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M. M. NANDA ana N, B. DHAL (%)

Summability (L)

of the r» Differentiated Fourier Series. (*¥)

1. — Suppose that f(¢) is LEBESGUE integrable in (— m, @) and periodie
with a period 2z, and let

(1.1) ) ~%a,+ i (@, cos ni -~ b, sin nt) .

Then the s* differentiated series of (1.1) at t= = is

(1.2) i d_ar;: (@, cos n@ -+ b, sin nx) .
We write
o) = Hfe+ 0 + flw — 1)},
ety = 3{f(w + ) + (= 1) flw — 0},
My="0_°2
and

t

Mn=§fumm,

o

(*) Indirizzo degli AA.: G. M. College, Sabalpur, Orissa, India.
(**) Ricevuto: 15-IV-1968.
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where C is a function of x.

Definition. The sequence {S,} is said to be summable (L) to the sum §,
if, for » in the interval (0, 1),

exists and tends to a finite limit § as @ —1— 0. This is simply written as
S, - S(L).
(see BorwEIN [1]).

2. — This method has been applied by Hsianc [2] and consequently by
one of the present authors ([3], [4]) in respect of the summability (L) of the
series (1.1) and (1.2) for r=1.

As regards the summability (L) of the series (1.2), one of the present

authors [5] has proved the following theorem:

Theorem. If, as t—0,

G(t) = fg(—u—) du=0 (10g%) ,
i

w

where

tr r!

() O
o) =22 —

H

then the series (1.2) s summable (L) to C.

The object of the present paper is to prove the above theorem with less
stringent condition.

Theorem. If, as t—0,

7T

X@) = f B 40— o (Iog;) ,

w

i

then the series (1.2) is summable (L) to C.
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The case » =1 has been considered by G. Das and one of the present
authors [6].

3. - Proof of the Theorem.

Let T, and S, be the nt* partial sums of the series (1.1) and (1.2) respectively.
‘We have ‘

sin (» + $)¢t
sin ¢

Tn=§f-;-{f(w+t>+f(w~t>} a.

Hence,

8.= S [F e+ 0+ 1o} {S—m bt "5‘)‘} .

- ar | sin 3¢
(1]

ki3

(= dr 1.
= f <p,(t)d-7_ (Oot§t sin nt + cos nt) de.

0

Thus we have,

28, n = d o} r._d_r 1 @ sin nt . 2. cosnt
2w = f{}»(t)—i—ﬁ}t dtr{OOtEt ; — Al — wdt}
0

n=1 1

dir 1—xzcost

— 1Yy A7 1 1
=D fl(t)-tf~(—(Cotét-ta11-1—m~s-l~n-f~—) dat -
0

It

1y + r
+(—l)——if2(t) gre i{i log (1 —2wcost + 902)} i +
. der |2
[}

T

— 1y qr 1 3
+( )ft’-i—(Cot Et-tarrl—m) dt 4+
o

7 dat” 1—x cosi
k4

(—yr ([ :
- = ft dtr{2log(1——29(:(30st—{— m)}dt,
[}

13
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c C
(3.1) =-P1+P2+ ;‘!Ps‘}‘:ﬁpni'

In order to consider P, we require the following estimates:

a
1 —

dr+2 xz sint
C0t~ t-tan—!

tr—i—z
dir+2 12 cost

3.2) @

=

m,(t<1—-x),

where M is independent of .

A7+ ; sin ¢ M,
griz. S (CO‘G £ tan—1— )<J( ?)

(3.3) (ii) L(E>1—a),

digr+2 1-—m cost

where M, is independent of z.
The proof of these is similar to that of (3.4) and (3.5) of [5].
Now

(

P, =

— & coS ¢t

sin ¢
2 (@) A ()} -t —( Cot t- mn‘l—l—f—fL) de ,

11— cost

=~—-jl(t) tr- —( Cot 5t talllm—ntdt)+

7

dr 1 Yy sin g
r+1 . F ~1
_[_ fﬂ (t) -1 dt"(COt 2t tan ) di,
[}

1~ cost

(3.4)

— 1
=S Pyt P, say.

Then,

Iz

dr 1 in ¢
P= —j X7 (t)-tr- @(Cot -2-t' tan_lﬂ—«) dt,

1—uxecost

(Cot i tan- l—msii)] -
0

l—wcost

1 .
JX ‘ {t’“ (Cot—t tan— . Tsmt )} de,
dir 1 —zcost
d d 2 sin ¢
— 1) 1, i
fX( o {t w(Cot t- tan- ~a;Cost)} dz,
d d z sin it
X)) =< tr+ie — t -7 b t
(f—'-J) ©r dt{ dt’(oo banc l—mcost)}d

1—z

Q

— l: X (t) Sfrl.
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But,

1—-z

d dar 1 @ sin ¢ 1
P r+1l, — - 14 —1 =
X(3) i {t dtT(COt 2t tan T oos t)} dt = 0 (Iog T 7)

o

and

3 d dr 1 x sin ¢ 1
. [ T — - =X f—,
f X() —dt{t dtr(Cot 2t}zm — t)} at =0 (1og . m)

1=z

as proved in ([5], p. 19), (3.7) and (3.8) replacing X(?) in place of G(?).

‘We therefore have,

1
(3.5) P,=0 (1og1_ )

And again,

dar 1 ; sin it
P, = f 2ty -t W(cot = t-tan-t —“L—) dt,

1—axcost

=}

dr 1 2 sin ¢ i
— bl — -1 0 R
= | A4 ()¢ dt"( Cot 5 t-tan )]

I —wmcost o

- d dr 1 xsin t
— 1) — dgrHle Ztetanl— i
fﬁl() dt{ dzr( Cot 5 ¢-fan l—a;cost)} a,
]

3 d liks 1 x sin £
. X)) — { e ~tetan—t
f 1X7 () dt { dt"( Cot 2 ban 1 —x cos t)} dt,
0
d dr 1 x sin ¢ z
P ofe — fril. —t- n-rle——m —Ho—— —_
()2 di { dt"( Cot 2 ta 1—x cos t) }:'

0

’ al d dr 1 x sin t
— 2 — — T+l — ttan~! ————
J () dt [t dt {t dt’(COt 2 £ tan 1— x cos t)}] dz,

179
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(3.6) = — (Pp; + Pp), say.
Now
1-z

1 sin ¢
P = (r+1)° fX(t)#' ‘—( Cotrl)t-ta,n—l-ffim) dt -+
0

der 1-—xcost

41

1z
: d 1 © sin ¢
—+ (2 - 3)J X(g)-tret. dt“rl(COt 3 t+ tan~! I—-—-—) dt +
0

— & GOS8 ¢

1~z
dr+2

1 1 x sin £
cfr2. e o B SO,
+f X @)t dtm( Cot; - tan ) as .
1]

1—xcost
(on simple differentiation)
(3.7 = (1 4 1)2 Prayy + (27 4 3) Prose -+ Proys, s27.

As in ([5], (3.7), p. 19), replacing G(t) by X () we have, each of

1
(3.8) Progy and Py =0 ( log 1— w) ’

and using (3.2) under similar conditions, we have

1
(3.9) i Py =0 (log ) .

1—x

Hence by (3.7), (3.8) and (3.9),

1
(3.10) Py =0 ( log T _m) .

Also, dealing Py,, in the same way as P,,, using the estimate (3.3) above,
exactly in the same manner, it is proved that,

1
(3.11) Pon= 0 (10g T w) .
Thus, by (3.4), (3.5), (3.6), (3.10) and (3.11),

1
(3.12) Pl =0 ( log '1—__'“;;) .
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To consider P, we require again the following estimates:

a1 . i,
(3.13) (111) T {5 10g (1— 22 Cos © -+ w~)}» f< m s t<l1l—a) s
where M, is independent of 2.
dr+2 M,
(3.14) (iv) ‘ww{o log (1 — 2 Cos t +a2) } < :; L (E>1— ),

where M, is independent of .
The proof is similar to that of (3.9) and (3.10) of ([5], p. 20).
Now,

P, = (Mi)mJ t{tA,(t) + A(0)}- :t' { log (1 — 22 cos t + mz)} ds,

0

(—

k1 dT
= fll(t)-tr dtf{ log (1 — 2% cos ¢ 4 x?) } at -+

4
o

(— 1y

dr
- f/’l;(t) gt T { log (1 — 2z cos £ - mz)}

0

(3.15)

(=1
= . (-P21 + Paz) y Say.

Proceeding exaetly in the same way as P,,, we have,

1—x

P, = (J f)l(t) {tf“ E( log (1 — 2 cost—l—aﬂ)}

1-z

and as proved in ([5], (3.11)), we have,

1
(3.16) P, = { 1—2 IOg(l—x)}



182 M. M. NANDA and N. B. DHAL [8]

Proceeding as before, we have also,

E
? 1

1r
Py = f YMOR e (%7 {510g (1 — 2z cost+ m2)} dt,

= [ Ay () -t ¢ {% log (1 — 2 cos ¢ - aﬂ)} ]n_

at 0

d dr {1 I
— . — r+le . J — 2 g 1 2
f A4 () dt[t T {2 log (1 xcost- @ )f dt,

= 0(1) 4 f Ty’ (%) - 4 [t”l-% {% log (1 — 22 cos § - xﬁ)}] de,

log — PP ey
= 0{log ;— A+ | z@) T

'dr 11 19 y . n
Z‘fi7§0g( — 22 cos t + x?)

o

d d dr {1 A
— . - . i | — — 2
f %(2) dt[t % {t r (2 log(1 —2x cost+ o )JH dt,

. ) .d . d "
= — + ] Jxrg [ T
L l10 (1 — 2% cos t 4 2?) ]dt
dir \2 & “ !
(3.17) = — (Pasy + Paas)

say.
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Now, to deal with P, in the similar way as before, we have,

1—x
) il d dr (1
Py = J x(t)-a(—t [t- (—;—t {t*“-;—tr (5 log (1 — 2z cos ¢ -+ x‘-’))}] dé¢,
0

1—g
(1 |
= (o~+1)2f w00 — {;}—log (1 — 2@ cos ¢ + mz)} dt
0

air

1—x

+ (2r 4 3) J (@) e :11,:11 {% log (1 — 2@ cos t +- wz)} dé 4
o

1—g
ar+2 (1
-+ f «(3)-trte- e {5 log (1 — 22 cos ¢ - w2)} de.
0

And again, taking into consideration the estimate (3.13), we have, as
in [5], (8.11),

1
(3.18) Pyy=0 { (1 — ) log T w} .

Exactly on similar consideration, taking the help of estimate (3.14), it is
easily proved that

(3.19) Puyo= 0 { (1 — ) log § im} .

Thus by (3.15), (3.16), (3.17), (3.18), (2.19) we have,

1
2 = — .
(3.20) P,=0 { (1 — z)log T _w}

The consideration of P, and P, are exactly similar to those of P; and P,
of [5] and therefore following the same proof, we have,

1
P, =0 (1og 1“7;)

1 CP,
—— 2 > (asz—>1-—-0.
log (1 — z)~* 7!

and then finally,

This completes the proof of the theorem.
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