N? (every element of # is a finite linear con-
bination of vectors of type (s> and (4,s), with ¢, scN) and let I" be the
(separated) convex bornology on F generated by the subsets: A :{n >

n<i<n+p

Gy 8y |nyseN, peNU{0}}; By={n 3 &s—<)|nelN}, (seN);
1I<i<n

C={<s)| seN}. If ((B*, I'), p) is a completion of (E, I'), then ¢ is injective but

I’ cannot be generated by a subelass with weakly concordant Minkowsky

functionals.

Theorem 1. Let (B, I') be a b-space and ((Ee, '), @) its completion. The
map @ is @ b-isomorphism onto the image iff (B, I') is a b-subspace of a complete
b-space.

Proof. The condition is obvicusly a necessary one. On the other hand
let us suppose (B, I') is a b-subspace of a complete b-space (I, 4); by defini-
tion of completion there exists 2 (unique) bounded linear map ¢ which makes
the diagram (I) commutative where 5 must be replaced by the inclusion
map i. It is easily seen that g is injective; furthermore, if Be I then 6(B)e 4,
so that +X(6(B)) e I'; but i-*(0(B)) 2¢~(B). The proof is finished.

It can be remarked that, in contrast with the completion of uniform strue-
tures, the completion of (B, I') is not necessarily b-isomorphic to ((E’", AE4), ),
where B4 stands for the b-closure (1) of E in (7, 4) (see [3], 4.6 Rmk. 3);
more precisely, we have

Theorem 2. Let (B, I') be a subspace of a complete b-space (F, A), and ¢
the inclusion map. Then there exists a finest b-space structure on I' among those
that are complete and induce I" on E. Denote it by Ay; the completion of (B, I')
is b-isomorphic to ((E%, A,|E%),i) where B stands for the b-closure of E in
(F, dy).

(}) A subset S of a b-space ig said to be b-closed iff § contains the limit of every
s6quence (o,).en, &, €S for every n e N, which converges in the sense of Mackey. The
b-closure of a subset 7' is, by definition, the intersection of all the b-closed subsets con-
taining T
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Proof. Denote by (##, <) the set # of the b-space structures on I that
are complete, are finer than A and induce I" on E, endowed with the fine-
ness ordering «, i.e. A4'« 4" iff the identical map of (F, 4") into (F, A") is
bounded. (2#, <) is a non-empty directed set.

Let ((E°, I'%), @) be the completion of (&, I). By definition of completion,
there exists a unique bounded linear map 0 which makes the diagram (I),
with 7 replaced by i, commutative. We claim that 0 does not chfmge by

taking A’ € #: the proof will consist in verifying that if A'es# and §' is the
unique bounded linear map which makes the diagram

(E,1) € ro

o \ /

(F,A)

commutative, then = §’. Indeed, if Id, is the identical map of (I, A"y onto
(F, 4), then (Idz00")op = Id,o(0'op) = Id,oi =1, so that Id,ol’=0 by defini-
tion of completicn (0 is the unique bounded linear map s.t. Bop==i}.

Let us show that 6 is injective. Suppose ze E¢ and 0(w)=0. We can
choose a sequence (@,),en, @, € B for every ne N, s.t. (p(z,)) —a for I'* (this
possibility results from the deseription of the completion see [2], p. 36 or [3],
D. 434) and consequently ((Jop)(z,))— 0 for A; as fop= ¢ and i is by hypothe-
sis & b-isomorphism onto the image, it follows that (z,) -0 for I, so that
(p(2,)) =0 for I and we get =0 as we wanted to see.

Now, given any A’e s put E* for the b-closure of B in (F, A'); we have
0(Ee) C B¥. This assertion follows from a general argument: if (&, 4'|,) is a
b-closed, b-subspace of (¥, A') containing B, then (G, 4 "4} is complete, so that
there exists a unique bounded linear map ¢ which makes the diagram

(€, -——-—--—-» (&'“ £e)
(1IT) ‘ (cs A 6

(F, a‘

(where j and k are inclusion maps) commutative. As (hoo)op = ho(oop) =
= hoj =1, by definition of completion we obtain § = hoo and as a peu ticular
consequence 0(F-) C@G.

If we put 0(I*) = {0(B)|Be "} and denote by 0(]:6 the b-space structure
on F generated by 0(I*) (i.e. the finest b-space structure on F for which the
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map 6 is bounded), then 0 1::)>A’ for every A'e#. As (Be, %) is complete,

(P, 6(I™)) is also complete. To finish, we must now verify that 0(I™) induces
I' on E; this follows from the following chain of inequalities:

[>T = gro0-100(I) = i=(0(T)) = i~(6(T%)) >i~(d) =T

From the above arguments O(ﬁ) results to be maximum in (5, <); we write
Ay =0(1").

The map 0 may be considered as a b-isomorphism of (B¢, I*) onto (0(E°),
Aq lgz%) ; this shows that the latter b-space is complete, so that 0(F¢) is b-closed
in (P, 4,); as 0(E°) contains E we deduce 0(F°) 2 E4. This fact and the rela-
tion O(B°) C B4, A’ e, already obtained, imply 6(F¢) = E4. Thus, we can
conclude that (%, A,]|z%) is b-isomorphic to (B¢, I*) by 6 and the proof is
finished.

Corollary. Let (E,I') be a dense b-subspace of a complete b-space (F, A),
and i the inclusion map. Then the completion of (E,I') is b-isomorphic to
((F, A), 1) iff A is the finest b-space structure on F which is complete and induces
I on BE. As a necessary condition, every point of I' is the limit in the sense
of Mackey of o sequence contained in E.
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Riassunto.

Il completamentio di uno spazio vetloriale munito di una bornologia nel senso di
L. Waelbroeck ha in genere delle proprietd patologiche in netto contrasto con la natura
piuttosto regolare dell’immersione di uno spazio uniforme nel suo completato; questo lavoro
concerne proprietd di regolarita del completamento bornologico.



