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S. M. PATEL (%)

Conditions implying normality

of spectraloid operators. (*¥)

The primary object of the present Note is to prove the following result:
If T'is a non-singular operator on a HILBERT space such that

(1) I' and 7-! are both reduction-spectraloid,

(2) ImI*"8 = 8T*™T™ 4 K, where 0 is not in the essential numerical
range of T, ny, n,, My, m, are integers with n, -~ n,5= m, - m, and K is com-
pact, then 7' is a normal operator.

In what follows, H will be a separable infinite-dimensional HILBERT space.
Let o(T), me(T), and Wfl’) denote the spectrum, the set of isolated points
in () that are eigenvalues of finite multiplicity and the closure of the numerical
range of 7.

We write 7(7') and |W(T')| for the spectral radius and the numerical radius
of I. An operator 7' is called spectraloid if »(T) = |W(T)|. If every direct
summand of T’ is spectraloid, then 7' is called reduction-spectraloid. The left
essential spectrum of 7, written as o,(7), is the collection of all &’s such that
T —2I (the image of T'—zI in the CALKIN algebra) fails to be left regular.
According to [3], z€ oy(T') if and only if there exists a sequence {z,} of unit
vectors such that z, —0 weakly in H and (I —=zI)2,] —0. The numerical
range of 7, denoted by W,(7), is called the essential numerical range of 7.
In ([8], Theorem 9) it is shown that W,(T) =) W(T -+ K) where the inter-

K

section is taken over all compact operators K.
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Before we state our results we quote the following as Lemmas.

Lemma 1 ([7], Theorem B). If T is an invertible operator such that
|W(T)| <1 and |W(T-)|<1, then T is unitary.

Lemma 2 ([5],, Theorem 1). 20(T)Coy(T) Umy(T) [0 = boundary].

It is shown in [6] that if 7 is a non-singular operator, and if
T% = 8~1- 718 and O¢W, then 7T is similar to a unitary operator; in
particular, if 7 and T—* are both spectraloid, then 7' is a unitary operator. We
generalize the second part of this result in the following

Theorem 1. If 7 is a non-singular operator such that

(1) T and I are both spectraloid,
and

@) T = STF™T™8 and 0¢ W(S),

where ny, N, My, and m, arc some integers with ;- Na7E My A Mo,
then T is unitary.

Proof. Since T is spectraloid, there exists a complex number z in o(T)
for which |2|=2T)=|W(T)|. Then a sequence {a;ﬂ} of unit vectors can
be found such that [(H-2I)w,|— 0. Since |z|= |W(ZL)|, it follows that
(L% — & I) @,|| — 0 ([3], Satz 2). Then

| (2" — 2* ™ 2™) ( Sy Tnp | =
= | (g™ e¥™— T™ I 4 ST*™ I™ 8~ —2*™ ™) S, Ty |

— ](Sm,,, (znzzﬂ:ﬂg_ ime T*"’)>+<S(T*m‘ T”‘"——z*’"’z""’)x,,, wn> I< ”Sll(“n_'_ﬁn)?
where

o, = ||(T7 T*™— ™2™, | Bo= |(T*™ T™— ™1™, .
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Sinee [(T'—2I)w,| —0 and |[(I*—2*I)z,| —0, it follows that a, -0 and
p.—0. Consequently

(2™ 2" — 2™ ™) (Sw,, Ty |0 .
?

Since Ogém, we get 2™ = £*™ ™. Then our hypothesis that 7' is non-
singular and n;+ n,5 m; 4 m, implies |z|=1. This shows that |W (1] =1.
Also, as T is spectraloid, a similar argument yields |W(7—')|=1. That T
is a unitary operator now follows from Lemma 1.

In an attempt to extend Theorem 1 when 7™7™™ iy similar to 7™ 7™
we prove our main result.

Theorem 2. If T is a non-singular operator such that

(1)* T and T are both reduction-spectraloid,

@) ImI8 =8T™T™+ K and 0 ¢ W,(S),
where n, + ny my -+ my, and K is a compact operator, then T is normal.

Proof. Let M be the closed linear span of all reducing eigenspaces of 7.
Then the restriction 7, = T'/M of T to M is normal. Let ML be the ortho-
gonal compliment of M. We assert that 7, = T/M* is unitary; whence it
will follow that 7' = 7, @ T, is normal.

Now by our hypothesis, 7, is spectraloid. Therefore we can choose z in

0(T;) such that |2|=r(T,) = |W(T,)|. Then z€do(T,). By Lemma 2, it fol-
lows that either z e oy(7,) or 2 Emy(T,). We claim that z ¢ me(7T,). If on the
contrary € smoo(T%), then Ker (T,—2I) = Ker (T, —2z*I) because |z|=|W(Ty)|
([4], Satz 2). Now, by our construction Ker (I'—2zI)C M+ and hence
Ker (T,—=2I) = Ker (T —2I) ([1],, Proposition 4.1) .
But Ker (75 —#*I)C Ker (T*—z*I). Therefore Ker (T —zI)C Ker (T% —2*I).
This shows that Ker (I'—ezI) reduces 7 and hence Ker (T —zI) CM, a con-
tradiction. Thus # € 0,(T,). Therefore, we can find a sequence {wn} of unit
vectors such that x,—0 weakly in M* and |[(T,—2zI)@.|—0. Again by
(4], Satz 2) |(T;—=#*I)z,| —0. In consequence

2, — 0 weakly in H, T —2I)@,| —0 and [(T*—2*I)@,| —0.
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Since 0¢ W J(8), then 0¢ W (S - K,) for some compact operator K,. If we
write 8, = S+ K,, then condition (2)* reduces to

Tmpens = 8, 1™ T™ 87+ K, (K, = compact operator) .

Now the compactness of K, implies [Kjz,]|—0. Thus a slight modification
in the argument applied in Theorem 1 yields |#|=1, and hence |W(Z,)|=1.
Similarly it can be shown that |W(Z;*)|=1. Again by Lemma 1, 7, turns
out to be unitary. This finishes the proof of our theorem. ‘

Lastly, we state the following theorem which can be proved, using the
techniques of previous theorems.

Theorem 3. If T is a non-singular operator such that

1) 7olT) = ¢,
(2) T and T7' are both spectraloid,
(3) TMT™8 =8T™T™++ K and 0¢W,(S),

where ny+ ny5= my - my, and K is a compact operator, then T is unitary.

Remark 1. If n, -+ n,=m, -~ m, then the conclusions of Theorem 1 and
Theorem 2 need not be true. For example, let U be the unilateral shift. Choose
a complex number z not in W(U). Then the operator U —=zI is & non-singular
hyponormal operator such that (U—zI)*(U—zl)= (U*—#*I)(U—-=2I)( U—
— 2l (U*—g*I)t and 0¢ W(U*—2*I), thus U—=2I satisfies the conditions
of Theorems 1, 2. However, U—=zI fails to be normal.

Remark 2. Itis worth notice that if 7' is a hyponormal operator satisfying
condition (2)* and moreover if m,=mn, ¥0 and m,=n, =0, then 7' turns
out to be normal ([4], Theorem 3.1) even if T is singular. Also for the same
operator satisfying condition (2)*, if m,7n, and m,7=n, (it is possible that
Ny Ty = Mg+ My OF W, + Ny5E M, + my), then zeoy(T) implies that & ™ =
= g*™ ™ _ TInfact, for ze o,(T), there exists a sequence {o;,,} of unit vectors
such that 2, — 0 weakly in H and |(T —=2I)z,| -0, and hence by the hypo-
normality of 7 —zI, |[(T%—#*I)w,| —0. As argued in Theorem 2, we obtain
™M= gt If g, + %, = My -+ My, then o, (T will lie on the n,—m, lines
through the origin. By Lemma 2, all but atmost countable number of points
of o(T) will be on these n,—m, lines, and so of o(T). If ny -+ np 55 My - My,
then o,(T") will be finite and so again by Lemma 2, o(T) is atmost countable.
Thus in both cases, o(T) has zero area. Consequently, T turns out to be
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normal ([7], Theorem 1). It is an open question whether these results remain
true for a para-normal operator 7.

Remark 3. If 7' is not assumed to be spectraloid in Theorem 1, one
can conclude that |W(T)|=1 and hence T is similar to a contraction. How-
ever T' may fail to be even normal. For example, if 7 is a bilateral weighted
shift with weights {...1,2,1, (1/2),1,1,1,..} and 8 is a diagonal operator
with a diagonal {...1,1,1, (1), 1/4, 1/4,1/4, ...}, then T™T*" — gT*™ ™ g1
and O¢W for m,=1=mn, and n,=m, = 0. However T is not normal,
although it is spectraloid.

The author wishes to express his gratitude to Dr. B. 8. Yapav for his
helpful suggestions.
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