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CAROL SINGH (*)

On a class of integral equations. (**)

1. - Introduction.

In recent years a number of integral equation belonging mainly to the fol-
lowing two classes have been solved ([1],, [1],, [2];, [6], [7)). They are

(.1) f it gtt) at = f(a)
and
(1.2) [ K@ —1)g() dt = f(a)

[
K(z) is the kernel.

Ta L1[6] at first solved an integral equation of the class (1.1) which he
encountered in a certain aerodynamical problem. WIDDER [7] applied the
methods of operational calculus to invert the convolution transforms (1.2).

A. BrDELYI [2], recently gave the solution of the integral equation

(1.3) [ (= o9 Pt g(0) i = f(a),

where P, *(x) is a LEGENDRE function. The above integral equation belongs
to the class of integral equations

(1.4) [ K@ygw di= f(@),
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which is different from (1.1) in the respect that it possesses infinity as the con-
stant limit of integration. A similar problem was attempted by SRIVASTAVA [5].
Obviously in the same lines considering the class (1.2) yet another class of
integral equations can be defined:

(1.5) j? Kt — o) g(t) dt = f(x) .

We propose in this paper to solve one of the integral equation of the
class (1.5), i.e.:

(1.6) [ (6= ) My (o — £) glt) At = (@),

where M u(z) is 2 WHITTAKER'S function. We want to mention that in [4]
we solved the integral equation

(L.7) [ @ty M {260 = 0}0(0) 2t = flo).

2. = Notations and formulae.

The functions M u(x) and W, () are the WHITTAKER’S functions they are
defined as

M () = &7 exp [— /2], T2 (34 p— ks 20+ 15 @),

I((—2p) Mypu@) | T((28) My, _u(®)
T(E—u—) I3+ p—F)

Wk,u(w) =

The LAPLACE transform of a function f(w) is defined as
| exp [— polf(z)dw= F(p) .
0

We shall denote it symbolically as

Lf(w) = F(p).
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The inverse LLAPLACE transform of the function is defined as

i)

fio)= o [ oxpipalzap

t—it
and we shall denote it as

fl@) = L7 F(p) .

STIELTIES transforms are iterated LAPLACE transforms. They are defined as

9ly) = f o) (@ -+ y)de,

or
9(y) = [ exp[—tyl{ Jexp [~ atlf(@) dw} at,
1]
i.e.
9(y) = L*f(z) .
From ([2],, p. 210-215) we have
» (p—a/2)-s%
(21) L Mgt = et Do 1) oy

Again from ([2],, pp. 293-294)

1 (t— Jp-r-"%
Plu—%+3) (t+ 3wk’

(2.2) L {p %W up)}= t1>1,

and from ([2],, pp. 121-131) we have

et

(2.3) L{o) @)} = o f 01(2) go(p — 2)

e-ico
provided

Lf,(@) = g:(p) and Lfy(z) = g.(p) .

p—k>3
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We shall use the following theorem given by Guera [3]. If

and

Lf(@) = p(p)

Lh(z) = g(p)

L{f(x)-g(x)} = p(p) = L{L*p(p) - Lh(x)} ,

(=~}

[ w(w) bz — p) do = ¢(p),

0

provided the LapracE transform of |f(¢)], |k(t)], and |g(t)-f(¢)] exist and the
integral (2.4) is absolutely convergent.

3. — Theorem. If the function f(z) exists then the integral equation (1.6)
will have its solution g(x) represented in any one of the following three forms:

(3.1)

or

(3.3)

g(x) = — f pru-de W—k,ﬂ+1(]’) flp—a)dp

g@)= 4 [ pa2 W a(p) Folp — ) dp

g(x)=B I (t — a)—n-3l M, —ay{t — @) f(¢) dt ,

z

provided all the integral (3.1), (3.2) and (3.3) are absolutely converyent.

Here

_ Tlp+k+y)
mRI(2e 41)

B ={(—)%l(2pu+ 1) ['(—2pu—1)}*
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and f(x) is the Stieltjes iransformation of the function f,(t), i.e.
LAf, ()} = f(w) .

4. - Proof. Taking the inverse LAPLACE transformation of the integral
equation (1.6) in the light of result (2.4), we get

[L{t"™" My (— 8] [{L g(p)}] = I f(p) -

Applying the known result (2.1) we get

(=% D((2p+1) (@ 4 J)e-u-%
(4.1) L g(p) ) ((m—ﬂ_%)kwﬂi% ) _ I (p)
this gives
~1 1 (@ — F)ptutth
(4.2) L-tg(p)= (—w R (2p + 1) | (w+ B)Fu Lf(p) .

But applying (2.2) this can be re-written as

F(#+70+%) {

R, SR ~1{m—u—3[2 —1
CphT ) W, wa(P)) JL7f(p)

(4.3) Lg(p)=

or

1 _ P(l‘+k+"%) ~1{.p—u—8/2 -2
(4.4) L g(p)w(m {L (pw-s W—Ic,ﬂ—f-x(p))}{L(L f(]?))}-

(3.2) can also be rewritten as

‘ 1 N
4.5  Lglp) = (=% T(2p + 1) I(—2u—1) {L( M, ) H I (D)}

(a) Applying the result (2.3) in taking the LAPLACE transform of (4.3)
we get the result (3.1).

(b) Applying the result (2.4) while taking the LApLAcE transformation
of (4.4) we get (3.2).

(¢) Lastly the result (2.4) when applied in taking the LAPLACE trans-
form of (4.5) we get (3.3).

This completes the proof.
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5. - Evaluation of a few integrals.

Let us evaluate the integral
(5.1) [ 097 My o(— £)(t + @)% Wit + ) At = I(2)
. 0

which can be written as

(5.2) [ (6 — )4 M (o — t) 0% W, u(t) df = I(a) .

&

Applying Gupra’s theorem (2.4) in view of the results (2.1) and (2.2) on
the integral (5.2) we get

(PR I(20 4 1) (a4 PP+ (z—f)prh

j— ~~1 Y o
Tu—k+ 1) g et proeen 1 L
this gives
_ (—)p+% 1”(21,_{_ 1) (7 — ) lu-r=Y2)~(+k)-%
(5.3) L 11(«”) = I’(l‘—k —I— %) (2+ % —(u—v—l/z)-(ll'ifk)'*"/{l s
—yp+% (2 + V) Mu—v—A—Fk
(5.4) I(z) = ) ( )T (p—» )w"—” Woesn,u-v-1(2) .

I'(,u —k+ %)

If we keep »= 41—} in the integral (5.1) we get the known result ([3],,
pp. 411-450).

Inverting (5.2) in the light of the inversion formulae (3.1) and (3.3) we
evaluate two more integrals

etieo
(8.8) tHREWeut)=A [ a7 3W_ s va(@)(@— )4 Weis, uovy(z—1t)do,

e {®
where

ZI’(2+v+%) I'(,u——v——-l—k)

4 2nil(p—k + 1) !

and.

(5.6)  tHRW, u(t)=Bf(r—ty 732 Ms _py(@— 1) 8" # Wiia, por-y,(w) de ,

z
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‘where

I’(,u—«v———l—«k)
Ilp—k+ %) M(—22v—1)"

The above results can be written in a little better form

et .
(5.7 Wy sy (t) =4, [ a2 % Ws(@) (@ — )% W, (0 —1) de,

C-—-F00

(5.8) W, 2y (t) =By [ (x—8)>"% M, (z—t)o~+% W, (2) dz ,

z

‘where
4 ~_I'(2—~p—§—¥5)1’(s—7'+§) B — I(s —r+ %)
T 27il(s + 2—7—p) ! 1O_I‘(s—-2—r+p)l’(2g+ 1)'
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