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Some Expansion Formulae of Bessel Functions. (*¥)

1. - Introduction.

In the present Note we have obtained the expansion formulae for BESSEL-
functions. The orthogonality-property for the BEsszr functions and certain
known results of integrals have been employed for these expansion formulae.
The methods which we have followed are of great importance in the mathem-
atical analysis.

2. - Expansion formulae.

In this section we have given the following two expansion series for BESSEL
functions.

First expansion formula

sin [a(z + B)] 7
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where n=0,1, 2, ..., 2<a< 00, — o< < oo,
Second expansion formula
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valid for Re(u -4 v)>—1 and — co <@ < oo,

3. - Proofs.

This section is concerned with the proofs of the expansion formulae of (2.1)
and (2.2).
(4) To prove (2.1). For — co<<x < o0, let

sin [a(x + f)]

(3.1) floy == P

J _n(urn) (%) zrzo Ard ey (@) -

Equation (3.1) is valid since f(z) is continuous and of bounded variation
in the open interval (— oo, co). Now multiplying both sides of (3.1) by
1, (@) and integrate with respect to # from — co fo oo. Change the
order of integration and summation on the right which is easily seen to be
justified on account of the absolute convergence of the integral and summagb-
ion involved during the process, we obtain

=
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Now interpret the integral on the left by making use of the known result
([1], p. 346, (46)):

fsin [a(® + B)]
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where n=0,1, 2, ..., 2<a < co, and using the orthogonality property of
Bessern functions ([2], p. 391, (7)), viz.

0 if m %% n,
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on the right of (3.2), we have
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Expansion formula (2.1) follows immediately with the help of (3.1) and (3.3).

(B) Adopting the same procedure as above. For — co <& < oo, let

J;H-‘/g (9} + OC) o
(@ 4 oot

(3.4) Ho) = 3 Adsla).

This expansion is valid since f(z) is continuous and of bounded variation
in the open interval (— oo, oo). Multiply both sides of (3.4) by #7J, (%) and
integrate with respect to #. Change the order of infegration and summation
on the right (which we suppose to be permissible), we get

«© «©
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Now evaluating the integral on the left by virtue of the known result
(11, p. 355, (32)):
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(@ + y)» (@ + ) T (AT ) (g 3ol

—c0

where a > 0, Re (u -+ ») > 0, with uy = p + &, v =9v + 4,9y = o
a = 1,z == 0 etc.,, and using the orthogonality property of BESSEL fun-
ctions on the right, we have

 VER @+ )T+ v 1) Tyt ()
(3.6) A, = PRy TES T .

In view of (3.4) and (3.6), we obtain the expansion formula (2.2).
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Abstract

The aim of this Note is to establish certain expansion series of Bessel functions
with the help of the orthogonality-property of Bessel-functions and some known integrals.



