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G.P. DIXSHIT (%)

On the means of an integral function

represented by Dirichlet series. (**)

1. —- Let

(1'1) f(S) = Zan exp [Sln] i

fi=2]

where 1,>0, 1, = co, § = o} it be a DIRICHLET series and

i logn
(1.2) hmsup1 , =F<oo.

fn—r0 og 4,

Let abscissa of convergence o, of (1.1) be equal to 4 co. Then it will re-
present an integral function.

The mean values I(c;f) and my(o; f) of the integral function f(s) are de-
fined ([1],, p. 52) as

(1.3) 103 )= 1im 5 f (o + ity |ds

and

2
[ko] f I(w; fexplka] dw,
0

(L.4) o f) =

where 0 <<k <C oco.

(*) Indirizzo: Department of Mathematics and Astronomy, Lucknow University,
Lucknow, India.
(**) Ricevuto: 25-V-72.
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In this paper we have studied some growth properties of the mean values
defined in (1.3) and (1.4). Further, in the theorems we have taken f(s) to be
an integral function as defined above.

2. — Theorem 1. ZLet f(s) be an integral function of lincar order o and
lower order A. Then :

f log {mi(c; f)/mulo;
@.1) lim SUP log (nelo: Nimelos I} i’

gseo DT o

where m'(0; f) is the derivative of my(o;f) for almost all o.

Proof. Since logm,(o; f) is differentiable almost everywhere, we have

mk x; f)

my(x; f)

(2.2) log m(a; f) = log my{0,; f) ~1-j

for o> 0,. We know ([1];, p. 55) that logmy(o; f) is convex function of o,
therefore, {m,’c(a; f)jmi(c; 1)} is increasing function for ¢ > o, . Thus we have

m,’c(a; f

log my(o; f) <logm(gs; ) + (o —00) -

Therefore,

. sup loglogmy(o; f) sup log {my(s; f)/m(os )}
(2.3) 11_1:1 inf G <ul_,°,, inf g )

Next, for some fixed >0 and o> oy,

my(w; ) ny(a; f)
log mi (o + ; f) = log my(o; )+ J.ml w0 7 (o)’
Hence
(2.4) lim sup loglog n(s; f)  lim .sup log {my(a;f)[mlos))} ‘

oo inf G oo 1 g
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Combining (2.3) and (2.4) we get

. . sup loglogmy(o; f) .. sup log {my(o; f)/m(a; )}
(2.5) il_ri inf o - },gi; inf P ’

Further, we know ([1],, p. 53) that

sup loglog my(s; f) e

(2.6) lim N

o—> iDT G
and, therefore, (2.1) follows.

Theorem 2. Let f(s) be an integral function of linear order o (0< p< o0)
and lower order 1, then

: 1 (05 A
(2.7 lim sup w <9112
o> 9 *v(air) 4
and
. log my(o;f) 1 ])
2.8 limsup —2——"22 <2 - —=
28) o> ! Anain)108 Ay(ayr) A o)’

where v(a; f) is the index of the mawimum term of the Dirichlet series f(s)
for Res = o.

Proof. We have

L]

J I(z; f) exp [kx] dx

2

2.9) my(o;f) = exp [ko]

< Lo )1 —exp[—kol) < - I(a: ) -

Hence

1 e \G 3 . log I(c;
(2.10) lim sup 227D iy g 108 L3 )

a—>o G Ay(g:f) o> g Zv(a;l)
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Further ([1],, p. 135)

(2.11) plos f)<I(o; f)<M(o; 1),

where u(o; f) and M(c;f) are maximum term and maximum modulus of f(s)

for Res = ¢. Also under the condition (1.2) and for integral functions of
finite linear order, we know that

(2.12) log u(o; f)~1log M(o; f),
therefore
. log u(a; f) .. logI(e; ) .. log M(s; f)
lim sup ———2* = lim sup ————— == lim sup —————— .
(2.13) o> P U;'v(u;f) g—>® P O';W(U;f) o> P G ly(gsr)
It is known ([2], p. 84) that
. log u(o; ) ( i-)
9 Im sup ——— <2 | 1—-
( -14) a—>0 P O')w(a;l) Q
and
. log (os f) (1 1)
5 lim sup —————— < 2| - — -] .
(210) o—> P }W(a;f) log ;“v(o';f) ~ 24

Combining (2.10), (2.13) and (2.14) we get (2.7). Similarly by using (2.15)
and proceeding on the same lines (2.8) follows.

3. — Theorem 3. Let f(s) be an integral function of linear order g
(0 < p < 00), type T and lower type t, then

sup logm,(a; f) T

(8.1) (1,1_1,2 inf exples]  t°

Proof. TUsing (2.9), we get

“sup logmy(os f) _ . suplogI(o;f)
ssw INT  exp o]  gosw inf  exp[oo]

Further, (2.11) and (2.12) lead to

logI(c; f)~log M(c;f).
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Hence

. sup log my{o; f) T
—_— .
(8.2) oninf osples] ¢

Again, for #>0 and ¢> o0,

a-+1

P

mi(o 475 f) = exp k(o + M
0

atn
2
g mfﬂm;f) exp [k] do

2
> = I{o; {1 —exp [— ),

f exp [kx]I(z; f)dz
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for I(o; f) is increasing function of ¢ for o > g,. Further, using (2.11) leads to

2
my(o 415 ) > + plo; f)(1—exp [—kn]) .
Hence
. sup logms; f) . sup log u(a; f)
I nf exp el C P O e

Since left hand side is independent of 7, on taking 5 -0 we get

1 {0 f 1 .
(3.3) lm Supw > lim sup lognlo: /) :i;

e« inf ©XP[go] o> inf  ©XD [g0]
Combining (3.2) and (3.3) leads to (3.1).

Theorem 4. Let f(s) be an integral funciion. Then

sup mylo; f) e SUD M0 f) 2

(34) e 0 M(03f)  womint I(o3f) k-
Proof.
2 ; 2 )
(e f)= s f I(as f) exp [he] Ao < I[o; ) > (1—exp [ ko)

0
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Therefore, we have

I b

o sy 002
(58:5) e T

Again from (2.11), we have
Io; fy<M(o; f).

Hence

which is (3.4).

I am grateful to Dr. 8. K. Bosk for his gnidance in the preparation of this
paper.
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