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LixpA LESNIAK FOSTER (%)

Parameter-preserving groups of graphs. (**)

An automorphism of a graph @ is a permutation « on V(@) such that for
all vertices » and v of G, we have that wv € B(G) if and only if awuaw € B(Q).
The set of all automorphisms of G forms a group, denoted by I'(G) and referred
to as the veriea-group of @. Clearly, if o € I'(G) and v € V(G), then deg (av) =
= degv, i.e. automorphisms preserve degrees. If @ is a comnected graph, the
ecceniricity e(v) of a vertex v of @ is the maximum distance from » among the
vertices of G. It is a consequence of the definition of automorphism that if
ael'(G), then e(ow) = e(v), i.e. automorphisms preserve eccentricities. - Suppose
G is an r-regular graph, ve V(@), and v is incident with the edges ¢, ¢, ..., ¢,
of G. Denote by u.;, ¢ <j, the length of a shortest cycle of @ containing e,
and ‘e,~, where we define y,; = 0 if ¢, and ¢; do not lie on a cycle of @. If
M1y Hzy -y p(g) are the numbers u,; in nondecreasing order, then the type w(v)
of the vertex v is the (j)-tuple (uy, f, ..., ug)- We observe that if « e I'(@),
then pu(aw) = u(v), i.e. automorphisms preserve types.

Let P be a function defined on the vertex set of a graph G. We will say
that P is a I'(G)-preserved-function if for each ve V(&) and each xel'(@), we
have P(av) = P(v). As noted above, the degree function is a I'(@)-preserved-
function for every graph G and the eccentricity and type functions are (-
preserved-functions for connected graphs G and regular graphs @, respec-
tively. If G is an arbitrary graph and P is a I'(G)-preserved-function, we define
the P-preserving-group I's(@) to be the group of all permutations of the ver-
tices of G such that for each v€ V(@) and for each ae I'»(@), we have Plow) =
= P(v). Then I'(¢) is a subgroup of I'»(@). In[1], BEHZAD determined neces-
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sary and sufficient conditions to have I'(G) = I'»(@) in the case P(v) = deg (v).
The purpose of this paper is to extend BEHzAD’s main results to a general
I'(G)-preserved-function P defined on a graph G and then determine those
connected graphs G for which I'(G) = I'»(G) in the case P(v) = e(v).

In order to present the following theorem, two definitions are necessary.
The neighborhood Ng(v) of a vertex v of a graph G is the set of all vertices
of G which are adjacent to v. We note that if v is an isolated vertex of G,
then N,(v)=0. The closed neighborhood Ny(v) of v is Ny(v) U {v}.

Theorem 1. ILet P be a I'(G)-preserved-function defined on the vertex set
of a graph G. Then I'(G) = I'p(G) if and only f

(i) equi-P-valued vertices of G at least two of which are nonadjacent are
all mutually nonadjacent and all have the same neighborhood, and

(i) equi-P-valued vertices of G at least two of which are adjacent are all
mutually adjacent and all have the same closed neighborhood.

Proof. We first assume that I'(G) == I'»(G). Let w be an arbitrary vertex
of @ and let § = {ve V(G)|P(v) = P(w)}. If |8]|=1, there is nothing to prove.
So we assume |S|>2. We first show that the elements of § are either mu-
tually adjacent or mutually nonadjacent. Suppose, to the contrary, that there
exist distinet vertices u,, u, €S such that w,u,¢ () and distinet vertices
vy, v, €8 such that v,0,€ B(Q). If {u,, s} N {v;, v} =0, then we define a per-
mutation « on V(@) as follows:

Uy == Vy, oV = Uy,
Gy = Uy o, = Uy ,
and
ow = w for all  we V(G)— {ty, U, vy, 0} -

Then «e I»(@) and «¢ I'(G), which presents a contradiction. If {ul,uz} N
0{01,1;2}-,—é g, we may assume without loss of generality that u, =7, and
Uy~ v, We define a permutation « on V(@) as follows:

iy = Vs , AVy = Uy
and

o = w for all  we V(G)—{us, v} .
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Then « € I'»(G) and o ¢ I'(G), which is a contradiction. Thus, if two elements
of 8 are adjacent, then all elements of § are mutually adjacent and if two
elements of § are nonadjacent, then all elements of S are mutually nonad-
jacent.

‘We now show that if the elements of § are mutually nonadjacent, then they
have the same neighborhood. Assume, to the contrary, that § contains two
elements, say w, and u,, such that Ng(u,) s~ Ne(u,). We define the following
permutation « on V(@):

() = u, () = s,
and
o(w) = w for all we V(G)—{uy, us} .

Then «x e ['»(@) and a¢ I'(G), which is a contradiction. The same argument
shows that if the elements of S are mutually adjacent, then they have the
same closed neighborhood.

In order to prove the converse, it suffices to show that if (i) and (ii) are
satisfied, then I'»(@) is a subgroup of I'(@). If E(G) = 0, then I'x(Q) is clearly
a subgroup of I'(G). So we may assume that E(G)== 0. We first show that
if ael’s(@) and wv e B(G), then awov e BE(GF). If au=u and ow=v, then
cuow € H(G). So we assume that auws4u or av==o.

Case 1. Suppose P(u)= P(v). Since axel»(G), we have P(au)= P(u)=
= P(v) = P(aw). Since ou = av and wv e B(G), condition (ii) implies that
auar € B(G).

Case 2. Suppose P(u)s« P(v) and ocu =wu or ov = v, say the former. Then
oav==v and since axe lp»(G), we have P(ow)= P(v). Sinece au € Ng(v), condi-
tions (i) and (ii) imply that aw e Ng(ow). However, au s v so that awe
€ No(ow), ie. auav € B(G).

Case 3. Suppose P(u)s P(v), ou+u, and ows=v. Since xe I'p(GF), we have
Plow)= P(u) and P(ow) = P(v). Since v € Nq(w), conditions (i) and (ii) imply
that v e N (au). However, since P(ou) = P(u) and P(v)s= P(u), we have that
v = au. Thus v € Ne(eu) 80 that au € Nqo(v). By conditions (i) and (ii), we
have cu e Ng(aw). Since o 5= av, we conclude that au € Ng(aw), i.e. auav € B(GF).

Corollary 1. Let P be a I'(G)-preserved-function defined on the vertex set
of a disconnected graph G. Then I'(Q) =~ I'n(@) if and only if
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(i) mo two components of G, at least one of which is nontrivial, contain
equi-P-valued vertices, and

(i) for every component H of G, we have I'(H) oz Iy (H)-

Corollary 2. Let P be a I'(Q)-preserved-function defined on the vertex
set of a graph @, where P(u)= P(v) for all u,ve V(G). Then I'(G) = I'x(G) if
and only if @ is isomorphic to a complete graph or the complement of a complete
graph.

Corollary 3. Let P be a I'(G)-preserved-function defined on a graph @G
with a cutvertex v. If I'(@) == I'p(Q), then there exists no vertex w = v such that
Pw) = P(v).

Proof. Assume, to the contrary, that G contains a vertex w = v such
that P(w)= P(v). Let w and ' be two vertices of G adjacent to v which lie
in different components of G —v. If we{u, w'}, say w=u, then wu'e B(G),
contradicting the fact that » and «' lie in different components of G —w.
Hence we must have that w ¢ {u, w'}. But then w is adjacent to both u
and «', again contradicting the fact that « and «' lie in different components
of G—o.

For an arbitrary graph @, the determination of I'(G) is, in general, a
tedious procedure. If, however, there exists a ['(G)-preserved-function P de-
fined on the vertex set of @ such that I'(G)=< [p(G), then I'(G) can easily
be produced. Let V,, V,, ..., V be the partition of V(G) defined by: v, we V,
(1<j<k) if and only if P(v)= P(w). Then it is easily verified that ['»(G)=
22 81y, XSy X oo X 8}y, Where S, denotes the symmetric group on n objects.

We now restrict our attention to connected graphs & and the I'(G)-pre-
served-function P defined by P(v)= e(v). Some preliminary definitions are
needed in order to present a.characterization of those connected graphs G
for which I'(G) = I',(G). We define K, to be the graph of order p in which
every pair of vertices is adjacent and K, to be the graph of order p with no
edges. Let G, and &, be graphs with V(G,) N V(G,)=0. Then ¢, 4 G, is
defined to be that graph whose vertex set is V(@)U V(@,) and whose edge
set is B(Gy) U B(Gy) U {v,0,|v,€ V(G), i =1, 2}.

Theorem 2. Let G be o connected graph of order p. Then I'(G) == (@)
if and only if G is isomorphic to I{, or G is isomorphic to K.+ K,, for some
m and n salisfying m-+n=p and n>2.

Proof. By Theorem 1, if ¢ is isomorphic to K, or G is isomorphic to
K,+ K,, then I'(G) = TI',(@). : : :
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In order to verify the converse, we let @ be a connected graph of order p
such that ['(G) =~I',(G). We first observe that diam G<2; for otherwise,
there exists a longest distance path P:ay, a,, ..., u,, where k= diam G > 3.
Then e(u,) =k = e(u;). Since k>3, neither w,u,_, nor w,u, are edges of G.
Thus by Theorem 1, ['(@)s= I',(@), which presents a contradiction so that
diam G < 2.

If diam G =0 or diam G =1, then G is isomorphic to K,. So we may
assume that diam G =2. Let S ={veV(G)|e(w)=1} and let T ={ve V()|
Idm=ﬂ.TMS%ZWsmtmmWsmmCMmG=2.Mm%wnﬂ#&fm
otherwise, every vertex of G' has eccentricity 2 in @. By Theorem 1, the ver-
tices of G are mutually adjacent, implying that diam G =1 which is a con-
tradiction. Let m = |§| and n = |T| For veS and we V(¢)—{v}, we have
that vw € B(G) since e(v) =1. Let zeT. Since e(z) = 2, there exists a vertex 2’
(necessarily in T') such that 2z and 2’ are nonadjacent. Thus by Theorem 1,
the vertices of 7' are mutually nonadjacent. Hence G isisomorphic to K, -+ K,,
where m 4+ n=1p and n>2.
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Abstract.

For a graph G, I'(G) is the group of all automorphisms of G. A function P (on V(G))
is a I'(@)-preserved-function ¢f P(ow)= P(v) for each ve V(@) and a&I'(@). For such
a function, I'p(G) is the group of all permutations of V(G) such that P(ow)= P(v) for
each v € V(@) and a € I'p(@). Necessary and sufficient conditions are established in order
to have I'(G) = I'y(Q), and a specialized result is given for one particular function P.

RS






